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ABSTRACT. A simple and self-contained treatment of the basic
mathematics of two component quantum systems is presented. First,
the main general properties of tensor product spaces and of linear
operators on these spaces are analysed. Then, von Neumann’s treat-
ment of density operators on the tensor product of two Hilbert spaces
is simplified and complemented with some additional theorems. A
rigorous proof of the impossibility of superluminar transmissions by
wave-packet-reduction is presented.

RESUME. On présente un développement simple et se suffisant a
lui-méme des mathématiques de base des systémes quantiques a deuz
composantes. Premiérement, on analyse les principales propriétés
générales des produits tensoriels de deux espaces et des opérateurs
linéaires sur ces espaces. Ensuite, le développement de von Neumann
des opérateurs densité sur le produit tensoriel de deux espaces de
Hilbert est simplifié et complété avec des théorémes supplémentaires.
On présente une démonstration rigoureuse de [’impossibilité de
transmissions supra-lumineuses au moyen de la réduction du paquet
d’ondes.

1. Introduction

The aim of this paper is to present a rigorous, simple and suffi-
ciently complete treatment of the basic mathematical theory of the ten-
sor product of two Hilbert spaces and of linear operators on this space,
with particular reference to density operators (self-adjoint, non-negative,
unit-trace operators). The paper has been conceived to provide a clear
and self-contained mathematical basis for a deep intrepretative analysis
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of some problems of the foundations of quantum mechanics which con-
cern composite systems, such as the Einstein-Podolsky-Rosen (in short
E.P.R.) paradox [1] and the theory of measurement [2].

A rigorous, self-contained, sufficiently complete and simple treat-
ment of the mathematical formalism of two-component quantum systems
does not seem to be available in the literature. Traditional textbooks on
quantum mechanics either do not deal with the mathematical theory of
tensor products of Hilbert spaces [3], or contain just some introductory
remarks [4]. More recent books and papers deal only with particular
aspects of this subject [5]. Some books of mathematics [6], or on the
mathematical bases of quantum mechanics [7], present a rigorous ap-
proach to linear operators on the tensor product of Hilbert spaces, but
do not discuss in detail density operators. The most complete treat-
ment of the properties of density operators on the tensor product of two
Hilbert spaces is still that presented by von Neumann [8] ; this, how-
ever, does not, contain the basic theory of tensor products of spaces and
operators and, moreover, is rather involved.

In the present paper, von Neumann’s treatment is simplified and
complemented with a deeper insight into the structure of tensor prod-
uct spaces and with some theorems which yield interesting results for a
conceptual analysis of the foundations of quantum mechanics and ther-
modynamics. Among results not available in Ref.[8], we can point out
rigorous proofs of some properties of linear operators on the tensor prod-
uct of two Hilbert spaces (theorems 6, 7, 8 and 12 of section 3) and of
the following statements.

a) The partial traces of any linear operator on the tensor product of
two Hilbert spaces H,, and H, are independent of the choices of the
bases of H,, and H,,.

b) Two systems U and V, in states p,, and p,, are uncorrelated if and
only if the composite system W is in state p, = py, ® po ;

¢) Two non-interacting systems which are uncorrelated (or correlated)
at the initial instant ¢ = 0 remain uncorrelated (or correlated) at
any instant .

d) For every composite system W = U 4 V, the ideal measurement of
an observable A of U does not modify the state of system V. This
point shows that no superluminar transmission can be obtained as a
consequence of von Neumann’s wave-packet-reduction rule applied
to composite systems. A different proof of this theorem, based on
the “cyclic property of the partial trace”, is presented in Ref.[9].
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The paper is organized as follows. In section 2 we define the tensor
product of two linear, euclidean and Hilbert spaces, and prove some
properties of these spaces. In section 3 we prove some properties of
linear operators on the tensor product of two Hilbert spaces and of their
matrix representations, handling only continuous operators defined on
the whole space. In section 4 we deal with the relations between density
operators on the tensor product of two Hilbert spaces and their partial
traces. In section 5 we analyse correlations between subsystems, and
prove statements b) and c) listed above. In section 6 we prove statement

d).

2. Tensor product of two Hilbert spaces

In this Section, we present a self contained introduction to the lin-
ear and metric properties of tensor product spaces, with reference to
separable spaces of finite or infinite dimension.

2a. Tensor product of two linear spaces

Let L, and L, be two linear spaces. We will denote by |uy), ..., |u;),
...s|ug), ...the elements of L, and by |vi), ...,|vj), ... |Ju), ...the
elements of L,. Let us consider the Cartesian product L, X L,, which
has as elements all pairs {|u;), |v;)}, and define in L,, x L,, the following
equivalence relation. a) {|w;), |vj)} ~ {|uk),|v)} if and only if |uy) =
clu;) and |vy) = 1/clv;), for some c € C.

It is easily proved that a) is indeed an equivalence relation and
therefore defines equivalence classes in L, x L,. We will denote by
|ui) ® |v) the equivalence class which corresponds to {|u;),|v;)} and by
W’ the set of all equivalence classes so obtained. The elements of W’ will
be denoted also by the symbols |w}),...,|w}),...or |w;),..., |wk),. ..,
where |w;;) = |u;) ® |v;), and will be called simple tensors [6,7]. On
account of a), the following equality holds in W':

alu;) @ lv;) = |u;) ® alv;) for every a € C. (2.1)

In fact : {alui), |v;)} ~ {(1/a)alw;),alv)} = {|Ju;),alv)}. Let us define
the product by a scalar in W’ as follows :

alfui) @ [vj)) = alui) ® |vj) = |ui) @ alv) , acC. (2.2)
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Let us call zero element of W’ the following element :
10) =0) @ |v;) = |u;) ®[0) for every |w;) and |v;). (2.3)

On account of (2.2), 0(|u;) ® |v;)) = |0) for every |u;) and |v;).

Let us now consider the family F' of all ordered sets of elements of

W', i.e., the family of all sets f = (Jw}),...,|w))), with any n and any
choice of |w)),. .., |w)). Let us define the following equivalence relations
in F':

i) f1 ~ f2 if all non-zero simple tensors which belong to f; belong also
to fy and vice-versa, independently of the order.
i) (jug) @ fvr), .o Jur) @ fom) ~ (Jur) @ [vmga), ..o [ur) © Jon)) if
[v1) + .o+ o) = [vma1) + oo+ |on) 3
i) (Jur) @ [v1), ..o, fum) @ [01)) ~ (Jumi1) @ |vr), ..o [un) @ fo1)) if
lur) + .o+ Jum) = [umg1) + -+ |un).
In particular, ii) yields (Ju1) ® |v1), ..., |u1) ® |vm)) ~ |u1) @ |v1 +
...+ Upm), and a similar result holds for iii).
It is easily verified that 1)-iii) are reflexive, symmetric and transitive,
i.e., are equivalence relations.

