
Annales de la Fondation Louis de Broglie, Volume 21, n◦ 1, 1995 67

Conserved Currents of the Maxwell Equations with
Electric and Magnetic Sources

A. Gersten

Dept of Physics, Ben-Gurion University

Beer-Sheva, Israel

ABSTRACT. New Lagrangians, depending on the field strengths
and the electric and magnetic sources are found, which lead to the
Maxwell equations. One new feature is that the equations of motion
are obtained by varying the Lagrangian with respect to both the
field strengths and the sources. In this way, conserved currents can
be found for the field strengths and the electric or magnetic sources.
Furthermore, using the equations of motion, the electric or magnetic
sources can be eliminated, leading to conserved currents for the field
strengths only ( in the presence of electric and magnetic sources).
Another new feature is the construction of a Lagrangian invariant
under the duality transformation for both field strengths and electric
and magnetic sources. The conserved current, after the elimination
of electric and magnetic sources, depends on the field strengths only.
The conserved quantity is related to the total helicity of the electro-
magnetic field.

RÉSUMÉ. De nouveaux lagrangiens dépendant des champs et des
sources électriques et magnétiques sont proposés pour retrouver les
équations de Maxwell. Une caractéristique nouvelle de cette méthode
est que les équations du mouvement sont obtenues en faisant varier le
lagrangien à la fois par rapport aux champs et aux sources. Qui plus
est, en utilisant les équations du mouvement, les sources peuvent être
éliminées, ce qui conduit à des courants conservés pour les champs
seuls (en présence de sources électriques et magnétiques). Une nou-
velle construction caractéristique proposée est celle d’un lagrangien
invariant sous la transformation duale des champs et des sources
(aussi bien électriques que magnétiques). Le courant conservé après
élimination des sources dépend uniquement des champs. La quantité
conservée est reliée à l’hélicité totale du champ électromagnétique.
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1. Introduction

It is well known that the Maxwell equations were the source of in-
spiration for many important developments in physics. The symmetries
of these equations led to dramatic discoveries. Yet it is still remarkable
that new symmetries and conservation laws of the Maxwell equations
are continuously being discovered [1-11]. Fushchich and Nikitin [1] have
found and collected the most impressive amount of such symmetries and
conservation laws. According to them, there is still hope for new results
“ since Maxwell’s equations have a hidden (non geometrical) symmetry
. . . ”.

More than 30 years ago, Lipkin [4] found unexpected conserved
currents, which led Kibble and Fairlie [5] to develop a method generating
an infinite number of conserved currents. Anderson and Arthurs [6] have
derived a Lagrangian for the Maxwell equations depending on the field
strengths and not the potentials. A similar Lagrangian was derived by
Rosen [7]. The deficiency of this formalism is that this Lagrangian is the
time component of a vector. Recently this formalism was improved by
Sudbery [8] who generalized the previous Lagrangian to a vector, from
which he deduced the conserved currents of Lipkin. His Lagrangian for
the free Maxwell field was invariant under the duality transformation .
The conserved quantities appear to be the symmetric energy momentum
tensor.

In discussing the symmetries of the Maxwell equations, we should
mention the attempts to present these equations as a first-quantized
wave equation [1-3], [9-11]. These presentations also have the property
of depending on the field strengths only.

In our work, new Lagrangians depending on the field strengths and
electric and magnetic currents are derived. The new feature is that
the equations of motion are obtained by varying the Lagrangians with
respect to both field strengths and the electric (and optionally the mag-
netic) sources. In this way, the Lagrangians, although depending on the
electric and magnetic currents, are not explicitly dependent on the co-
ordinates; thus conserved currents can be found which include the fields
strengths as well as the electric or magnetic currents. Furthermore, using
the equations of motion, the electic or magnetic currents can be elimi-
nated from the conserved currents. We thus obtain conserved currents
for the field strengths only, which are valid even if electric or magnetic
sources are present.
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In our work we emphasize primarily the significance of the new
method of obtaining conserved currents in the presence of electric and
magnetic sources. The result is quite unexpected. Therefore we shall not
yet concentrate on the significance of the new Lagrangians, the physical
meaning of the conserved currents or quantization problems, leaving it
for future consideration.

