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A quantum random walk
J. MARBEAU AND S. GUDDER

Department of Mathematics and Computer Science
University of Denver, Denver CO 80208, USA

ABSTRACT. A discrete version of the Feynman path integral for-
malism is introduced in terms of a quantum random walk. The
amplitude A(p) of a discrete path p in phase space is generated by a
transition amplitude A;, where j and k are integers. The resulting
matrix Aji is called a Dirichlet matrix since it is closely related to
a Dirichlet series. It is shown in Section 1 that in order to compute
certain probabilities at a discrete time r we must find the entries of
the rth power of A;;. This is accomplished in Section 3 by finding
the eigenvalues and eigenvectors of Aj;. In Section 4 we compute
probabilities for the specific example of a square lattice. We observe
in Section 3 that the eigenvalues of Aji can be degenerate and in
Section 5 we compute their multiplicities.

RESUME. Nous introduisons, en termes de marche aléatoire, un for-
malisme qui s’apparente, pour un temps discret, a celui de l'intégrale
fonctionnelle de Feynman. L’amplitude A(p) d’une trajectoire d
temps discret dans ’espace de phase est générée par une amplitude
de transition Aji ou j et k sont des entiers. La matrice Aj, qui
en résulte est appelée matrice de Dirichlet en raison de son étroite
relation avec une série de Dirichlet. Nous montrons au paragraphe
1, que pour calculer certaines probabilités au temps discret r, il nous
faut trouver les coefficients de la r-iéme puissance de Aj,. Cela est
accompli au paragraphe 3 ot mnous trouvons les vecteurs et valeurs
propres de Aji. Au paragraphe 4, nous calculons les probabilités
dans l'exemple particulier d’un réseau carré. Nous observons, au
paragraphe 3 que les valeurs propres de Aji peuvent étre multiples
et nous calculons les multiplicités au paragraphe 5.
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1. A random walk

Let D = {ug,u1,...,un—1} be a set of unit vectors in R? where the
angle between wu; and u;41 is 27/n. A point x € R? is a lattice point
if x = Z?;OI a;u; where a; is a nonnegative integer, ¢+ = 0,1,...,n — 1.
For example, if n = 4 we have a square lattice and if n = 6 we have
a triangular lattice in R2. Denoting the lattice points by L, we call
S = Lx D a discrete phase space. Suppose a quantum particle is initially
at the origin 0 = (0,0) moving in the direction vy € D. After one time
step the particle will arrive at the point vg € L. The particle will then
move in one of the n directions v; € D and after a second time step it will
arrive at the point vo +v1 € L. This motion will continue until it arrives
at a point Z:;& v; after r time steps. Thus the particle moves from one
lattice point to an adjacent lattice point in each time step. We call a
sequence (Zg,vg), ..., (Tr,vy) in S where 241 = xp+vK, k=0,...,7r—1,
an r-path. The r-paths give the allowable paths along which a particle
can travel.

We are mainly interested in the probability that a particle travels
from (0,vg) to (z,, v,) in S; that is, the probability that a particle arrives
at x, and then moves in the direction v, after r time steps given that it
was initially at 0 moving in the vy direction. For a classical random walk
we would begin by postulating a probability (or transition probability)
that the particle moves from one lattice point to its neighboring lattice
points. We would then define the probability that the particle travels
along an r-path to be the product of the probabilities of the one-step
components of the r-path. This amounts to assuming that the motion
gives a Markov chain. Then the probability that the particle arrives at z,.
in 7 time steps is the sum of the probabilities of all r-paths terminating
at x, [2]. But since this is a quantum random walk, we must follow the
tenets of quantum mechanics and work with probability amplitudes [5,
7, 11]. Roughly speaking, a probability amplitude is a complex-valued
function whose modulus squared is a probability.