We can now define an equivalence relation R in F' as follows :
fi ~ fo if either one of i)-iii) holds between f; and fa, or if f; and
f2 can be connected by a chain of equivalence relations of the set i)-iii).
For instance, if f; ~ f3 according to i) and f3 ~ fy according to ii),
then f; ~ fy according to R. Reflexivity of R is ensured by i), transitiv-
ity by the definition of R, symmetry by symmetry of i)-iii). Therefore
R is an equivalence relation, which generalizes that between complex
polynomials employed in elementary algebra.

We will denote by W the set of all equivalence classes so obtained,
and by |w) = [|w)), ..., |w))] the equivalence class which corresponds to
f=(w),... Jwp)).

Let us define in F' the following operations of sum and of product

by a scalar. If fi = (jw}), ..., |w;,)), f2 = (|w),41),- -, |wy,)) and ¢ € C,
then :

f1+f2:(|w'1>7...,|w7’n),...7|w;>), (2‘4)

cfi = (cjwh), ... clwl.)). (2.5)

It can be easily proved that (2.4) and (2.5) leave invariant the equivalence
classes, i.e. : if f1 ~ g1 and fo ~ go then fi1+ fo ~ g1 +g2 and cf; ~ cg;.
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Therefore, (2.4) and (2.5) yield the following operations of sum and of
product by a scalar in W :

w1) + |wa) = [Jwy), .. Jw), s Jwy)], (2.6)

clwy) = [elwy), ..., clwp,)]- (2.7)

It is easily proved that (2.6) and (2.7) satisfy the axioms which define
the operations of sum and product by a scalar in a linear space [7.10].
In fact, commutativity and associativity of (2.6) follow directly from 1i).
Moreover, on account of i) there exists a zero element for the sum, which
is given by (2.3). Finally, the following properties hold for (2.7) :

a) c(jwr) + [wa)) = [clwy), ..., clwy,)] = clwr) + clws).

b) (c1 +c2)|wr) = [(e1 +c2)|wh), ..., (1 4 c2)|w)y,)]
= [(e1 + ca)|ur) @ [v1), .- -, (1 + e2)|um) @ [vm)]
= [c1|ur) ® |v1), c2lur) @ v1), .., e1ltim) @ [Um), C2|tm) @ |vm)]

= C1|’U)1> + 02|w1>.

c) (crc2)|wr) = [crea|wh), ... crez|w),)] = e1(calwr)).

d) Hwy) = [wr).

As a consequence, the set W endowed with operations (2.6) and
(2.7) is a linear space, which will be denoted by L,, = L, ® L, and will
be called tensor product of linear spaces L, and L,. To every element
of W', |w;;), there corresponds an element of W, [|w;;)], which will be
denoted by the same symbol |w;;) = |u1) ®|v;) and will be called simple
tensor of L,,. Every element of L,, can be written as a sum or a linear
combination of simple tensors. Therefore, L,, is the linear space spanned
by the simple tensors |w;;).

Theorem 1. If {|¢;)} and {|v;)} are linearly independent systems of two
linear spaces L,, and L,, then {|(;;) = |&;)®|v)} is a linearly independent
system of L, = L, ® L,.

Proof. The linear subspace L,, spanned by {|(;;)} is the tensor product
of the linear subspaces L,, and L, spanned by {|e;)} and {|v;)} : L, =
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L, ® L,. Let us consider a linear combination of the vectors |(;;), |w) =
>ij €ijlGij), and prove that if |w) = [0) then ¢;; = 0 for every {i,j}.
If [w) = 10), then |w) is a simple tensor of L,,. Therefore, there exist
|u) € L, and |v) € L, such that :

0) = |w) = [u)®|v) = Zaz|€z ®Zb i) =) aibilGii) = cijlGi)-

But |u) ® |[v) = |0) if and only if either |u) = |0) or |v) = |0), i.e., since
{l&;)} and {|v;)} are linearly independent systems, if and only if either
every a; = 0 or every b; = 0, i.e., if and only if every c;; = 0.

Theorem 2. If {|¢;)} and {|v;)} are bases [11] of L,, and L,, then {|¢;;) =
le;) @ |vj)} is a basis of Ly, = Ly, @ L.

Proof. On account of Theorem 1, {|(;;)} is a linearly independent system.
Moreover, every |w) € L, can be expressed as a finite linear combination
of vectors of {|(;;)}. In fact, by definition of basis of a linear space,
every |u) € L, and every |v) € L, can be expressed as finite linear
combinations of vectors of {|¢;) } and of {|v;)} respectively. Therefore, for
every simple tensor [wy) € Ly @ [wp) = 32, ail€) @ >0, bilvy) =
>_i; @ibj|Gij). Finally, every vector [w) € Ly, can be expressed as a finite
linear combination of simple tensors and therefore of elements of {|(;;)}.

Corollary of Theorem 2. If L, has dimension m and L, has dimension
n, then L,, = L, ® L, has dimension mn.

Proof. By definition of dimension, a basis {|¢;)} of L,, and a basis {|v;)}
of L, have m and n elements respectively. On account of theorem 2, a
basis of L,, is {|e;) ® |v;)} and has, therefore, mn elements.

2b. Tensor product of two euclidean spaces

Let E, and E, be two euclidean spaces, in which distance is defined
by means of the natural norm. We will define tensor product of E, and
E, the euclidean space F,, = E, ® E, given by the linear space L,, =
L, ® L, endowed with the following scalar product : if {|¢;)} and {|v;)}
are two orthonormal bases of By, and E, and if |w1) = >, cijle;) ® [v5),
lwa) =37, dijlei) @ |vj) (where sums are finite), then we define :

(w1 |wa) ZZC dii(ejlen) (vilv) = Zc;"jdij. (2.8)
i

ij
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The euclidean space E,, will be considered as endowed with the distance
defined by means of the natural norm.

It is easily verified that (2.8) has the properties which define the
scalar product of two vectors.

1) (wy|wy) >0, and (w;|wy) = 0 if and only if |w;) = 0).

Proof. (wilwi) = >, ch” =2 leij|> > 0, and (w;|wy) = 0 if and
only if ¢;; = 0 for every {i, j

2) (wifws) = (wafw)*.

