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Abstract : We give a commented translation of un article by
Einstein and Sterm, where Planck's law is derived from the hypothe-
8T8 of a zero-point energy, without the need of a specific quanti-
sation postulate. The relation of this investigation with quantum
mechanics and stochastic electrodynamics is analysed.

Résumé : Nous domnons wne traduction commentée, en anglatis,
d'wn article par Einstein et Stern, ol la lei de Planck est dérivée
en partant de l'hypothése de I'énergie au séro-absolu, sans qu'il
soit nécessaire d'introduirve un postulat wnddpendent de quantifica-
tion. On analyse la relation enire ce résultat, la mécanique quan-—
tique et l'électrodynamique stochastique.

We recently presented (1) in this journal a commented trans-—
lation of a 1910 paper by Einstein and Hopf (2). Our work was moti-
vated essentially by the fact that Hinstein and Hopf's paper is
necessary for the understanding of 2 subsequent paper by Einstein
and Stern (3), of wider scope and intervest, whose commented trans—
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lation we similarly present here. As will be discussed later on in
some detall, these writings by Einstein have their roots in earlier
studies of his. Pauli () considered Ein d Hopf's paper as
an extensicn of the results ohtained for the momentum
fluctuations of ; : a radiation field
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If this were the common background of the two papers, the

G
article with Stern has, however, 2 more immediate and specific
motivation in Planck's so called second theory (}0y. As discussed
by Klein (}1), this theory is due to an attempt made by Planck to
retreat, at least partially, from his earlier papers oun the quantum.
Planck suggested in it that the absorprion of electromagnetic enegy
by a system of oscillators was a coatinuous process, the emission
only taking place through discrete quanta. This attempt, although
"conservative” in ifs intentions, introduced some anticipating
ideas. On the one hand, Planck had in fact assumed that the emis-
sion was subject to probabilistic laws, thus anticipating, even
though the fact did not have much resonance, Einstein's paper of
1917. He had further assumed that the ratio of the probability of
no emission to the probability of emission was proportional to the
intensity of the incident radiation, the constant of proportionali~
ty being determined in the limiting case of radiations of great in-
tensity, where the Rayleigh~Jeans law and classical mechanics hold
valid. According to Klein (ll) and Jammer {12), this is probably
the first use of what would have been later called the correspon-—
dence principle. By means of the relation linking the entropy of
the system of oscillators to the probability of the occupation of
the different energy states, and of the thermodynamical relatiocn
. . - ds 5 .
between entropy, internal energy and temperature {; = aml e Planck
obtained the expression for the mean energy of an oscillator in the
form

= hv hv X
= STt (i
eb\)/kT -1 9 )
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while, for the spectral density of the black-body radiation, from
the relation

3

T 0 +‘g-4h v, ‘ [2}
8rv? 2
he obtained
- 8xh o3 i 53{
3 hv/’k‘l‘ =
[ 3 -1
As is seen, for T = O, one hag ¢ = 0, bur 0 = géxu The zero-point

energy thus makes its appearance in quantum physics, even though
within a controversizl theory ; Planck immpediately connected the
concept with that of the “latent energy’ he had debated in his for-
mer studies on relativicy (*3).

In Einstein's and Hopf's paper, as we said in (1), the authors
intended to free the derivation of rhe Rayleigh-Jeans law from the
flaw of a dublous use of the eguipartition theorem, thereby defini-
tely showing that the Llaw was a necessary consequence of classical
mechanies ; in this way, the inescapability of the quantum hypothe-
sis would be demonstrated. The formulation of Planck's second
theory 'gave rise to a new phase of studies. Finstein and Stern's
paper had a two-fold aim and therefore both aspects must be commen-
ted on separately. In the first place, the authors set themselves
the problem of finding experimental checks for the zero~point term.
As we shall see, they thought they had found one in the rotational
specific heat of hydrogen, as had been measured by Eucken (see
ref. (30)). From the point of view of quantum mechanicsg, an incre-
dible series of circumstances determined the Fact that an unaccep-
table theory turns out ts be inm good agreement with the experiment.
This point shall be discussed in detail later on 3 £or the wmoment,
we shall limit ourselves to peint out that Einstein and Stexm, to
attain their resuirt, attributed a zero-point energy to the rigid
rotator. This assumption, as we shall discuss, was plausible in
Planck's second theory while it is unacceptable from the quantum
mechanical point of view, which asscciates a zero~-point énergy to
physical systems, as a consequence of indeterminacy, only in the
case of actual bound states. In the second place, Einstein and
Stern introduced the hypothesis of a zero—point emergy for the 1i-
near oscillator in the formalism set up by Einstein and Hopf and