Let a be a positive integer such that a and n are relatively prime (it
will become clear later why we want this condition). Define the transition
amplitude A: S x S — C by

L giam(G=k)*/n if gy = x4 u;
Al () = { 7 ymeEu )
0 otherwise
4,k =0,...,n—1. It will also become clear why we have chosen A to

have this form. If
pP= {(330,'00), ey ('1:7“7’07“)}
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is an r-path with xg = 0, we define the amplitude of p to be

A(p) = T] Al o), (@500, 0510)). @)

Jj=0

Let P,((0,v9), (xr,v,)) be the set of all r-paths from (0,v9) to
(zr,v.). We define the r-step amplitude from (0,vp) to (x,,v,.) by

Ar((0,v0), (zr,vyr)) Z{A :p € Pr((0,v0), (zr,vr)) } (3)

and the r-step probability from (0,vg) to (x,,v,) is defined as
2
PT((()? UO)a ('7;7“7 'Ur)) = |Ar((07 UO)7 (xra UT))| .

The computation of P.((0,vp), (2, v,)) in general appears to be
quite difficult. However, if we are only interested in the direction of
motion, the problem becomes more tractable. Letting

AT(UO»UT) = Z{AT((OavO)v (1'7“’ UT)): Ty € L}

we can interpret A, (vg,v,) as the amplitude that a particle moves in
direction v, after r time steps given that it was initially moving in the
direction vg. Letting M be the matrix with entries

iarw(j—k 2 n
M, = NG 1n etam(G—k)"/
we have

Ar(usvut) = Z Mslezlzg cee Mir,lt = (Mr)st (4)

0150y —1=0

where M" is the rth power of M. In particular, A;(us,u;) = M. The
corresponding probability becomes

Pr(ug,ug) = [(M7) g (5)

Letting H,, be the inner product space C™ with the usual inner product
(f,9) = 321 figs and norm ||f[| = ({f,))"/* we can express (4) and
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(5) in a different form. If fo = (1,0,...,0),..., fa_1 = (0,...,0,1)
denotes the standard basis in H,,, then

Ap(us,ug) = <M’°fs,ft> (6)

and

Prgy ) = [(M7 7, )

(7)

Since P, (us, u4) is supposed to be a probability and since the particle
must be moving in one of the n directions after r time steps, we conclude
from (7) that we need M" to satisfy

n—1

a7 £ ZKM fs,ft>] 72 Po(ug,ur) = 1. (8)
t=0

In quantum mechanical terminology, we say that the state of the system
at time r is M" fé given that the initial state is fé Equation 8 shows
that M™ fs is a unit vector. More generally, let f € H,, be an arbitrary
unit vector. Then f is a state of the system for which the probability
that the particle is moving in the ¢ direction is |f;|? = ‘(f, ft>‘2. We
thus interpret f as giving the amplitude of the probability distribution
|fe|?,t=0,...,n—1. Now suppose that initially we only know the state
f. Of course, if f = fs we know the initial direction precisely, but in
general this may not be possible. Then the state at time 7 is defined to
be M"f. Tt follows that |M"f|| = 1 and in particular ||Mf| = 1. We
conclude that M preserves norms and hence M is unitary [6].

It will follow from our later work that M is unitary if and only if
a and n are relatively prime and this is why we wanted that condition.
In order to find the state M"f or the probability P, (us,u:) we must
compute the rth power of the unitary matrix M. The only practical
way to do this is to diagonalize M; that is, find its eigenvalues and
eigenvectors. This is what is usually done in the study of classical Markov
chains except in that case we have a stochastic matrix to diagonalize
instead of a unitary matrix [2].

If p is the r-path

pP= {(Ovuio)v ($1,Ui1), sy (x'f”u’ir)}
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then (1) and (2) give

T

A(p) = # exp[i a6 g 1)?). )

j=1

If we interpret a as the mass of the particle, then it can be shown [7]
that for large n the summation in (9) is approximately the integral of
the kinetic energy K (t) of the particle along the path p minus a pos-
itive constant. (If the particle has zero mass, then a is related to its
“wavelength”.) Such an integral is called the action of a free particle.