Proof. (wsluwn)* = ¥, (dfycig)* = X ciydig = (wnfwa).

3) (wi|cws) = C<w1|w2>

Proof. (wilcws) =37, ¢jjediy = ¢35 ¢fidij = c{wi|wa).

4) (wifwz + ws) = (wifws) + (wi|ws).

Proof. If we denote by c¢;;, d;; and e;; the coordinates of |w1), |ws) and
|ws) with respect to the basis |e1) ® |v;), we have :

<w1|w2 + ’LU3> = Zcrj(dij + 61',]') = Zcz}dij + Zcfjeij
ij ij ij

= (w1|wz) + (w1|ws).

On account of properties 1) - 4), (2.8) actually defines a scalar prod-
uct in E,,. Therefore, it has all the other properties of scalar product.
For instance, we have :

(w1 + walws) = (wr|ws) + (we|ws), (distributivity from the left)
(cwr|wz) = " (wr|wa),

|<w1|w2>|2 > (wq|wy){walws), (Schwarz inequality)

where the equality holds if and only if |wg) = c|w;).

Theorem 3. If {|¢;)} and {|v)} are orthonormal bases of F, and E,,
then {|¢;;) = |e1) ® |v;)} is an orthonormal basis of E,,.

Proof. The completeness of {|(;;)} in E,, is a direct consequence of its
completeness in L,,. In fact, the linear space spanned by {¢;;} coincides
with L,, and thus contains all the elements of F,,. The orthonormality
of {|¢;;)} follows from the definition of scalar product in E,,

|Gij|Crt) = (e1] ® (vjler) @ [v1) = (eiler) (vi|vi) = dindji-
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Theorem 4. If {|u;)}, {|4x)} are sets of elements of E, and {|v;)},
{I91)} are sets of elements of E\, and if w1 = 3 . ¢jjlui) @ [vj), wa =
Zkl dkl|ﬂk> X |1~)l>, then :

(wilwa) = efpdi (usliig) (v;]5). (2.9)
ijkl

Proof. Let {|e,)} and {|v,)} be orthonormal bases of E, and E,. We

have :
lui) = Z eiplep) o |vj) = Z hjqlve)
lui) ® |v) = Zeap hjqlep) @ |vg)

lw:) ZCUZGW jalen) @ ) = > cijehio)ley) @ |vg)

pqg  ij
|wa) del Zekphlq|€p ® |vg) = Z delekphlq)|€p> ® |vg)
rqg  kl

By applying definition (2.8) :
(wy|wse) = Z cridries,eeph; hlq.
pqijkl

Let us now evaluate (wq|ws) by (2.9).

u/L|uk g ezpep‘ E ek’l‘eT E erpék"'<6p|€"‘> = : :erpékp
pr p
x 7 _ * 7
(vjlty) = E hjqvql E hlsl/s E hjqhus(vglvs) = § :hthlq
qs
(wr|wz) = E ngdkl§ :ewekl’zhmhlq Z G, dklel?e}“’hﬂthq

ijkl pqijkl

2c. Tensor product of two Hilbert spaces.

Let H, and H, be complete euclidean spaces, i.e., Hilbert spaces,
and let F,, = H, ® H, be the tensor product space defined in 2b. The
completion H,, of E,, will be called tensor product of the Hilbert spaces
H, and H,. In symbols we will write H,, = H,®H,, where the bar
means that the tensor product space has been completed.
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Theorem 5. If {|e;)} and {|n;)} are orthonormal bases of the Hilbert
spaces H, and H,, then {|(;;) = |&;) ® |n;)} is an orthonormal basis of
Hw - ugHv

Proof. Tt is sufficient to prove that {|(;;)} is a complete system of H,,, i.e.,
that the closure of the linear space spanned by {|(;;)} is Hy @ [L{|¢i5) }] =
H,. On account of theorem 3, L{|(;;)} = E,, = H, ® H,. Since E,, is
dense in H,, i.e. [E,] = Hy, then [L{|(;;)}] = [Ew] = Hu.

3. Linear operators on the tensor product of two Hilbert spaces

In this section, we prove some basic properties of linear operators
on the tensor product of two Hilbert spaces, H,, = H,®H,,, and of their
partial traces. For simplicity sake, we will assume that all the linear
operators considered in this paper and their adjoints are continuous and
defined on the whole spaces H,,, H, and H,, respectively.

The linear operators on H,, = H,®H,, are defined in the same way
as those on any Hilbert space H. This definition will not be repeated.
Among the linear operators on H,,, there are the tensor products of pairs
of linear operators on H,, and on H,,.

If A, and A, are linear operators on H, and H, respectively, then
we define as tensor product of A, and A, the following linear operator
on Hy, :

(Au ® Ay)lu) ® [v) = Aylu) ® Ay |v),

and, more generally :

(A, ® Ay) Z%‘\W> ® |v;) = Zcz’jAu|Uz‘> ® Aylvy). (3.1)

iJ 1]

The linearity of A, ® A, follows directly from definition (3.1). In fact, if
{lez) @ [n;)} is an orthonormal basis of Hy, w1 = >, cijle;) ® [n;) and
wy = ), dijle;) ® |n;) are two vectors of Hy, and a € C :

1) (Au & Av)a‘w1> = (Au & Av) Z(acij)|€i> ® |7]>
=0 e Aule) ® Aufny) = a(Ay @ Ay)|wr);

ij
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2) (Ay ® Ay)(Jwr) + w2)) = (A ® Ay) Z(Cij + dij)lei) @ |n;)
= Z(Cij +dij)Aulei) ® Aylng)
= (Au & Av)|w1> + (Au & Av)‘w2>-

Theorem 6.
(A ® Ay)T = Al ® Al

Proof. If [w1) = 37, cijler) @ [n;) and |wa) = >4, diilex) @ i) are any
two vectors of Hy, :

(w1](Ay ® Ay)wz) = ZCZj<€i| ® (n;l Z di|Aver) @ |Aym)

7 kl
= chdiileil Auer) (0| Avm) = c§ydia(Aleiler) (Al m)
ikl ijkl
= c{Alel @ (Al Y diler) @ Im) = (Al @ Al w [ws).
i ki

Corollary of theorem 6. If A, and A, are linear self-adjoint operators
on H, and H,, then A, ® A, is a linear self-adjoint operator on H,,.

Proof. On account of theorem 6 : (4, ® A,)" = Al ® Al = A4, ® A,.