showed that, in this case, the formalism did not lead to the

Rayleigh~Jeans formula but to Planck's result, with no assumption
of discontinuities what soever.
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tivity, Einstein went on : "Je dois aussi remarquer 3 ce pro-
pos que les arguments que j'ai avancés avec M. Stern en faveur de
l'existence d'une Bnergie au zro abs je ne les considdre plus
comme valables”. This caused a reacti om Nermst, in which the

polemical intention is evident : "“Si vous n'admettez plos d'Bnergie
au zé&ro absolu, le calcul que vous et Stern avez donné des cha-
leurs moléculaires mesurdes par Eucken pour 1'hydrogdue aux basses
températures doit &videmment 8tre considdrd comme non avenu 7", To
which Einstein answered briefly : "Je dois dvidemment me placer &
ce point de vué que par 13 les considBrarions qui ont conduit & la
formule pour 1'hydrogéne perdent leur fondement™. This seems ¢

have been the end of tha story as far as Einstein was concerned
and one can complain that we do not know his more detailed wmotiva~
tious. It was not the end, however, rﬁ%arding Nernst, who took the
problem up again in 1916, in a paper {1°) of wide scope and inte-—
rest. That the most strencus defender of the idea should have been
Nernst seems quite natural if one considers the s ict relation
between the zero-point energy and the third law of thermodynamics.

s

A further reason of interest for Eimscein and Starn's paper
arises from the fact that it took part, as suggested already in
the title, in the pre~history of stochastic electrodynamics (SED),
a theory which nowadays is rich of traditions and results (18,

As was pointed out in (1), Einstein and Hopf's paper anticipates,

2
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for certain aspects, SED ; in particular, the thermal radiation
field was treated as a stochastic process. This assumption also
draws its origins from Planck : it is in fact rooted in the assump~
tion, typical of the first phase of the Planckian studies, of “na-
tural radiation", necessary in his discussion of the achievement
of equilibrium in. the enclosure filled with thermal radiation.

r and field, as far as

the zero-point energy is concernad, is not the same as in. SED,

In the latter, in fact, the essential hypothesis is that thare

is a background stochastic field at zero temperatura, on which
Lorentz invariance prescribes an emevgy h v/2 for degree of free-
dom ; im SEDR, therefore, both the stochastic aspact and the zero-
point energy are a prerogative of ths background field. Einstein
and Stern's theory and SED are thus different theories. The struc—
ture of the-basic equation determining p is, as we shall see, dif-
ferend and, consequently, in SED, the solution is Eq. [3] wizh
the addition of a zero-point term ; nor should it be forgotten
that Einstein and Stern obtained Eq. [ 3] on the basis of a zero-
point energy h. v instead of b v/2 (173, Boyer is therefore right
when he stresses (38) the differences betweeh his derivation (19)\
and Einstein and Stern's ; and there is no-doubt that his is the
convincing version. However it appears from what has been said
that Einstein and Stern’'s theory contains, in a disguised way,
some of the essential features of SED. It seems thevefore that we
may consider it as an insirument containing that amount of SED
which permits it to obtain some of its meaningful and relevant
results. Frowm this point of view, the question concerning the
hydrogen rotational specific heat can alsc be re-examined. While
it is true that, in quantum mechanics, it does not make semse to
assume a zero-point energy for the rigid rotator, it is a comple—
tely different thing to say that the rigid rotator acquires. a
zero-point energy in a stochastic bdckground field (2%9) ; this is
actually the point of view of SED, where the property is aoc more
linked to indeterminacy. Also concerning this problem, results
qualitatively very close to the quantum mechanical ones are ob-
tained in SED (ig)(ZE) ; certainly, Boyer's treatment of the
rigid rotator, based on a paper by Fokker (°2), is profoundly
different from the Einstein and Hopf's "one-frequency” formula,
inasmuch ‘as the mean energy is determined once a Fokker~Planck
equation is solved for the distribution function ; from what we
have said above, however, concerning the peculiar relationship
between SED and Einstein and Stern's theory, ome can expect that
the latter is also in fair agreement with the quantum mechanical
results and the experiments, o ‘ B