We thus have for large n that
A(p) ~ Nexp[i / K(t) dt} (10)
P

where N is a normalization constant. The right hand side of (10) is
called the Feynman amplitude of a free particle along the continuous
path p [5]. We now see that A(p) is a discrete analog of the continuum
Feynman amplitude. This is the reason that we chose A to have the
form given in (1). Equation 3 is the discrete analog of the Feynman
path integral which plays a dominate role in high energy physics [10].
Although the path integral has a physically intuitive appeal, it is sub-
ject to various mathematical difficulties. However, this discrete analog
is mathematically rigorous and for large n gives a close approximation
to the continuum value. Moreover, it can be generalized to the case of a
particle moving under the influence of a force by adding a potential en-
ergy term [7]. We have thus constructed a discrete quantum mechanics.

Besides the computation of M" there is another reason for diago-
nalizing M even for relatively small values of n. In elementary particle
physics, two important classes of particles are mesons and baryons. Ex-
amples of mesons are the pion and kaon, while examples of baryons are
the proton and neutron. In the quark model of elementary particles,
a meson is composed of one quark and one antiquark while a baryon is
composed of three quarks or of three antiquarks. The constituent quarks
(or antiquarks) are held together by the strong nuclear force. This force
is mediated by an exchange of particles called gluons [3, 11]. In a certain
particle model, a meson is represented by a connected multigraph with
two vertices (a multigraph can have multiple edges and loops) while a
baryon is represented by a connected multigraph with three vertices [8].
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The vertices represent quark (or antiquark) constituents and the edges
represent gluon paths. In this theory the gluons perform a quantum
random walk along the edges of the multigraph. This quantum random
walk is governed by a unitary matrix that essentially has the form M
given before, where n depends on the number of edges. Since M is uni-
tary, its eigenvalues have the form €% 6 € [0,27). It turns out that the
0’s are closely related to the allowed energy values of the gluons and
hence have important physical significance [8]. The multiplicities of the
eigenvalues are also important for the calculation of particle masses [8].

2. Dirichlet matrices

We now begin a study of the matrices introduced in Section 1. Let
a be a positive integer and let M(n,a) be the n x n matrix whose jk
entry is

1 ira(j—k)?/n .
Ajk:%e (G=k)"/ 5, k=0,1,...,n—1.
We call M(n,a) a Dirichlet matriz. The reason for this terminology is
that M (n,a) is closely related to the Dirichlet sum

n—1

S(n,a) = Z gimai®/n

Jj=0

that occurs in various parts of number theory [1,4]. In fact, it follows
from Lemma 4 in the next section that the row and column sums of
M (n, a) are proportional to a Dirichlet sum. Moreover, Theorem 5 shows
that eigenvalues of M (n, a) have a common factor that is a Dirichlet sum.
For a = 2, we have S(n,2) = G(n) where G(n) is called Gauss’s sum.
Dirichlet sums satisfy the following Dirichlet reciprocity law [1].

Theorem 1. If na is even, then

S(n,a) = \/Ze”/‘lS(a, n).

This reciprocity law is useful for computing S(n,a) for small a. For
example, as a special case of Theorem 1, if a = 2 we have

G(n) = ?(1 +i)(1+e /),
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As we have shown in Section 1, it is important to know when M (n, a)
is unitary. The next theorem gives such a characterization. We shall need
the following lemma whose proof is straightforward.

Lemma 2. Two positive integers n and a are relatively prime if and
only if al # nm for any integers £, m with 0 < |£] < n.

Theorem 3. M(n,a) is unitary if and only if n and a are relatively
prime.

Proof. Since
n—1
Dol =1
k=0

for j =0,...,n— 1, it is clear that M (n,a) is unitary if and only if
n—1
> AjpAjr =0
k=0

for j # j'. For j # j' we have

n—1 n—1 .
- 1Ta . .
WY Andye = Y ep{ TG - 02 - (- 07}
k=0 k=0
n—1
— eima(i®=5"%)/n 3 eirmali =ik,
k=0

If n and a are relatively prime, then applying Lemma 2, the geometric
series in this last expression satisfies

|
—

n i2wa(j’ —j
[61-2m(juj)/n} B l—e?meimd)
1 — cizraly—)/n

>
Il

0

and M(n,a) is unitary. If n and a are not relatively prime, then by
Lemma 2 there exist j # j' such that a(j — j') = nm for some integer m.
In this case the geometric series has sum n and M (n,a) is not unitary.
O

3. Diagonalization

We need the following lemma to prove our main result.
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Lemma 4. Letn and a be positive integers.
(a) If na is even, then

n—1

Z ei‘n’a(kfj)Q/n _ S(TL, a)

k=0
for any 0 < j <2n—2. (b) If na is odd, then

n—1
Ze”“( —2)/n 25(4n a)

k=0
forany 0 <5 <2n—2.