Theorem 7. If A, and B, are linear operators on H,, and A, and B,
are linear operators on H,, then :

(Au ® Ay)(Bu & Bv) = AuBu ® Avaa
and

(A, +B,)®(A,+B,)=A, ® A, + A, ® B, + B, ® A, + B, ® B,.
Proof. If |w) = 37, ¢ijlui) ® |vj) is any vector of H,y, :

ij
= (Au 0y A?)) Z CijBu|ui> & BU‘IUj>
ij
= ch]AuBu‘uJ> ® Ava|Uj> = (AuBu ® Ava) Z Cij|ui> & |Uj>;

1] 1]
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(Au+ Bu) @ (A + By) Y cijlui) ® [v;) =
i

= Z Cij(Au + Bu)|uz> b2y (AU + Bv)|vj>
= Z Cij(Au|ui> + Bu|u7,>) ® (Av|vj> + Bv|vj>)
= Z Cw[(Au|u1>) & (Av‘vj» + (Aului)) ® (Bv|vj>)

+ (Bului)) ® (Avlv;)) + (Bului)) @ (By|vj))]
= (Au® Ay + Ay ® By + By ® Ay + By ® By) Y cijlui) @ |v)).

ij

Corollary of theorem 7. If U, and U, are unitary operators on H, and
H,, then U, ® U, is a unitary operator on H,,.

Proof.
(U, @U) (U, 0U,) = (Ul U (U, ®U,) = UlU,oUU, = I,®1, = I;
(U @U) Uy @U) = (U, U (Ul Ul = U Ul @U,Ul = 1,1, = I.

Theorem 8. If A, and A, are linear operators on H, and H,, and I,
and I, are the identity operators on these spaces, then :

eAu@IveIu@)Av _ eAu ® BAD.

Proof.

eAuetveln®dr — N 1 niml(Ay @ 1,)" (1, ® Ay)™
n,m=0,c0
= > UnmAT@AT = (> 1nAD (Y 1/mlAT)
n,m=0,c0 n=0,00 m=0,00

_ eAu ® eAU_

Theorem 9. If A is a linear operator on H,, and {|(;;) = |&) ® |n;)} is
an orthonormal basis of H,,, then :

A= Agiles) ® ) el @ (ml, (3.2)

ijkl
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A= ZAijkz\€i><€k| @ |nj)(ml, (3.3)
ijkl
where Ajju = (€| ® (n;|Aler) @ |m).
The matrix A;;x; will be called matrix of A with respect to the basis
{1¢i) }-
Proof. Expression (3.2) is simply the application to H,, of the usual

matrix representation of an operator on a Hilbert space H. The direct
proof in H,, is :

A=TAI = " 1G) (Gl A [Ca) (Gl =D (il AlCri)1Cis ) (Gl
j kl ijkl
= (& ® (| Alex) @ [m)les) @ n;)(en] @ (mil.
ikl

Expression (3.3) holds because |€;) @ |n;)(ex| @ (m] = |€;){ek| @ [n;) {m].
Let us show that the matrix elements of these operators with respect to
the basis {|(;;)} coincide.

(er| @ (nslei) @ |mj)(ex] @ (mler) @ |ns) = (erles)(nsln)(exler) (mlns)
= 57'i6(sj57“k5sl-

(er| @ (nslei)(ex| @ |ny) (mler) @ |ns) = (erles)(ns|ng) (exler) (mlns)
= 57"1'553' 5rk65l-

Corollary of theorem 9. Every linear operator A on W can be ex-
pressed as a linear combination of tensor products of operators on H,,
and on H, :

A= Z amnAum 02y Avn~

mn

Proof. The proof is already contained in expression (3.3), because |¢; ) (e|
and |n;)(m| are linear operators on H, and H,.

Matrix representation of a linear operator on H,,. As a consequence
of theorem 9, every linear operator on H,, can be represented by a matrix
which has as elements the coefficients A;jx;. The pair {4, j} is the row
index and the pair {k,l} is the column index. The matrix must be
written by holding fixed in each row the row index and in each column
the column index. Moreover, the order in the set {4, j} must be the same
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as in the set {k,[}, so that the diagonal elements have i = k and j = [,
i.e. are of the kind A;j;;.

For instance, if H,, = C? ® C?, the matrix of a linear operator A is
4 x 4 and the row and column indexes can be chosen either in the order
{1,1}, {1,2}, {2,1}, {2,2} or in the order {1,1}, {2,1}, {1,2}, {2,2}.
With the first choice, we have :

Ajinn Az Az Anee

(4] App1r Aro1z Arzor Al
Asi11 Aoiiz Agior Az
Ago11 Aszo1z Agoor Asaoo

Matrix [A] can be considered as the union of 4 blocks 2 x 2. In each
block, the indexes ¢ and k, which refer to basis {|¢;)}, remain constant.

Theorem 10. If A and B are linear operators on H, and H,, then
the matrix elements of A ® B with respect to an orthonormal basis
{lei) @ |n;)} of Hyy are : (A® B)ijn = AixBji-

Proof.

A@B =) (e| ® (;|A® Blex) @ [m)|ei) @ |n;){ex] @ (mi]
ijkl
= (el © (n;]Aex) @ [Bm)le) ® |ny){er] @ (mi]
ijkl
= (eil Alex) (n;|Blni)e:) ® ;) (ex| @ (mi|
ijkl

= ZAikle|€i> ® |n;) (ex| @ (ml.
ijkl

Corollary of theorem 10. If A and B are linear operators on H, and
H,, then : Tr(A® B) =TrATrB.

Proof. On account of theorem 10, for any orthonormal basis of H,, :

TT(A ® B) = Z(A ® B)ijij = ZA“B” =TrATrB.

ij %]
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Partial traces of a linear operator on H,, = H,QH,,.

Let A be a linear operator on H,, = H,®H,, and let {|e;) ® |n;)}
be an orthonormal basis of H,,. Then :

A= Z Aijrilei) @ n;) (ex| @ (mi
ikl
=D Aijuales) (el ® ng) mi|-

ikl

We define partial trace of A in H, (or, with respect to U) the linear
operator on H,, :

TreA =" AyuTr(le) er])In;) (ml

ikl

= Agalng)ml =D Aiga)ln) (mi]-

ijl gl i

(3.4)

Similarly, we define partial trace of A in H, (or, with respect to V') the
linear operator on H,, :

TreA = Z Aijrleq) (x| Tr(ng) (ml)

ijkl

= ZAijkj\€i><€k| = Z(Z Aijig)lei) (el

ijk ik

(3.5)

Theorem 11. The partial trace of A in H,, (or, in H,) is independent of
the choice of the bases {|¢;)} and {|n;)}.