Following the procedure of the previous paper 1y, we have

- 43 -



re~done the calculations, corrected some obvious misprints and
indicated the connections between Einstein and Stern's treatment
and modern views ; tha fruit of this work appears in comments
which follow the text of the articls. Words or phrases in square
brackets are additions raquired in the English version or original
German words recalled to stress the difficulty or impossibility of
an adequate English rendeving. Square brackets have also been
adopted for the numbering of the formulae used in the introduction
and the comments. The translation itself is the work of one of the
present anthors (S.B.). The English rendeving was improved with
the help of Mrs. 5. Eerdmans Gettarelli and further checked
against the German text to preserve the flavour of the original
language as much as possible. Finally, we want to thank G. Morandi
and F. Hapeli fov useful discussions.,

]

Some Arguments for the Assumptions of a Molecular Agitation at the
Absolute Zero (by A. Einstein and 0. Stern)

The expression for the energy of a resonator reads [ lautet]}

h v

il Tewe e e 1
eh\)/kT -

according to Planck's first formula and

h v h v ,
Wz o s i e

S Y L 2)
e -1 2

according to the second one (23).

The limit-value for high temperatures becomes, if we cut the

development of ehv/kT with the square term,
lim £ = kT - 353
Tro0

for [ casel (1), and :
lim E = kT
T
for [ case] (2).
The energy as a function of temperature, as preseunted in
Fig. 1, according to formula (1), starts from zero at T = 0, i.e.

from the value requested by the classical theory, however remains
steadily smaller than that-by the amount h v/2 at high temperatures.
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According to formula (2), the resonator has energy h v/2 at the
absolute zevro, in contradiction with rthe classical theory, however
reaches asymptotically at high tewmperatures the energy requested
by it. Nevertheless, the darivarive of the energy with respect to
the temperature i 1% equal in boch cases.
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assumption of a zerv-point energy (2%). In the following it will
firstiof all be investigated to what extent we cam draw conclu~
sions for the theoretical behaviour of such: formations from
Planck's formula. '

o
o
£

The specific heat of hydrogen at low temperatures,

The question is how. the rotarion energy of a diatomic mole- "
cule depends on the temperature. In analogy with the theory of
the specific heat of solid bedies, we are authorized to assume
that the mean rotational kinetic energy is independent of the
fact of whether the molecule has or has nof an electrit moment
along its symmetry axis. In the case when the molecule has such
a moment, it cannot disturb the thermodynamical equilibrium bet-
ween gas-molecules and radiation. From this it c¢an be concladed
that the molecule under the influence of the radiation alone must
take on the same rotational kinetic energy as it would obtain
through collisions with other melecuies. (#5) The question is
thus for which value of the rotational energy a massive rigid
dipole finds itself in equilibrium with radiation of definite
temperature. Whatever may be the law of emission it should howe-
ver be kept in mind that a rotating dipole emits twice as much
energy for unit time 4s a one-dimensional resonator for which
the amplitude of the electric and wagnetic moment is equal to
the electric and magnetic moment of the dipole. The same will
also hold: for the mean value of the absorbed.energy. I1f we now
make the further simplifving approximate assumption that at a
given temperature all dipoles of our zas rotate equally rapidly,

= b5



T

we are 1ad to the conclusion that at eguilibrium the kinetic ener=—
gy of a dipole must be twice as large as that of a one-dimensiounal
oscillator of equal frequency (28y, By the assumptions made we can
directly apply expression (1) or {”; co the ilation of the ki-
netic energy of & rotating gaswmolaculs with degrees of [ree—
dom, where for every tewperature hetween E the equality

holds (J = moment of inertia of the wmoleculs).

Cne then obtains for the reta11ng energy per mole (27)

~ Jro 82 oo h v
E = NQ 7'2‘(‘._72'\2) = NQ W (3)
e T -
or
\ J,. b h v
B o= Ny 5(21v)2 = No|——r by (4)
L 2 J

As v and T are now linked through a transcendental equation, it
is not possible to express dE/dT as an explicit function of T,
yet one obtains if one sets 2n2 = p, for short, as a formula
for the rotation specific heat

dE dE dv v
S T\ A St
Cr7ar " @ ar - Yo 2 T(1 s —EL ) . ®
{ pv? + b v
or
- 4B _dE dv _ v .
CcTar T woar < Yo 2 T . )