Proof. (a) First suppose j <n — 1. Then

n—1 7j—1 n—1
S = Z eiﬂa(kfj)2/n _ Z eiﬂ'a(kfj)Q/n + Z eiﬂa(kfj)Z/n'
k=0 k=0

k=j

Letting r = j — k in the first sum and » = n — k + j in the second sum
gives
J

S = Zeiwarz/n + i eirra(n—r)z/n-

r=1 r=j+1

Since na is even, we obtain

S:i zﬂar/n_zemar/n: ( )
r=1

Next suppose n < j < 2n — 2. Then j = n + r for some integer 0 < r <
n — 2. Again, since na is even we have

n—1 n—1
S = Z eiﬂa(k—n—r)z/n — Z eiﬂ'a(k—r)z/n'
k=0 k=0

But this last sum equals S(n,a) by the previous result.
(b) Consider the summation

4dn—1
T — Z ei‘n’a(lc—2j)2/4n
k=0
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Now T is the sum of its odd and even partial sums T'= U + E where

2n
) N2
U— Z ezwa(Qk—1—2]) /An
k=1
2n—1 R
jo. Z eiﬂ'a(Qk—Zj) /4n.
k=0
We can write E as
n—1 2n—1
I S e
k=0 k=n

Letting 7 = k — n in the second summation and using the fact that na
is odd, we obtain

2n—1 n—1

Z eiwa(kfjf/n — Z eiﬂa(r+n7j)2/n

k=n r=0

n—1
. N2
— E e'nra(rfj) /n
r=0

Hence, E = 0. Since

_ 6i7ra(1+2j)2/4n

eiwa(4n7172j)2/4n

we have
n—1 2n—1
U— Zeiﬂa(2k7172j)2/4n + Z eiﬂ'a(2k7172j)2/4n
=0 k=n

Again, letting » = k — n in the second summation and using the fact
that na is odd, we obtain

2n—1 n—1
Z ima(2k—1-2))? /4n _ Z gima(2r+2n—1-25)*/4n
k=n r=0

n—1

_ Z eimz(2r7172j)2/4n
r=0
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It follows that

n—1
T=U=2 Z ei?‘ra(kfjfé)z/’n.
k=0

But since 4na is even, it follows from Part a that T = S(4n,a). O

We now come to our main result.

Theorem 5. (a) If na is even, then forr =0,1,...,n—1, the vector
er = (e*ﬂ”‘"k/"), k=0,....,n—1
is an eigenvector of M(n,a) with corresponding eigenvalue
A =n"128(n, a)e_i”mz/".
(b) If na is odd, then forr=0,1,...,n—1, the vector
er = (e*izm(ﬂr%)k/"), k=0,....,n—1
is an eigenvector of M(n,a) with corresponding eigenvalue

-1/2 ]
A== 2 S(4n, a)e it H/n,

Proof. (a) The jth coordinate of M (n,a)e, is

n—1
[M(’I’L, a)e,.]j = n*l/Z Z eiﬂa(jfk)’é’/nefﬁ'n'ark/n.
k=0

Now the summand may be written

677527ra7‘j/n exp{iﬂa [(] _ k)z — 2rk + 27’]] /n}

_ (er)jefiﬂ'arz’/neiﬂa[kf(j+r)]2/n.