Proof. Let |e;) ® |n;) and |a;) ® |5;) be two bases of H,,. The second
basis can be obtained from the first by means of a unitary operator :
la;) ® 185) = (Uu @ Uyp)lei) @ |n;) = Uyle;) @ Uy|n;). The linear operator
A and its partial trace on H, can be written as :

A= Ajuler) ® ) ex] ® (mil, (3.6)
ijkl
Tr'A= ZAijkj\€i><€k|a (3.7)

ijk
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A=) Aljlai) ® |8;) (x| @ (Bl (3.8)
ijkl
TTUA ZAljk}]U |61 6k|UT (39)
ijk

Let us prove that for every p and ¢ :

<€p|TrUA|€q> = <€p‘(TTUA)/|€q>'

(ep|Tr" Aleq) = ZAijkj<€p|6i><6k|€q> = ZAquj'

(e|(Tr° A) [eg) = (il ® (n|(Uf @ UN AU, @ Uy)lex)
ijk
® |ns)(ep|Unlei) (ek|Ufleq).-

On account of (3.6) we have :

<6p|(Tr”A)’|eq> —
S Avsmnleil @ (s |(US @ UDler) @ [n,)

ijk rsmn

(€m| @ (10| (U ® Us)ler) @ [n) (ep|Uules) (x| Ufleg)
- Z Z Arsmn zr(UT)]s(Uu)mk(U'u)nj(Uu)pi(UQDkq

ijk rsmn

= Z Aremn Z u) z(Uqur][Z(Uv)nj(Ug)jﬁ][Z(Uu)m/ﬂ(Uﬁ:)kq]
rsmn 7 k

= Z Arsmn pr§n9 mq — ZApsqS - <ep‘TT A|5q>

Since the operators Tr A and (Tr”A)’ have the same matrix elements
with respect to the basis {|¢;)}, they coincide. Obviously, the proof can
be repeated for Tr"A.

Theorem 12. If A, and A, are linear operators on H, and H,, and
Ay = Ay ® Ay, then : Tr* A, = (TrA,)A, and TrY A, = (TrA,)A,.
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Proof. Let {|e;)} and {|n;)} be orthonormal bases of H, and H,,.
Ay = el Alen)le e

ik
Ay =Yl Aulm)ng) (|
il
Aw = Ay @ Ay = (el Auler) (| Aulm)e) @ ;) (x| @ (m
ijkl

Trt Ay =Y (&l Aules) (nj| Aulm) ;) (m

ijl

= 23 (eluled) 5 Aulmd ) ol = (Tr ) Ao

Tr* Ay =Y (eil Auler) (| Aoln)lei) (el
ijk

="l Auln)) eil Auler)les) (exl
ik g

= (TrA,)A,.
In particular, if A, and A, have trace 1, theorem 12 yields :
Tr*A, =A, and Tr"A, = A,.

4. Density operators on the tensor product of two Hilbert
spaces and their partial traces.

In this Section, we deal with the basic relations between density
operators on the tensor product of two Hilbert spaces and the partial
traces of these operators. In particular, we point out the conditions in
which a density operator on a tensor-product-space is determined, or is
not determined, by its partial traces, i.e., under which conditions the
state of a composite system is determined, or is not determined, by the
states of its subsystems.

The concepts of state and of measurement will refer exclusively to
ensembles [12] and the name state will be used both for pure and mixed
states. We will assume as valid the following postulate :

If A is an observable of system U and A is the corresponding op-
erator on H,, then A is also an observable of the compound system
W = {U,V} and the corresponding operator on H,, = H,®H, is AR IL,,
where I, is the identity operator on H,,.
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Theorem 13. If a compound system W = {U,V} is in the state repre-
sented by the density operator p, on H, = H,®H,, then systems U
and V are in the states represented by p, = T7r"p, and p, = Tr%py,.

Proof. We will prove that Tr[(A ® I,)pw] = Tr(Ap,) for every linear
self-adjoint operator A on H,, and that, as a consequence, p,, is a density
operator on H, and represents the state of system U. The proof can be
repeated for system V.

Let {|e;) ® |nj)} be an orthonormal basis of H,, chosen so that
{|e;)} is the eigenbasis of A in H,. This choice keeps the generality of
the proof, because p, is independent of the choice of the basis. Then,
we have :

w = Zpijkl|€i> ® |n;) (€] @ (ml;
ijkl

(A® 1) Zpukl|A€z> ® |77]><€k‘ ® <77l|
ijkl

= pijmaile:) @ ;) ex| @ (i),
ikl

where a; is the eigenvalue of A which corresponds to |e;) ;

Tr[(A® L) pw] = Z PijijQi-

ij

w = T1"py = Zpijkj‘eixek';

ik
Ap, = Zpijkjai|€i><€k'|§
ijk
Tr(Apa) =Y pigiai = Tr((A® I,)pu). (4.1)

j
Let us now prove that p, is a density operator, i.e., Trp, = 1 and p,, is
positive definite.

TTpu - Zpu Zpiﬂj - Tpr =1 (42)

Let {|Ja;)} be the eigenbasis of p, ; then p, can be written as :
w = Yp AP, where P, = |ayg)(ai|. To every P; there corresponds
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a projection operator P; ® I, on H,, and an observable P; of W [13].
The mean value of P; is non-negative because P; ® I, is positive definite.
Therefore, on account of (4.1) we have :

0 < (Pi) = Tr((Pi ® L,)pu) = Tr(Pipu) = Tr()_ MPiPy)
k
= Z M Tr(PPy) = X\; , for every 1.
k

(4.3)

Equations (4.2) and (4.3) prove that p,, is a density operator.

Moreover, on account of (4.1) p,, is such that the mean value of any
observable A of U in this state equals the mean value of A for system
W in state p,,. Therefore, p, represents the state of U.

On account of theorem 13, the state of a compound system always
determines uniquely the states of the constituent subsystems.

Theorem 14. 1If p, and p, are density operators on H, and H,, and
pu = p2 (i.e., it represents a pure state), then p,, = p, ® p, is the unique
density operator on H,, which has as partial traces p, and p,.

Proof. On account of theorem 12, p,, = p,, ® p, has as partial traces p,
and p,. We must prove the uniqueness of p,,.