We also find in our work a Lagrangian invariant under the duality
transformation of both field strengths and electric and magnetic sources
(Section 3). The coserved quantity is related to the total helicity of the
fields.

2. The first set of new Lagrangians

Troughout the paper we shall use the four vector notation of [12].
The dual of an antisymmetric tensor Aµν will be defined as ADµν =
(1/2)εµνσλAσλ and ∂µ ≡ ∂/∂xµ, where εµνσλ is the totally antisym-
metric Levi-Civita tensor (density). Note that (AD)D = A. The fields
and currents will be functions of the four co-ordinates, and c stands for
the velocity of light.

The Maxwell equations are given through the antisymmetric elec-
tromagnetic field tensor Fµν :

∂µFµν = −4π

c
jeν (2.1a)

∂µF
D
µν = 0 (2.1b)

whera jeν are the electric currents ( je4 = icρe, where ρe is the electric
charge density). The explicit form of Fµν and FDµν is given in Appendix
A. From Eqs. (2.1), one can easily derive (see Appandix A) the following
relations :

Fµν = −4π

c
(∂µj

e
ν − ∂νjeµ) (2.2)

i.e., the solution of Eqs. (2.1) satisfy Eq. (2.2), but not always vice
versa.

If magnetic sources are included, the Maxwell equations take the
form [13] :

∂µFµν = −4π

c
jeν (2.3a)
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∂µF
D
µν = −i4π

c
jmν (2.3b)

where jmν are the magnetic currents (jm4 = icρm; ρm is the magnetic
charge distribution). From Eqs. (2.3), one can derive (see Appendix A)
the following relation :

Fµν = −4π

c
[∂µj

e
ν − ∂νjeµ + i(∂µj

m
ν − ∂νjmµ )D] (2.4)

and by taking the dual of this equation, we obtain the following consis-
tent equation (with respect for F ↔ FD, je ↔ ijm):

FDµν = −4π

c
[(∂µj

e
ν − ∂νjeµ)D + i(∂µj

m
ν − ∂νjmµ )] (2.5)

Let us construct the following Lagrangians, from which Eqs. (2.2) and
(2.4) can be derived :

LI = −1

2
(∂µFλσ)(∂µFλσ) +

4π

c
Fµν(∂µj

e
ν − ∂νjeµ)−

(
4π

c

)2

jeµj
e
µ (2.6)

LII = LI + i
4π

c
Fµν(∂µj

m
ν − ∂νjmµ )D +

(
4π

c

)2

jmµ j
m
µ (2.7)

By varying LI with respect to Fµν , Eq. (2.2) is obtained, whereas Eq.
(2.1a) is derived by varying with respect to jeµ. If we vary LII with
respect to Fµν , we obtain Eq. (2.4); Eq. (2.3a) is obtained when varying
with respect to jeµ, and Eq. (2.3b) when varying with respect to jmµ .

The peculiarity of the Lagrangians LI and LII is that they do not
depend explicitly on the co-ordinates; therefore we can obtain from them
conserved currents (using Noether theorems). We may note that the so-
lutions of the Maxwell eqations (2.1) are solutions generated from LI ,
but not always vice versa, but LII reproduces the Maxwell eqations com-
pletely. Although LI may lead to solutions different from the Maxwell
equatons, still the conserved currents derived from LI are also conserved
for the solutions of Maxwell equations. This is because the solutions of
the equations (2.1) are solutions of equations corresponding to LI

Let us construct for LI the following tensor.



Conserved Currents of the Maxwell Equations . . . 71

T Iµν = LIδµν −
∂LI

∂(∂νFσλ)
∂µFσλ −

∂LI
∂(∂νjeσ)

∂µj
e
σ

= LIδµν + (∂νFσλ)(∂µFσλ)− 8π

c
Fνσ∂µj

e
σ

(2.8)

for which, from Noether theorems,

∂µT
I
µν = 0 (2.9)

We can furthermore substitute into Eq. (2.8) the equations of motion
(2.1a) and (2.2) and obtain :

T Iµν =δµν

[
−1

2
(∂ηFσλ)(∂ηFσλ)− Fησ∂λ∂λFησ − (∂ηFηλ)(∂σFσλ)

]
+ (∂νFσλ)(∂µFσλ) + 2Fνσ∂µ∂λFλσ

(2.10)
In a similar way, we can construct from LII conserved currents from the
tensor :