Applying Lemma 4a gives

n—1
[M(n, a)er]j = (er)jn—l/Qe—i‘n'arz/n Z eiﬂa[k—(j+r)]2/n
k=0

— _'71- 2
=n 1/25(71,(1)6 prar /”(er)j

= Av'(er)j-
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(b) The jth coordinate of M(n,a)e, is

n—1
[AZ\I(TL7 a)er]j = 77,71/2 Z eiﬂa(jfk)Q/nefiﬂ’a(QrJrl)k/n.
k=0

Now the summand may be written

eima(2r+1)i/n exp{iwa[(j —k)? = (2r+ D)k + (2r + 1)j] /n}

_ (er)j6774‘71'04(7““1’%)2/neiﬂ'a[kf(jJrrJ’,%)]Q/n'
Applying Lemma 4b gives

n—1

[M(n, a)e,); = (er)n~ "/ 2eTimeCta)/n 7 imalkrtr )/

k=0
—-1/2 '
_ n 5 S(4n7a)e—zwa(r-‘r%)z/n(er)j

= Ar(er);- g

Applying Theorem 1 with @ = 1 (which is physically important since
it corresponds to the smallest mass) we have the following Corollary.

Corollary 6. (a) If n is even, then
A\ = 6i7r/4e—i7rr2/n
is an eigenvalue of M(n,1), r=0,1,...,n—1. (b) If n is odd, then
A\, = eiﬂ/467i7r(r+%)2/n
is an eigenvalue of M(n,1), r=0,1,...,n— 1.
It will follow from Theorem 7 that Corollary 6 lists all the eigen-
values of M(n,1). However, in general, Theorem 5 does not determine

all the eigenvalues of M(n,a). This is because some of the \,’s may
coincide and the corresponding e,.’s may be linearly dependent. In this
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case, some of the eigenvalues will be missed. The simplest case of this
occurs for the matrix

M(2,2) = % [_11 _11} :

We then have A\g = A\ = 0 and eg = e; = (1,1). We have missed the
eigenvalue v/2. Notice that M(2,2) is not unitary. Our next result shows
that this problem does not occur in the unitary case.

Theorem 7. The vectorse,, r=0,...,n—1, in Theorem 5 are mu-
tually orthogonal if and only if n and a are relatively prime.

Proof. If na is even, then the inner product (e, e;) satisfies

n—1

<er7€s> — Z eiQﬂ-a(s—r)k/n'

k=0

The proof now proceeds as in Theorem 3. If na is odd, the proof is
similar. O

Corollary 8. The following statements are equivalent. (a) n and a are
relatively prime.
(b) M(n,a) is unitary. (c) e, Les forr#£As=0,...,n—1.

Corollary 9. Ifn and a are relatively prime, then all the eigenvalues
of M(n,a) are given in Theorem 5.

Even in the unitary case, some of the eigenvalues can be degenerate;
however, Theorem 5 gives a complete list together with an orthogonal
basis of corresponding eigenvectors.

4. Probabilities

We now apply the results in Section 3 to compute probabilities. Let
P.(t) be the probability that the particle is moving in direction u,; after
r time steps given that it was initially moving in direction ug. Then
according to (7) we have

2

Pr(t) = ‘<MTf07fAt> ) M = M(nva)' (11)
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Denoting the normalized eigenvectors and eigenvalues of M by eg, Ak,
k=0,...,n—1, we have

M"fo = Z<f07€k>MT€k = Z<fo,6k>/\26k-

k k

Hence,

(M" fo, fr) = Z X (foren) (e, fr)
k
1

Applying Theorem 5 gives for na even

(M fo, f,) = S(n,a)" Zefiﬂm"k{z/”efﬂﬂ'akt/n

Z4+1
n-2
k

and for na odd

rg 7 S dn,a)" imar N2/ _iora )¢ /nm
(M fo,ft>:2(rnig+zze (k+3)2/n —i2na(k+3)t/n
k

Since M is unitary, we have [\g| = 1, k = 0,...,n — 1. It follows
from Theorem 5 that

|S(n,a)| =+/n and [S(4n,a)| = 2v/n.

Applying (11) for the case na even, we obtain

1 —ima(r 2 /nr 2
P.(t) = ﬁ’ze (rk+t)?/
k

. .
= = > exp (kK +1)° — (rk +t)?]

kK’

1 .
=3 Z exp ?(k’ — k)[r(K' + k) + 2t]
ke k!