Let p,, be any density operator on H,,, and let {p,} and {|¢,)} be
its eigenvalues and eigenvectors. Then :

Pw = an|wn><¢n|

Let {|&;)} and {|n;)} be two orthonormal bases of H,, and H,, chosen so
that p, = |e1)(€e1].- Then :

n) =) clles) @ [ny),
i

pu = 3 pucl(ci)le) © Iny){erl @ (il
nijkl

= > paci (i) e (exl @ ny) -

ijkl n
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Therefore, it will be :

T pu = S pacti(cl) e el (4.5)

ik gn
However, by hypothesis :
Tr°pw = pu = |€1){€1]. (4.6)

By comparing expressions (4.5) and (4.6), we deduce that the internal
sum in (4.5) must equal 1 for i« = k = 1 and 0 for any other pair {i, k}. By
considering the pairs {i, k} with k = i # 1, we obtain : Zjn pn|C'i"j|2 =0.
Since all coefficients are non-negative : ¢}, = 0, for every ¢ # 1.

Therefore, all the coefficients cf; and ¢}y which appear in (4.4) are

zero, except those in which the first index equals 1. By setting in (4.4)
i =k =1 we obtain :

pu =D pacti(e))en) e @ ;) (ml

gl

= Jer){er] @ YO pachi (¢8) ) ng) (ml = pu @ po.
gl n

Theorem 15. If p, = p2 and p, # p2, then p,, # p2.
Proof. On account of theorem 14, p,, = py, ® py. Therefore :

Py = (Pu @ pu)(pu ® po) = Pl @ pi = pu @ pi.
As a consequence of corollary of theorem 10 :

Tro?, = (Trpa)(Tre2) = Trp <1, hence py, # pl.

As a consequence of theorems 14 and 15, if p,, represents a pure
state the following alternatives are possible :

a) both p, and p, represent pure states, and p,, = p, ® py, ;
b) both p, and p, represent mixed states.
In case b), pw # pu ® pu, as it can be proved by noting that :

Tr(pu ® pu)* = Tr(py © py) = Tr(py)Tr(py) < 1.
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Theorem 16. If p,, and p, are density operators on H, and H,, and none
of them is a projector, then there exist infinite density operators on H,,
which have as partial traces p, and p,.

Proof. Let us consider the operator p,, = p, ® py, which has as partial
traces p, and p,. Let {|¢;)} and {|n;)} be the eigenbases of p, and p,.
Then {|e;) ® |n;)} is the eigenbasis of p,,, and the representation of p,,
with respect to this basis is the diagonal matrix which has as elements :
Pijij = Pi;Py;- Since neither p, nor p, is a projector, then each of them
has at least two non-zero eigenvalues. By properly ordering the bases
{le:)} and {|n;)}, the coefficients p}, py, pi1, pho Will be non-zero and
it will result :

a

~ _u v
P1111 = P11P11

S

Pr212 = pi1P32 =
p2121 = Paap1y = C
Pazaz = phapss = d

where @, b, ¢, d belong to the real open interval (0,1).

By properly modifying the coefficients @, b, ¢, d and leaving the
others unchanged it is possible to obtain infinite different density oper-
ators p,, on H, which have as partial traces p, and p, and commute
with p, ® p,. In fact, let us consider the diagonal matrix representation,
[pw]d, of a density operator p,, on H,,, and let us suppose that it contains
elements p;;;; = piji; except :

priit=a , pi212=>b , paroar=c , pa=d

By considering the definitions of the partial traces,
Tripw =Y (O pigiplei)(eil and  Trtpy => "> pijij)n) (nil;
P i

it is easily verified that p,, has the same partial traces as p,, if :

a+b=a+ D
at+c=a+c=q
- . (4.7)
b+d=b+d=r
c+d=c¢+d=s
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The given coefficients p, ¢, r, s belong to the open interval (0,1) and the
variables a, b, ¢, d must belong to the closed interval [0, 1]. System (4.7)
has infinite solutions {a, b, ¢, d} in that interval. In fact, the determinant
of the coefficients is zero and by substitution we obtain :

b=p—a , c=q—a , d=r—p+a (4.8)

while the fourth equation is linearly dependent on the others and reduces
to the identity : ¢ + — p = s. The variable a remains undetermined.
Since a, b, ¢, d must belong to the interval [0, 1], the following conditions
must hold :

0<a<l (1)
p—a>0—=a<p (IT)
p—a<l—a>p-—1 (IIT)
g—a>0—>a<gq (IV)
g—a<l—a>qg-—1 (V)
r—p+a>0—a>p—r (VI)
r—p+a<l—a<l+p-—r (VII)

Condition (I) implies (III) and (V), because p—1 and ¢ — 1 are negative.
Condition (IT) implies (VII), because 1 —r > 0 and thus 1 +p —r > p.
Therefore, the relevant conditions are (I), (II), (IV), (VI), which can be
rewritten as :

0<a<l , p—-r<a<p , p—r<a<g (4.9)

Since r > 0, the second condition allows values of a contained in an
interval of non-zero measure. The same holds for the third condition,
because : g — (p—r)=a+c—a—b+b+d=c+d=s>0. Moreover,
the two intervals have the same first extreme and the second extreme
contained in (0,1). Therefore, the intersection of the three intervals
defined by (4.9) is an interval I of non-zero measure. While a varies in I,
we obtain the diagonal matrix representations [p,]q of infinite different
density operators p,, which have as partial traces p, and p,.

5. Correlations and separability

In this section, we prove that the necessary and sufficient condition
for the statistical independence (non-correlation) of two systems U and



350 A. Barletta and E. Zanchini

V at an instant ¢ is p,, (t) = p.(t) ® py(t), and that two separable systems
initially uncorrelated (or correlated) remain uncorrelated (or correlated).

Uncorrelated, perfectly correlated observables. Two commuting ob-
servables A and B of a system U will be called uncorrelated, at an instant
t, if at that instant : the frequency of every pair of eigenvalues {a;,b;}
of A and B in simultaneous measurements equals the product of the
frequencies of the eigenvalues a; and b; in separated measurements of
A and B. In symbols : w(a;,b;) = w(a;)w(b;). On the contrary, A
and B will be called perfectly correlated if for every eigenvalue a; of A
there exists an eigenvalue b; of B such that : w(a;, b)) = w(a;) = w(by),

Uncorrelated, or statistically independent, systems. Two systems U
and V will be called uncorrelated, or statistically independent, at an
instant ¢, if at that instant every observable A of U is uncorrelated with
every observable B of V.

Theorem 17. Two systems U and V are statistically independent at an
instant ¢ if and only if, at that instant : for every pair of observables A
of U and B of V' the mean value of the observable AB equals the product
of the mean values of A and B. In symbols : (AB) = (A)(B).