T(! + —w4é~w~;1
2 . b7
{ pY 4pj

where v and T are tied by the equation

h v
T = = Sa
k ,?,n‘vp« + 1 2)
. pv
or
h v
T = E h (6a)
n + 1
py = 3
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In fig. 2, curve I represents the specific heat computed on the
basis of (6) and (6a), wheve p has the value 2,90,10 %0 (28)
curve II is computed from (5) and (5a) with the aid of

p =210 40 The little crosses indicate the values measured by
Eucken (2%)., As one can see, curve Il exhibits a trend which
stands in complete contradiction with the experiment while curve
I, which is based on the assumption of a zero~point energy, repro-
duces the results of the measurements excellently. In order to
establish which value is taken on by v according to formula (4)
for the limit T = 0, we wricte (4) in the following form (30y

»

L

b vl
Kb P
b b

v oy pY 5

Then ome sees that for T = 0, v cannot become equal to zero, be-
cause then the right-hand side would converge to =i, whilst on
the left a power of e remains. Thus v must stay finite for limit
= 0 (sic), and in fact the right-hand side like the left one
must converge (sic) to = : therefors it must be pvg - h/2 = 0, if
we indicate with vg the limit-value of v for T = 0. It is thus
vg = h/2p, In the present case, Vg turng out Lto bel 11.3.1012,
The value of v in the first DLdLE Vdrl&; also very little with
increasing temperature ; so v = L, 1012 ae 1020 abs.,
v o= 12.3. 1032 ac 189°, v = 14, Ol/ at 323°. This clarifies now
the reason why Eucken was aLllj ablg to represent his measurements
relatively well through Einstein's simple formula with v indepen-
dent of the temperature {Curve III, Fig. 2). Nevertheless one
sees that this formula fails too, specifically at higher tempera-—
tures, not mentioning the fact that without the assumption of the
zero~-point energy the constancy of v vemains completely incompre-
hensible. One thus sees that the specific hesat of hydrogen makes
the existence of a zero-point energy probable ; and it is only a
matter of proving how far the special value h v/2 is to be regar-
ded as certified. Since in the following investigation abouf the
radiation law the amount of the zero-point energy must be assumed
as h v, we have computad the specific heat of hydrogen also for
this assumption {p = 5.60.10 “b; curve IV, fig. 2). It is appa-
rent that at higher temperatures the curve is too steep and high.
On. the other hand it is to be noted that by inspection of the
velocity distribution ameng the molecules, the curve might flat~
ten out a lirtle {31y, Comsequently it is indeed probable, though
not to be excluded with certainty, that the zero-point energy has
the value h v (32), (3%,
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The derivation of the radiation law,

In the following it will be shown how Planck's radiation for—
mula may be derived in a spontaneocus, even if not completely rigo-
rous way, and as a matter of fact without any assumption of discon~

tinuities whatsoever. The voute we shall hersto follow is essentially
1

the same Einstein and Hopf (3% wpitized in a d ssertation which
appearad 2 years ago. We discussed the transiatory morion of a
freely~moving resonator, whieh in soume way adheres fo a gas-mole-
cule, under the influence of =& disordered radiation field. At

thermal equilibrium, the mean kinetic
cule receives must then be equal o the
through collisions with other molecul
nection between the demsity of the Dblack radiation and the mean

ure, Binstein

kinetic energy of a gas molécule, i.e.

and Hopf found in this way the Rayleigh-Je now want to
carry out the same treatment under the assomst & zero-point
energy. The influence that tha radistion sxerts may be split, ac~
cording to Einstein and Hopf, into two different actions. In the

first place, the tranmslatory rectilinear motion of the resonator
molecule undergoes a kind of friction, occasioned through the ra-
diation pressure on the moving oscillator. This force K is pro-—
portional to the velocity v, thus K = -P v, at least in the case
where v is small with respect to the velocity of light. The momen—
tum, which the resonator molecule receives in the small time T,
during which v may not change notably, is thus ~Pvr. In the second
place, the radiation imparts to the resopator molecule. momentum
fluctuations 4, which are in first approximation independent of
the motion of the molecule and the same for all directions, so
that only their mean square value AZ during time T is velevant

" for the kinetic energy. If this is now allowed £o possess the
value k(7/2) required by statistical mechanics {the oscillaror
will, for simplicity, be moving only in the x~direction and oscil-
late only in the z~direction) then, according to Einstein and
Hopf, the following equation must hold :

AZ = 2 kT Pt

For what concerns now the computation of P, we can assume that on-~
ly the oscillations excited by the radiation itself come hereto
into consideration and that one can compute them as if the zero-
point energy did not exist (3%). We can thus utilize the value
computed by Einstein and Hopf (1.c, p.1111)