2 5
n

3\)—‘

HM\

Z { —k)(r(k + k) + 2t)|.
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In a similar way, for na odd we have

— (K —k)(r(K +k+1)+2t)].

1 2 k'—1n—1 a
B n

For example, in the simple case n = 4, a = 1, we have

1 1
P.(t) = 1 + 3 {cosz (r+2t) + cosm(r +t) + cos g (3r + 2t)

+ cos ?%r (3r + 2t) + cosm(2r + t) + cos % (5r + Qt)} .

This last expression can be simplified as

1 t t
P.(t) = 3 [(1 + (=)t <1 + 2 cos % cos T) + 2 cos? 7;] . (12)

In this case, one can see from the form of the eigenvalues that the motion
has period 8. Applying (12), the probabilities are tabulated in Table 1.
Of course, for larger values of n the probabilities are much more compli-
cated.

ro| P.(0) | P(1) | P(2) | P(3)
0 1 0 0 0
1 1/4 1/4 1/4 1/4
2 1/2 0 1/2 0
3 1/4 1/4 1/4 1/4
4 0 0 1 0
5 1/4 1/4 1/4 1/4
6 1/2 0 1/2 0
7 1/4 1/4 1/4 1/4
8 1 0 0 0

Table 1 (Probabilities P.(t))
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5. Multiplicities

It was mentioned in Section 1 that the eigenvalue multiplicities for
M (n, a) were needed for certain elementary particle studies. There is also
a mathematical reason for finding these multiplicities. By the spectral
theorem [6] M (n,a) has a unique representation of the form

M(n,a) = Zuij
j=1

where p;, j = 1,...,m, are the distinct eigenvalues of M (n,a) and P; is
the orthogonal projection onto the eigenspace of ;. Now the dimension
of P; is the multiplicity m; of p;. Moreover, since we have found the
eigenvectors corresponding to p; in Theorem 5, this may enable us to
compute P; by adding the m; one-dimensional projections corresponding
to these eigenvectors.

We shall use the notation (n, m) for the greatest common divisor of
two integers n, m. In the sequel we shall assume that M (n,a) is unitary
and hence (n,a) = 1. We first consider the case in which na is even.
Let A, be the (possibly repeated) eigenvalues of M(n,a) as given in
Theorem 5a, r =0,1,...,n — 1.

Lemma 10. Let na be even and let 0 < x < n be an integer. Then
Ae = A if and only if 22 = r? (mod n) for n odd and z* = r?
(mod 2n) for n even.

Proof. Applying Theorem 5a, A, = A, if and only if

7rax2 7TCL’I"2

== (mod 27)

n

and the latter is equivalent to
a(z®> —=r*) =0 (mod 2n). (13)

If n is odd, then a is even so (n,a) = 1 and (13) imply 22 — 7% = 0
(mod n). O

To solve the congruence relation in Lemma 10 we shall need some
results from elementary number theory. The next two lemmas appear
as exercises 16, 18 (slightly modified) in [9; p. 301]. In the sequel, all
numbers that we consider are integers.
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Lemma 11. Letp be an odd prime, e >0 and 0 < r < p® withr # 0
(mod p). The congruence

22 =72 (modp®), 0<z<p°

has ezactly two solutions x =r and © = p° —r.

Proof. If 2?2 =72 (mod p°), then p¢ | (z —r)(x + 7). But
(x+7r)—(x—71)=2r

so that (z + 7,2 —r) | 2r. Since p is odd and r # 0 (mod p) we have
(p,7) =1 and (p,2) = 1. Hence, (p,2r) = 1 and any distinct divisors of
2r and p are relatively prime. We conclude that

((x+rz—1),p) =1

It follows that either p® | (x + ) or p° | (z — r). The first case gives
x = p® — r and the second case gives z = r. Conversely, both r and
p® —r are solutions to the congruence. They are distinct since p® —r =r
would imply p even. O

Lemma 12. Fore >0, let r be odd with 0 < r < 2°. The congruence
22 =72 (mod 2°), 0<uz<2°

has ezactly four solutions if e > 3, exactly two solutions if e = 2 and
exactly one solution if e = 1.