T IIµν = LIIδµν −
∂LII

∂(∂νFσλ)
∂µFσλ −

∂LII
∂(∂νjeσ)

∂µj
e
σ −

∂LII
∂(∂νjmσ )

∂µj
m
σ

= LIIδµν + (∂νFσλ)(∂µFσλ)− 8π

c
(Fνσ∂µj

e
σ + iFDνσ∂µj

m
σ )

(2.11)
Substituting in the above expression Eqs. (2.3) and (2.4) we obtain :

T IIµν = δµν

[
−1

2
(∂ηFσλ)(∂ηFσλ)− Fησ∂λ∂λFησ − (∂ηFηλ)(∂σFσλ)

−(∂ηF
D
ηλ)(∂σF

D
σλ)
]

+ (∂νFσλ)(∂µFσλ) + 2Fνσ∂µ∂λFλσ + 2FDνσ∂µ∂λF
D
λσ

(2.12)

3. The self-dual and anti-self-dual cases

Let us introduce the four-vector
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Ψa = Ha − iEa , a = 1, 2, 3 ; Ψ4 = 0 (3.1)

where Ha and Ea are the magnetic and electric field strengths respec-
tively. Let us denote

qµ =
4π

c
(jeµ + ijmµ ) , dµ =

4π

c
(jeµ − ijmµ ) (3.2)

kµ = q∗µ + 2∂4Ψ∗
µ (3.3)

where q∗µ and Ψ∗
a are the complex conjugates of qµ and Ψa respectively.

In Appendix B it is shown [Eqs. (B.14)] that the following equations are
satisfied :

i(R+
µ )νa∂µΨa = qν (3.4)

i(R+
µ )νa∂µΨ∗

a = kν (3.5)

where the matrices R+
µ are the Hermitian conjugates of Rµ given in Eq.

(B.4). Each one of the above equations is equivalent to the Maxwell
equations (2.3). One can check that the following relation is satisfied :

(−iR+
µ ∂µ)αβ(iRν∂ν)βγ = δαγ∂µ∂µ (3.6)

Multiplying Eqs. (3.4) and (3.5) by −iRµ∂µ we obtain :

Ψa = −(Rµ)aν∂µqν (3.7)

Ψ∗
a = −i(Rµ)aν∂µkν (3.8)

One can construct the Lagranian

LSD = −1

2
(∂µΨa)(∂µΨa) + iΨa(Rµ)aν∂µqν +

1

2
qνqν (3.9)

which, when varied with respect to Ψa, gives Eq. (3.7), and varied with
respect to qν , gives Eq. (3.4), after employing the relation

(R+
µ )aν = −(Rµ)νa (3.10)

In a similar way, Eqs (3.8) and (3.5) can be obtained from the Lagrangian
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LASD = −1

2
(∂µΨ∗

a)(∂µΨ∗
a) + iΨ∗

a(Rµ)aν∂µkν +
1

2
kνkν (3.11)

with conservation laws similar to the previous case. But the Lagrangian

L = −(∂µΨ∗
a)(∂µΨa) + iΨ∗

a(Rµ)aν∂µqν + iΨa(Rµ)aν∂µkν − kνqν
(3.12)

has an additional symmetry. Varied with respect to Ψa, Ψ∗
a, qν and kν it

leads to Eqs. (3.7), (3.8), (3.4) and (3.5). It is invariant with respect to
the following simultaneous duality transformations of the field strengths
and sources :

Ψa → Ψae
iα, Ψ∗

a → Ψ∗
ae

−iα, qν = qνe
iα, kν = kνe

−iα, (3.13)

Using Noether’s theorem the following conserved current Jµ is obtained
:

Jµ =
i

2
(Ψ∗

a∂µΨa −Ψa∂µΨ∗
a)− 1

2
Ψ∗
a(Rµ)aνqν +

1

2
Ψ∗
a(Rµ)aνkν (3.14)

In termes of the field strengths and electric and magnetic sources, it can
be written as

Jµ =Ha∂µEa − Ea∂µHa − 4π

[
ρm
−→
E − ρe−→H −

−→
E ×−→je −−→H ×−→jm

c

]
µ

=Ha∂µEa − Ea∂µHa −
[
(∇ · −→H )