_ 3eo [ v dp}

10mv )
In order to compute now A2, we set (l.e. p.111H1) the momentum,
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which the oscillator experiemnces during time T in the x-direction
. .
D DR
J=JKdt=J ~Z f dt
X 9%
4] Q

where f is the [dipolel moment of the oscillator. We now want to
treat in the first place the case in which the energy of the os-
cillations excited through the radiation is negligible with res-
pect to the zero-point energy of che regonator, which for low
enough temperatures is certainly permitted. If we indicate with
fo the maximal { dipolel moment of the resonator, then it is

f = £4 cos gﬂ%QE

where T is a very long timinand %Q-: vg is the frequency of the

. 2 - . .
resonator. We approximate 3o~ A% a Fourier series :
» X

ok E 7 c .
w2 =l g cosldmn = - S-J
Ix o T n
a .
Then
TE ,
: ; t . t
J = IO Crl ccs(Zﬁn 7T an}ro LOb(zﬁﬂO int
) T gialemomn ) [ mgma
fo Cn Tr (np=n) Slu(ﬂ T r} cos[j T T Sn)
is obtained, since the term affected by U - drops out, becau-
(ng +m)
se ng + nis a very large number. If one now sets TV and squa-
res, then 4o
—_ e T [ gin? _—
J2 = A2 = §2 C% %.J sinTm(vg-v)T dv
0 o Iwtug=v)]?
is obtained, or :
27 =1 g2 €2 T.t
8 0 n
Now it is (l.c. p. 1114) :
i 3 2
o7 g o 04 W2 V7
n 15 2

Thus it is
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3 42
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c2

8
2 = 2
A% =13

If now the resonator possesses the zero—point energy hv (36), it
is

Hence it {s

42 = %; heopt

1f one inserts this in the equation
A% = 2kTPr

then one arrives at Wien's radiation law. Yet here we want to give
up from the beginning the presupposition that the oscillation ex—
cited by the radiation is negligible, If we now assume that the
energy of the oscillations imparted by the radiation to the reso-
nator provides momentum cscillations which are independent of the
oscillations corresponding to the zero-point energy, then we can
sum up the mean square values of both momentum oscillatiouns Lig).
We have thus still to add to the above calculated value for A2
.Einstein and Hopf's one to obtain :

1 et gt 2

A2 = —— heopt + [o ks
40 72 V3

S

On. the other hand it is

[=9

e 3co v i
= 2k = 2 A . 2P
A 2kTPt 2kTt Tomo (p 3 dv]

As a consequence it is obtained as differential equation for p

(39

3 . .
“v|hp + —S— 52| = 3Kr p - E.ﬁEJ
8 3 3 dv
TV
The solution of this equation provides
o = 8 w2 hv
= ; .,
Ca eh\)/kT -1

Planck's radiation law, [while] the energy of the resonater turns
out to be (49)
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hv

E = hv /KT
e ! ~ i

+ hy

Recapitulation

}. Bucken's results for the specific heat of hydrogen make proba=-
ble the existence of a zevo-point energy of amount hvu/2,

2. The assumption of rhe zero-point energy opens a way for deri-
ving Planck’s vadiarion fermula without resorting to any disconti-
nuities whatsoever. It appears however dubious whether the other
difficulties may also be overcome without rthe assumption of quan-—
ta.

Note added in proof

Herr Prof. Weiss called our attention to the fact that also
Curie's measurements on the pavamagnetism of gaseous oxygen indi-
cate that its energy possesses at high temperatures the value
required by the classical theory and not {a valué] smaller by
hv/2, as would be expected without the agsumption of a zero-point
energy. It -may be easily shown that in the latter case, due to
the accuracy of Curie's measurements, deviations from Curie's

law should have appeared.
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ted second theory (ref. 10).

The two theories yileld different expressious for E(v, T), but

give the same result for %%¢v. To discriminate between them the

ideal case would be that of a physical system where Frequency
could be varied independently of the temperature. Since
9T

ak

dE = .3‘\-)‘ dT,

v

T dv. +

operating at constant T, the determination of the dependence
3l . . ;
of E upon v in this case would give dirvectly %s-T, which is dif-

ferent in the two theories. The authors however knew only of
systems where E = E(v), v = v(T), for which the specific heat
is given by

dE _ dE dv

dT ~ dv dT _
The former term on the right-hand side cin be cowputed from the -
formula giving the energy as a function of frequemcy (which,

for the case of diatomic molecules, ig E = %(ZKV)Z) and the lat-

ter term from the euplicit expression, in either of Plamck's
theories, of B w{T)] as E(v, T). It is therefore pessible to