Proof. If U and V are statistically independent, then (AB) = (A)(B)
for every pair {A, B}. In fact : (A) = >, w(a;)a;, (B) = >2;w(b;)b;,
(AB) = >, w(ai, bj)aib; = 3=, w(a)w(bj)ab; = (A)(B).

If (AB) = (A)(B) for every pair {A, B}, then U and V are statisti-
cally independent. Let us consider the following observables (question-
observables) :

Q(a;) : if a measurement of A yields the outcome a;, then it yields
the outcome 1 of Q(a;) ; otherwise it yields the outcome 0.

Q(b;) : if a measurement of B yields the outcome b;, then it yields
the outcome 1 of Q(b;) ; otherwise it yields the outcome 0.

The product Q(a;)Q(b;) has the measurement outcome 1 if the re-
sult of a simultaneous measurement of A and B is the pair {a;,b;}, and
0 in any other case. Therefore :

(Q(a:)Q(by)) = wlai,bj) , (Qai)) =w(a) , (Qb;)) =w(by),
and thus :

(Q(ai)Q(b))) = (Q(a:))(Q(b;)) only if w(as,b;) = w(ai)w(by).
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Theorem 18. Two systems U and V are uncorrelated, at an instant ¢, if
and only if, at that instant, p, = py, ® py.

Proof. If A and B are observables of U and V' respectively, with cor-
responding operators A and B, then the operator which corresponds to
ABis (A® I,)(I, ® B) = A® B. Therefore, U and V are uncorrelated,
at an instant of time ¢, if and only if for every pair of linear self-adjoint
operators A on H, and B on H, which correspond to observables :

Tr{(A & B)pu] = Tr(Ap,)Tr(Bpy). (5.1)
It is easily proved that p,, = p, ® p, implies (5.1). In fact :
Tr[(A® B)(pu ® py)] = Tr(Apy @ Bpy) = Tr(Ap,)Tr(Bpy).

as a consequence of theorem 7 and corollary of theorem 10.

Let us now prove that (5.1) implies p,, = p, @ po [13]. If {|e;) ®[n;)}
is an orthonormal basis of H,,, then, for every density operator p, on
H,, and pair {A, B} of linear self-adjoint operators on H,, and H, :

pw =Y piskilen) (x| @ ny) (ml,

ijkl

(A® B)pw = Y pigulAci)(er| @ |Bn) (mi,
ijkl

and, on account of the linearity of the trace and of corollary of theorem
10 :

Tr((A® B)pu] = Y pigaTr(|Aei) (e )Tr(| Bry) (m))-
ijkl

Let us denote by p,, and p, the partial traces of p,,. Then :

pu= Y phledle] . Apu=)_ plilAe) e,

ik
Tr(Ap) = 3 plTr(|Aes) (ex).
ik

po=_puln)ml . Bps=Y_ p%lBn;)(ml,
gl

gl
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Tr(Bpy) = > piyTr(|Bn;)(mi])-
il

Condition (5.1) can be written as :

> piguTr(|Aei) (e )Tr(1Bus) (m])

ijkl
= plpTr(|Aei) (ex)Tr(|Bn;) (n;]),
ijkl
ie. :
> (pijrr = pLp)Tr(|Aes) (e )Tr(|Bny) (ml) = 0. (5.2)
ijkl

By suitable choices of A and B it is possible to prove that (5.2) implies
pijki = PPy for every i, j, k1, i.e., py = pu @ py. In fact, let us consider
the linear self-adjoint operators :

Amn = |em)(en] + len){em| Byq = |77p><77q| + |77q><77p|a

A;nn = i(lem)(nl — len)(eml) B;/zq = i(|77p> <77q| - |77q><77p|)-
By substituting the pair (Amn, Bpg) in (5.2) we obtain :

0 =" (pijit — PLeps)Tr(em) (€nl + len) (€ml)le:) (€x]
ijkl

Tr[(lp) (nal + [1g) ()| (]

= (pijr1 — PP Tr((enlei) em) (k] + (€ml€i)len) (ex])
ijkl

Tr({nglmi)mp) (el =+ |mp|m5) 1ng) (ml)

= (pijrr = PP (GinOkm + Gimbkn) (5401 + 65p014)
ijkl

= Pngmp — pZmp;p + Pnpmg — szpzq
+ Pmagnp — szpzp + Pmpng — szpzq

= 2Re(pmpnq) + 2Re(pmgnp) — 4Re(p%n)Re(p;})q)a

therefore :

Re(pmpnq) + Re(pmgnp) = 2Re(p’runn)Re(qu)' (5.3)
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Similarly, by substituting the pairs (Aj,,,B,,); (Amn,B,,) and
(A, Bpg) in (5.2) we obtain respectively :
Re(ﬂmpnq) - Re(ﬂmqnp) = _2Im(p:nn)jm(p;q)7 (5.4)
Im(pmpnq) - Im(pmqnp) = 2Re(pp,n) I (pzq)v (5.5)
Im(pmpng) + Im(pmgnp) = 21m(pp, ) Re(ppq)- (5.6)
By summing (5.3) and (5.4), (5.5) and (5.6) we get :
Re(pmpng) = Re(pin) Re(ppg) — Im(pn) Im(pp,), (5.7)

On account of identities :

which hold for every pair of complex numbers (u,v), (5.7) and (5.8) yield
D Pmpng = PmnPpgs fOT €very m,n,p,q.

Separable system. A system will be called separable if its time evo-
lution is uniquely determined by a hamiltonian which depends only on
the generalized coordinates and momenta of the system.

The time evolution equation ensures that the energy of a separa-
ble system is conserved. Moreover, the following property holds : if
W = {U,V} is a compound system and U and V are separable, then
W is separable and its hamiltonian is the sum of the hamiltonians of U
and V. In quantum mechanics, the operator which corresponds to this
hamiltonian is H, = H, ® I, + I, ® H,.

If U and V are separable, they are also called non-interacting. In
fact, their time evolutions are completely independent.

Theorem 19. Let U and V be non-interacting systems, and W = {U, V' }.
If, at the instant ¢ = 0, p,(0) = p,(0) @ p,(0), then :

Pu(t) = pu(t) @ po(t)

for every t.
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Proof. pu(t) = Uy(t)pw(0)US (t), where :

Uw(t) _ e—z‘Hwt — e—i(HU®IU+IU®H1,)t — e_i(H“®I“)te_i(I“®Hv)t,

On account of theorem 8 :
Uy(t) = e"Hul @ o7t — 17 (1) @ U, (t).
Therefore :

pu(t) = [Uu(t) @ Uy (1)][pu(0) ® py (0)][U(t) @ U, (1))
On account of theorems 6 and 7 :

pu(t) = [Uu(t) @ Us(8)][pu(0) ® pu (0)][U(t) ® UL (2)]
= [Uu()pu(0)UL ()] @ [Uu(t)po (0)UL ()] = pu(t) @ po(2).