Proof. If 22 =72 (mod 2°), then as in the proof of Lemma 11, (z +
ryx —r) | 2r. Since r is odd, (z + r,2 — r) contains at most one factor
2. Hence, one of the following possibilities holds

2¢ | x4+ with 0<z+r< 2!

2° | x —r with —2°<zox—r<2°

207l |z —r with —2°<z—r<2¢

267 |z 47 with 0<z+r <2t

These give the possible solutions x = 2° —r, z =7, 2 =21 4+ r, 2 =
2¢~1 —r. Conversely, these numbers clearly satisfy the given congruence.
If e > 3, the solutions are distinct. Indeed, otherwise we obtain one of
the following contradictions.
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20—r=r = r= 2¢71
2°—p = 2071 = r= 2(2672 -2¢73)
2¢ —p = 2071 —p = 20 = 2¢71
r=2t4r= 2071 = 0
r= 21 —r= r= 2072
207l ppr =207t —p = r= 0.

If e = 2, then the congruence becomes z2 = 72 (mod 4), 0 < x < 4.
Since12 =1 (mod 4),32 =1 (mod 4), there are two distinct solutions
x=r,x=4—r. If e=1, there is only one solution z =r=1. O

Notice that Lemmas 11 and 12 solve our desired congruence relation
for the case in which n has only one prime factor and (r,n) = 1. The
next lemma extends this to the case (r,n) = 1 for general n.

Lemma 13. Let0<r <n with (r,n) =1 and let k be the number of
distinct prime divisors of n. The congruence

% =r? (modn), 0<z<n

has exactly (a) 2F solutions if n is odd, (b) 2~ solutions if n is even,
n#0 (mod4), (c) 2% solutions if n =0 (mod 4), n # 0 (mod 8),
(d) 281 solutions if n =0 (mod 8).

Proof. Let n have the prime factorization

_ C1,.62 (3
n=pi'p’...p".

First suppose that n is odd. Then z? = r?

(mod n) if and only if
22 =r? (mod p§’),i=1,..., k. Let r; be the residue of r modulo p{*.
Then 2 =72 (mod n) if and only if 22 =r? (mod p{'), i =1,...,k.
From Lemma 11, each congruence z? = 72 (mod pi') has exactly two
solutions, r; and p;* —r;. Hence, x = £r; (mod p{*),i=1,...,k, and
this gives 2¥ systems of congruence relations. By the Chinese Remainder
Theorem [9] each system has a unique solution modulo n. Moreover, the
solutions cannot overlap since (r,n) = 1. Hence, there are 2% distinct

solutions. Now suppose that n is even and that n has the above prime

decomposition with p; = 2. As before, > = r?> (mod n) if and only
if 22 = r2 (mod p§’), i = 1,...,k. For i > 2, we have z = =+r;
2_ .2

(mod p5*). Fori =1, wehave z* =r{ (mod 2°'). Applying Lemma 12,
this latter congruence has one solution if ey =1 (n 20 (mod 4)), two
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solutionsife; =2 (n=0 (mod 4), n #0 (mod 8)) and four solutions
ife; =3 (n=0 (mod 8)). Proceeding as before, the result is obtained.
O

It follows from Lemma 13 that the number of distinct solutions of
22 = 1?2 (mod n), 0 < x < n, is independent of r if (r,n) = 1. We
denote this number of solutions by v(n). That is, 1(n) = 27 where j
equals k—1, or k, or k+ 1 depending on the value of n. For an arbitrary
0 < r < n, define the function or two variables d = d(r,n) = (r?,n),
let 62 = 62(r,n) be the smallest positive square multiple of d and let
A = A(r,n) = d/§. The next theorem extends Lemma 13 to the general

case.

Theorem 14. If0 <r <n, then the congruence
=72 (modn), 0<z<n (14)

has Ap(n/d) distinct solutions.