v

compare the g% thus obtained with the experimental one. The
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explicit caleculation is given by the authors further on, It
should be noted that this procedure had been foreseen by Nernst
(see : C, Lanczos, The Eingtein Decade (1905~1915), Elek Scien-
ce, Londen (1974} ; the authors quote him at the end of the
discussion on this point (see note n. 28).
This kind of argument iz similay to the one used, in a diffe-
rent contexr, in Einstein, &Ad Fomf S paper, ang taken up again
further on in this article, according to which the mean square
value of the momentum of & linear oscillater in 2z radiation
field iz the same as the one the cscillator acquives, at ther-—
mal equilibrium, through collizions with the molecules of the
gas which survounds it.

A rigid dipole rotating in a plane is equivalent, from the point
of view of the classical theory of radiation, to a couple of
linear oscillators at right angles, each of which radiates half
of the power of the dipole. 4 similar argument holds for the
abgsorbed power and the kinetic energy of the rotator,

These considerations presuppose that one is dealing with motion
in a plane. This is correct in the interval between two colli~-
sions, since the intevaction with the electromagnetic field
cannot twist the rvotation axis. On the other hand, it can be
easily verified that in staudard conditions the interval bet-
ween two, collisions is on the average much lavger than the
typical rotation period of the molecule.

Formulae (1) and (2) express the sum of the (equal) kinetic and
potential energies of a linear oscillator, i.e. dirvectly twice
the oscillator’s kinetic energy to be equated to the dipole’s
rotational energy.

Upon this Nernst first called attention 3 see Zeitschr. f.
Elektroch. 17, p. 270, 825 (1911) (Note of the authors).

If one computes the diameter of the molecule belonging to this

B 0 B ~<
moment of inertia, [ the value] 9.10 ) is obtained, roughly half

of the value ascertained in the gas theory (Note ot the authors).

A. Eucken, Sitzungsberichte d. preuss, Akad d. Wigsenschaften,
p. 14l f’912) (Note of the authors).

we pointed out in the introduction, from the point of view
quantum wechanics, the agreement bLtween the values calcula-
ted by Einstein and otern on the basis of their formula with

a zero-point energy and experimental data {existing in those

S
£
T
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times) should he attributed to an incredible series of circums~
tances. In the first place it doés not make sepse to attribure
a zero-point energy to a rigid rotator. In the second place,
calculating the specific heat of 2 rigid rotator without axial
spin, whose energy levels Ej arve given by

g o i+ Dt

3 2%
where I is the rotator’s moment on inertia, 1mp1les using. a
rotational partition formula 8
o - + Yo
; 3G+ D
(2j + ) e . (4]
i=0

where the factor (2j + 1) takes into accomnt the level's degene—
racy and

,h/,?.

2KI

Aétually, it is summing over the angular. momentum quafitum -nim=
bers that determines the rapid drep to zero of the specific heat
when T tends to zero. One has im fact {see, for instance,

L.D. Landau, E.M. Lifschitz. Statistical Physics, Pergamon Press
(1950), p. 138), for T <8 4

8 =

The complete calculaﬁion of Cr starting from { 4] may be found

ot
in Sommerfeld's treatise (Sommerfeld, Thermodynamics and Statis-
tical Mechanics, Academic Press, New York (1956) ; § 34, 1 and
Problem IV.6). ‘
This is not, however, the end of the stery : this calculation,

in fact, canuct be applied to the hydrogem molecule (and actual-.
ly it does not fit thecexperimental data) in so far as it is
necessary to take inte account the indistinguishability of the
two nuclei. Correct guantum—iechanical treatment, for homonuclear
molecules with odd mass number, requives wave functiouns antisym—
metrical in the guclei. This is obtained by combining even ro=-
tational eigenfunctions (i.e. symmetrical in the nuclei) with

one of the %p(p =~ 1) antisymmetric nuclear eigenfunctions (p
is the spin degeneracy parameter), and the odd rotational
eigenfunctions with one of the %p(p f 1) symmetric -auclear ei~
genfunctions. The partition function for homonuclear molecules
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with odd mass number is therefore :

L - =i+ e/T
r (1) = 5p(p-1) . ] (2j+1)e
n “ .

i=0,2,...

~§(§+1)8/1

2i+1se

y o
+o=plp+l}
=]

o~

/

j' PRC PR

which, for the case of the hydregen molecule (p=2) reduces to

o ~§(3r1)6/T - ~§(i+1)6/T
! (2j+1)e +3 7 (2+1)e [5)
§=0,2... , §=1,3 .