Corollary of theorem 19. If U and V are non-interacting systems
and p,,(0) # pu(0) ® py(0), then py(t) # pu(t) ® py(t) for every ¢.
Proof. Let us suppose that p,(t) = pu(t) ® pu(t). On account of the
time-reversibility of the equation of motion, there would exist a time
evolution of W = {U,V} from the state p,(t) = pu(t) ® py(t) to the
state py(0) # pu(0) ® py(0), in contrast with theorem 19.

6. Wave-packet-reduction for a compound system, due to a
measurement on a subsystem

In this section we study the changes of the states of a compound
system W and of its subsystems U and V which are due to an ideal
measurement of an observable of U according to von Neumann’s wave-
packet-reduction rule. In particular, we prove that for any compound
system W the measurement of an observable of U does not change the
state of V.

Theorem 20. For any compound system W = U +V in any state p,,, the
wave-packet-reduction due to the ideal measurement of an observable of
U never changes the state of V. The post-measurement state of U can
be determined by applying the wave-packet-reduction rule to U only,
independently of the presence of V.

Proof. Let A be an observable of U and A be the linear self-adjoint
operator on H, which corresponds to A. We will assume that A has a
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discrete spectrum, but can have degenerate eigenvalues a;. If {|a;p)} is
the orthonormal eigenbasis of A in H,, where p is a degeneracy index
ranging from 1 to r;, and {|n;)} is any orthonormal basis of H,, then
{laip) ® |n;)} is an orthonormal eigenbasis of A ® I,,. In fact :

(A® L)|aip) @ |n;) = ailaip) @ |n;).

Every eigenvalue a; of A ® I, is degenerate, and its degeneracy equals
the dimension of H, times the degeneracy of a; as eigenvalue of A.

If py, is any state of W, we have, with respect to the basis {|a;p) ®
n;)} -
=2 2 ipskaalaip)(arg] @ n) (il (6.1)

ijkl p=17;

q=1,rp,
po=Tr"pw =2 > ipjips) ) (6.2)
gl i p=1,7;
pu=Tr"py = Z Z ZOéng ka,5)|@ip) (Qkql (6.3)
ik p=1l,7; ]
q=1,rg

According to von Neumann’s wave-packet-reduction rule [8], the state of
W after measurements is p,, = ), Pip. P;, where P; is the projector on
the eigenspace which corresponds to eigenvalue a;. Therefore, we have :

P, = Z |ams><ams| ® L,

s=1,1m

Pmpme = ( Z |am3><am5| ® IU)

s=1,7m
Z Z Qip,j kg, @ip) (Akq| @ |15) (i) Z |@mt) {(@me| @ L)
ijkl p= 111L t=1,r¢
q=1,r}

=Y D (Cipgngilams){amslaip)(anglame) (ame]) © (1n;) (m])

lel s=1,rm;p=1,7r;
q=1,rpt=1,rm

= E , E Qmp,j,mq,l

gl p=Lrm
q=1,rm

ZPPsz Z Z Qip,jiqt|Qip) (@ig| @ |17) (il (6.4)

ijl p=174
q=1,r;

rmp) (@ma| @ 1) (-
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o =Trpw = (D Y @ipgipa)ng)ml- (6.5)
jl

i p=L,r;

w="17"pu Z Z ZO‘%P,J iq,j)@ip)(@igl- (6.6)

i p=lry
q=1,r;

Equations (6.1) — (6.6) prove that the wave-packet-reduction of p,, due
to the measurement of A does not change p,, but normally changes p,,
and p,. We must still prove that p, can be determined also by applying
the wave-packet-reduction rule to p, alone, i.e., by the expression:

= Z Puipupui7

where P,; is the projector on the subspace of H, spanned by the eigen-
vectors of A which correspond to a;. By this method, we obtain :

Py puPum = ( Z |ams) (@ms| Z Z Zalpukq, )|aip)(akql)

s=1,rm zkplu

(Y Jam)aml)

t=1,rm

= Z Z (Z Qip,j,kg,j) | ms) (@ms|Qip) (@rglame) (ame

ik s=l,rmip=1,r; j
q=1,rpit=1,rm

= 3 O tupiimad)amp) (amql-

=1, ;
a=tirm 7
Therefore :
pu - E Puzpu ut § E E Qip.jiq,j |a1p <alq|7

i p=lry
q=1,r;

in agreement with (6.6).

Restriction of theorem 20 to the case of no degeneracy of the eigenvalues
of A.

If A has no degenerate eigenvalues, the proof of theorem 20 is for-
mally simpler, as it can be easily checked. Obviously, the results of the
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wave-packet-reduction can be obtained by reducing (6.1) — (6.6) to the
particular case of no degeneracy, and are as follows.

pw =Y agialai)(ar] @ ) (ml, (6.7)
ijkl
po =2 (> aiga)lng){ml, (6.8)
TR

Pu = Z(Z aijkg)|ai)(ar|, (6.9)

ik

o =Y ailai)(ai| @ n;) ml, (6.10)

ijl

po = Z(Z aggit) n;) {ml, (6.11)

gl

pu = Z(Z ijij)|ai) (il (6.12)

%

7. Conclusions

We have presented a rigorous treatment of the main general prop-
erties of the tensor product of two Hilbert spaces and of linear operators
thereon. Then, we have simplified von Neumann’s treatment of density
operators on such a space, and we have complemented it with some addi-
tional theorems. In particular, we have proved the following statements.
The condition p,, = p, ® p, is necessary and sufficient for the statistical
independence of U and V ; the time evolution of non-interacting systems
cannot create or destroy correlations ; the wave-packet-reduction due to
an ideal measurement of an observable of system U does not change the
state of system V.
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useful discussions on the topics presented in this paper.
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We call basis of a linear space L a linearly independent system S of L such
that every element of L can be expressed as a finite linear combination of
elements of S. In Ref.[10], S is called “Hamel basis”. In our treatment,
the bases of L, and of L, will be assumed as either finite or countable.
In particular, by the phrase “measurement of an observable of a system”
we will mean the measurement of that observable on each member system
of an ensemble.

In this part of the proof we will assume that every linear self-adjoint
operator with a complete spectrum corresponds to an observable.
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