Proof. If z is a solution to (14), then z? is a multiple of d. Hence, z?

is a multiple of §2. It follows that z is a multiple of §. It is clear that
62 = dd’ where d’ is the product of the prime divisors of d that have
odd exponents in the prime factorization of d. For 0 < z < n, (14) is
equivalent to

which is equivalent to
2 2
d V - 7’] =0 (mod n/d). (15)

We now show that (d’;,n/d) = 1. Let a be a positive integer. If « |
(d',n/d) then ad | (62,n). But 6% | 72 so ad | (r?,n). But (r?,n) =d so
a = 1. We next show that (r/d,n/d) = 1. If a | (r/§,n/d) then ad? | 2
and ad | n. But ad | aé? so ad | (r?,n). Again, we have o = 1. It now
follows from (15) that 22 =r? (mod n) if and only if

(5) =(5) ot
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where (r/d,n/d) = 1. Applying Lemma 13, the number of solutions
modulo n/d to

2? = (;)2 (mod n/d) (16)

is ¥(n/d). Let zo be a solution to (16). Then z/d = x9 (mod n/d) if
and only if

x =0x +mén O<m<g

- 0 d ) = 5 .

Hence, for each solution of (16) we have A = d/é distinct solutions to

(14). Also, two different solutions to (16) cannot yield the same solution
o (14). Indeed, if

1) 1)
dxo + mon = oz + m’&n

then g — 21 = (m’ — m)n/d. But 0 < zg, 1 < n/d. Hence m = m/
which implies 2p = x;. Hence, (14) has Ay (n/d) distinct solutions. O

Lemma 10 and Theorem 14 together now give the multiplicities for
the case na even. But as we shall see in the proof of the next theorem,
the case na odd can be reduced to the na even case giving a complete
solution. We continue to assume that (n,a) = 1 and that ., r =
0,...,n — 1 are the (possibly repeated) eigenvalues of M (n,a) given in
Theorem 5. We use the notation ¢ (r,n) = ¢ (n/d(r,n)).

Theorem 15. The multiplicity of A\, is
(a) A(r,n)(r,n)  if a is even
(b) Lg%)zb(r? 2n) if n is even
(¢) A@2r+1,n)Y(2r+1,n) otherwise.

Proof. (a) In this case na is even and n is odd. Applying Lemma 10
and Theorem 14 gives the result. (b) Again na is even. By Lemma 10,
Az = A, if and only if 22 = 72 (mod 2n). But we are only concerned
with the solutions modulo n. By Theorem 14, 2 = 72 (mod 2n) has

2n

A(r,2n)y Ll(rQn)

} = A(r, 2n)9(r, 2n)

solutions modulo 2n. However, since n is even, for every 0 < x < n,
(x +n)? = 22 (mod 2n). Hence, there are twice as many solutions
modulo 2n as there are modulo n. This completes the proof of (b).
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(¢) In this case na is odd and the eigenvalues A, 0 < r < n, of M(n,a)
are given in Theorem 5b. Let po,41 be the (2r + 1)th eigenvalue listed
for M(4n,a). Applying Theorem 5, we have A, = por41, 0 <r < n. The
multiplicity of pg,41 is twice the multiplicity of A,. Indeed, we are only
concerned with finding the numbers 0 < z < 2n such that p, = po,41
and for such z, pg, . = p, since

(4n —2)? =2 (mod 8n).
Applying Part b of this theorem, the multiplicity m, of A\, becomes

A(2r +1,8n)
4

my =

P(2r +1,8n).
Since 2r + 1 is odd we have

d(2r +1,8n) = ((2r + 1)%,8n) = ((2r + 1)*,n) = d(2r + 1,n).

Hence,
A(2r+1,8n) = A(2r +1,n)
and A2+ 1
m, = yw(% +1,8n).

Since n/d(2r+41,n) is odd, applying Lemma 13a we have 1)(2r+1,n) = 2*
where k is the number of distinct prime divisors of n/d(2r +1,n). Since

8n/d(2r +1,n) =0 (mod 8)

and 8n/d(2r+1,n) has k+1 distinct prime divisors, applying Lemma 13d
we have 9(2r + 1,8n) = 2¥+2. Hence,

P(2r 4+ 1,8n) = 4¢(2r + 1,n).

The result now follows. O
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