3

Partition functions of this kind were examined by Hund (Hund,
Zeitschrift fiir Physik 42, 93 (1927) "but were fouad to give
curves bearing no resemblance whataver to the observations®
(See R. Fowler, E.A. Guggenheim, Statistical Thermodynamics,
Cambridge University Press (19438}, p. 83 and £011.). The cor—
rect theory was finally formulared by Demnison (Dennison,
Proc. Roy. Soc. A. 115, 483 (1927)). It is based on the obser-
vation that while the possible states arve correctly numbared
in [ 5], there it is inmplicitly assumed that exchanges between
the states may take place fresly. However, in normal hydrogen
g8as; the exchanges betveen symmetric and antisymmerric states
take place in a substantial way ouly in periods of time long
in comparison with the length of an experiment. Specific heat
measurements are thareéfore made on a gas which is uot in a real
equilibrium state governed by [ 51, but rather in a metastable
equilibrium, where it behaves like a mixture of two substances,
of which the one with antisymmetric spin eigenfunctions is
known as para~bydrogen, while the one with Symmet spin ei-
genfunctions is known as ortho~hydrogen. Para-hydrogen has
only symmetric rorational states and a nuclear-rotational par=
tition funcrion rp given by the first term in [3} ortho~hy-

drogen has only antisymmetric rotational states and a parti-
Lion function 3ry given by the sescond texm in [ 5] . The respec-
tive molarx specificrheats are then given by
dleg v (T)
CIQC~kBiT2 glp"e
( 51

p T

[ty
L

and

(=%
ST

ar
il
[

cFor i 2 fq2 3log 31y (T)
8] T :
ig

and the molar specific heat of the mixture whereby the ratio
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of para~to-ortho~hydrogen is 1 tqg.3 is

rot 1 .rot ' 3 _ro:
¢ =g ¢ 7 Cq tel
The figure (Fowler and Guggenheim, op, cit. ; p. 93) shows the - ex~
perimental data until 949 compared with [ 6] computed for

I =0.463.107%

id
=]
heat CV, contain

lational and rotational motion of “the molecules ; the data con-
cerning Crot are obtaimed by subtracting the constant value of the

m?. The experimental data refey to the specific

c
ing the contribution of Ethe trans=—

translational cerm (%‘KT}. The data prior to 1927 are then seen to

coincide with Eucken's data, as reported by Einstein and Stern.,

In the figure, the curve represents a fitting to the expevrimental
data while [ 6] is représented by crosses.,

32) If one assumes the entropy of rotating formations [Gebilde]
like that for solid bodies as zeto  for' T=0’4ccording’ to Nernst's
theorem; the' entire portion of the entropy of a mole arising
from the rotation of the diarcmic molecule turns out to be

Tcr k v RV Irud v 2 I
s =J¥~dT=7J£ﬂ-~~9~dv:3«-—«;+km‘{(«p——] -4

T 0 Vg T h ) 4

{
L

[whichl, for high temperatures, hecomes

225k
S, =Rt T+2Rerwm g
According to Sackur (Wernst—Festschrifs p. 414, 1912), the entropy
constant of the rotation is, substantdially
16m3
R=R2ﬂ‘“““‘-ﬁ£‘(~

e
namely in agreement with the above expression” for {what concerns]
expression %%. The same vesult is on the othet hand obtained if
one inserts Formula {6) instead of Formula- (5) for Cr (Note of the

authors)..

33) In the firsc expression of $ . two errois havé been corrected.

‘For- what concetns che high temperature limic, we derive from Eq.

- ho/kT .
(2), by a development of the exponential ekd/ , thé expression’

PV2'=‘kT}~iue- zE%f = 2k ;. by observing: théen that,. at*high tempera™
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qp\z SIS | . pT w 202 3
k 4n (kg-“:z Z * L In E‘z*m'“kf?,a'f‘f’kin ""ﬁw

&, Eipstein and L. Hopf, Ann + day Yhysik 33, p. 1105-1115
(1910} (Note of the autbors) .
To understand the role of the ZETC-poLint

and Stern's caleularion, ouns can conveni
interaction mechanism between the oscills
field. The oscillator of pPTO

thermal field in terms of a
The amplitude An of these o

the radiation
ponds to the

frequency vy

linked to the

field intensity and, in particular be a relation

between Ang and p(vg, T). In the case in which the oscillator
has a zevo-point energy, the amplitude fo of its oscillation
will not ke linked anymore to the field butf rather to this
energetic term through the relation

{ ;

- K 2 = g =

3 fO CZ“'P h\)g
This shall be true at low temperatures, in so far as one can
neglect the energy exchanged between oscillator and field with
respect to the zero-point energy.