−→
E − (∇ · −→E )

−→
H

−−→E ×

(
∇×−→H − 1

c

∂
−→
E

∂t

)
−−→H

(
∇×−→E +

1

c

∂
−→
H

∂t

)]
µ

;

µ = 1, 2, 3
(3.15)

and the conserved density is :
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J0 = −iJ4 =
−→
E ·

(
1

c

∂
−→
H

∂t
+

4π

c

−→
jm

)
−−→H ·

(
1

c

∂
−→
E

∂t
+

4π

c

−→
je

)
= −−→E · (∇×−→E )−−→H · (∇×−→H )

(3.16)

In absence of sources, this result coincides with a conserved quantity
found by Lipkin [4] (see also [6], [8] and [10]) for the free electromagnetic
field. Calkin [14] has shown that this conserved quantity is proportional
to the difference in the number of right and left circularly polarized
photons. In other words, it can be regarded as proportional to the total
helicity of the field. We found that it is conserved in the presence of the
electric and magnetic sources.

It is interesting to note that fields with the property
−→
E ·(∇×−→E ) = 0

have been under investigation since the middle of the last century [15].
They are related to the so-called screw fields [15], [10] or Beltrami [15]

vector fields, which have the property
−→
E × (∇×−→E ) = 0

4. Summary and conclusions

In our work we have succeeded in constructing Lagrangians which
reproduce the Maxwell equations when varied with respect to both field
strengths and sources. This leads to the finding of a new type of con-
servation laws in which the electric and magnetic sources are included.
For the Lgrangians developed in this work it was possible, furthermore,
to eliminate the sources from the conserved currents by using equations
of motion (Eqs. (2.10) and (2.12)).

To the best of our knowledge , we have also been successful for the
first time in constructing a Lagrangian (Eq. (3.12)) invariant under the
duality transformation for both field strengths and electric and magnetic
sources. The conserved current (Eqs. (3.14) and (3.16)) is related to the
conserved current found previously for the free electromagnetic field by
Lipkin; but in our case , it is also conserved in the presence of electric
and magnetic sources.

The new method developed by us for constructing conserved cur-
rents can be interpreted as a successful attempt to present the Maxwell
equations with electic and magnetic sources as a closed system, irrespec-
tive of the exact nature of the sources.
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Appendix A. The explicit form of Fµν and the derivation of
Eqs. (2.2) and (2.4).

Using the notation of [12], the electromagnetic field antisymmetric

tensor Fµν is given via the electric and magnetic field strengths
−→
E and

−→
H respectively by :

(F ) =


0 Hz −Hy −iEx
−Hz 0 Hx −iEy
Hy −Hx 0 −iEz
iEx iEy iEz 0

 (A.1)

The dual tensor FDµν = (1/2)εµνλσFλσ is given by

(FD) =


0 −iEz iEy Hx

iEz 0 −iEx Hy

−iEy iEx 0 Hz

−Hx −Hy −Hz 0

 (A.2)

Equation (2.1b) can be presented also in the following well-known way :

∂µFλσ + ∂σFµλ + ∂λFσµ = 0 (A.3)

Taking the derivative of Eq. (A.3), we obtain

∂µ∂µFλσ = −∂µ(∂σFµλ + ∂λFσµ) = −∂σ∂µFµλ + ∂λ∂µFµσ (A.4)

Now we substitute on the right-hand side of Eq. (A.4) the Maxwell
equation (2.1a) and obtain Eq. (2.2). One can check that Eqs. (2.3) are
equivalent to

∂µF
D
λσ + ∂σF

D
µλ + ∂λF

D
σµ = −4π

c
ελσµνj

e
ν (A.5a)

∂µFλσ + ∂σFµλ + ∂λFσµ = −i4π
c
ελσµνj

m
ν (A.5b)
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Applying the ∂µ derivative from the left to Eq. (A.5a) we obtain

∂µ∂µF
D
λσ = ∂λ∂µF

D
µσ − ∂σ∂µFDµλ −

4π

c
ελσµν∂µj

e
ν (A.6)

Using

ελσµν∂µj
e
ν =

1

2
ελσµν(∂µjeµ − ∂νjeµ) ≡ (∂λj

e
σ − ∂σjeλ)D (A.7)

and substituting Eq. (2.3b) into the right-hand side of Eq. (A.6) we
prove the relation (2.5). The relation (2.4) can be proved in a similar
way by applying to Eq. (A.5b) the ∂µ derivative from the left.