In computing the momentum oscillations one may consider the
two cases separately and compute indEpenéaany the momentum
fluctuations in both the limits of low temperatures, where
the oscillation linked to the Zero-point ene
and of high Cemperatures, where exchanges wi
nate.

dominates,
he field domi-

(a3

As we argued in the introduction, Einstein may have de-—
rived the germ of this idea from his 1909 article, In that
Paper, considering the brownian motion of a mirrer suspended
in a planckian cavity, Einstein had obtained the expressions

42 = 2kIPr in
and i
_3 “1'39}
P ZC{Q TV o|dv . f [8]

7

(f is the area of the mirror) for the mean square momentum

..58_

36')'

37)

38)

and for the coefficient of the damping force, Formula (8] is
the obviocus originator of the expression computed for the ca—
ge at hand by Einstein and Hopf. Substituting Planck's formu—
la for p in[8] and Eq. [8] into [ 7], Einstein obtained

Vi 5 f 3 ]

4% i [ 2 o

57 2 Ly B2 : g
- C!\hvp gy pOdy L f {9

Following backwards the above procedure, once the two terms
appearing in [ 91 have been independently computed, Eq. {71

is a differential equation which allows one to compute the

expression for p. ’

For what concerns the driving force, linked to the velo-
city of the molecule wheve the oscillator is sitring, which
determines a net momentum transfer instead of momenfum Fluc~
tuations like before, a unique expressicn is given containing
both limiting cases. One may thiunk in fact, at very low tem—
peratures, no momentum transfer should occur inasmuch as the
mean kinetie energy of the gas molecules tends to zero with
the temperature, this fact already being present in the ex~
pression for P due to its relation wikth p(v, T).

It. appeared that by the procedure sketched here the zeéro~point
energy must be set equal to hv in order to arrive at Planck's
radiation formula. Further investigations must show whecher

the discrepancy betws this assumption and the assumption
set as the basis of
in the case of a more
thors). '

M. Planck, Wirmestrahlung, &. Aufl, p. 112 (Equation (168))
Here v is the Frequen-

-~ - 3
{(Note of the Authors) - See note (7). He
cy of the ordered motion at T = 0, which equals the proper

0
frequency previously introduced by the authors as vy = Tﬂ.
In the expression for £2, ¢ is the constant

0
4H2V082

U5 e

S

characteristic for the damping of an oscillator through radia-
tion (See uote 17 in ref. (1)),

It &s hardly worth stressing that this kind of procedure may
be justified only by our igmorance of the effective resona~
tor's law (Note of the Authors).



39)

The formula has been corrected by multiplying the left hand
side by v.

A fundamental difference Between Boyer's and Einstein and
Stern’s work is to be noted here, The former author assumes
the existence of » fluctuating zero-point electromagnetic ra-~
diation, whose spectral densicy may Be derived from the requi-
rement of Loventz invariance of the spectrum, superimposing
oun the thermal radiatiow 3 the treatment of the interaction
between the resonator and the radiation is like in Einstein
and Stern's work except for the presence of a term linked io
the stochastic field in the differentiel equation for plw, T)
0352

RN 2 mwd 12 g
Ekfrmz[" (w,T) - {m] } =T - 3o 5=0(w,T)

which determines the solution to be

2 .
W ity 1
plw,T) = I ;TED@ﬁTff“; * oy i

instead of. that of Rayleigh and Jeans.

By further using the relation
2.3 .
Tte
B = —e p(u,T) {10]

(where B is the mean energy of a resonator in a fluctuating
electromagnetic field) of classical electrodynamics, one
obtains

AW 1
R i

For Einstein and Stern it is the oscillator which has a zero~

point energy and it is by introducing a term linked with this

energy in the differential equation for p(w,T) thar it is pos-
sible to obtain the solucion

82 hv
v,T) =
p(v,T) c3 hv/kT
2 -1
At this stage, either one uses in the framework of Planck's
second theory, the equation

- c 1}
E = WD +§Jh\)
thus deriving for E expression [ 2], where the Zero—point enar=—
gy makes its appedrance, or the classical Eq. {10], obtaining

260 =

for E the expression

Ch

E = o
T

/R

to which the zero—peint term must be added.
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