Appendix B. The self-dual and anti-self-dual equations.

From the tensors (A.1) and (A.2) we can form the self-dual combi-
nation

FSD = F + FD (B.1)

and the anti-self-dual combination

FASD = F − FD (B.2)

Using the definition (3.1) the FSD and FASD are given by

(FSD) =


0 Ψz −Ψy Ψx

−Ψz 0 Ψx Ψy

Ψy −Ψx 0 Ψz

−Ψx −Ψy −Ψz 0



(FASD) =


0 Ψ∗

z −Ψ∗
y Ψ∗

x

−Ψ∗
z 0 Ψ∗

x Ψ∗
y

Ψ∗
y −Ψ∗

x 0 Ψ∗
z

−Ψ∗
x −Ψ∗

y −Ψ∗
z 0


(B.3)

Let us define the two sets of matrices
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S1 =


i

i
−i

−i

 S2 =


−i

i
i
−i



S3 =


i

−i
i

−i

 S4 =


i

i
i

i



R1 =


−i

i
−i

i

 R2 =


−i

−i
i

i



R3 =


i

−i
−i

i

 R4 =


−i

−i
−i

−i



(B.4)

then

FSDµν = −i(Sa)µνΨa a = 1, 2, 3 (B.5)

FASDµν = −i(Ra)µνΨ∗
a a = 1, 2, 3 (B.6)

Furthermore, we assume [9]

Ψ4 = Ψ∗
4 = 0 (B.7)

and note that

(Rµ)νa = (S+
a )µν (B.8)

and equivalently

(Sµ)νa = (R+
a )µν (B.9)

Then, from Eqs. (2.3),(3.2) and (B.5)-(B.9), we have

∂µF
SD
µν = −i(Sa)µν∂µΨa = −i(R+

µ )νa∂µΨa = −qν (B.10)



78 A. Gersten

∂µF
ASD
µν = −i(Ra)µν∂µΨ∗

a = −i(S+
µ )νa∂µΨ∗

a = −dν (B.11)

A few remarks are needed here. Equations (B.10) and (B.11) are con-
sistent with each other, but as Ψ4 = Ψ∗

4 = 0, there exists an ambiguity
in defining (Rµ)ν4 and (Sµ)ν4. This is the reason why Eq. (B.11) is
not explicitly the complex conjugate of (B.10), but one can check that
they are consistent. Equation (B.11) can explicitly be made the complex
conjugate of Eq. (B.10), if it is replaced by:

i(Rµ)νa∂µΨ∗
a = q∗ν (B.12)

We can also rewrite it as follows :

q∗ν = i(R+
µ )νa∂µΨ∗

a − 2i(R4)νa∂4Ψ∗
a

or, using Eq. (3.3):

i(R+
µ )νa∂µΨ∗

a = q∗ν + 2∂4Ψ∗
ν ≡ kν (B.13)

Thus finally the two complex conjugate equations can be written as:

i(R+
µ )νa∂µΨa = qν (B.14a)

i(R+
µ )νa∂µΨ∗

a = kν (B.14b)

Equations (B.10) and (B.12) can be derived from the following La-
grangian density :

L0 =
i

2
[Ψ∗
ν(R+

µ )νa∂µΨa + Ψν(Rµ)νa∂µΨ∗
a]−Ψ∗

νqν −Ψνq
∗
ν (B.15)

For the free field equations (qµ = q∗µ = 0), translation invariance leads
to the conserved tensor

τµν = L0δµν −
i

2
[Ψ∗
b(R

+
ν )ba∂µΨa + Ψb(Rν)ba∂µΨ∗

a] (B.16)

which is related to the one found in [10]. The duality transformation Ψ→
Ψ exp(iα), Ψ∗ → Ψ∗ exp(−iα), leads to the conserved energy current
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Jµ =
i

2
[Ψ∗
b(R

+
µ )baΨa −Ψb(Rµ)baΨ∗

a] (B.17)

which is related to the one found in [8].
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