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Can one generalize the concept of

energy-momentum tensor?
P. TEYSSANDIER

Département d’Astronomie Fondamentale, CNRS/UMR 8630,
Observatoire de Paris, 61 Avenue de I’Observatoire, F-75014 Paris

ABSTRACT. The answer to the question is yes! Considering here the
very simple case of a real Klein-Gordon field in Minkowski space-time,
we find a class of rank 4 superenergy tensors generalizing the usual
energy-momentum tensor. Then, we construct explicitely an infinite
tower of rank 2(n + 1) tensors that we call weak n-superenergy tensors
and we determine the corresponding quantum operators.

1 Introduction

Historically, the need to extend the notion of energy-momentum of a field
appeared for the first time in general relativity. Indeed, the impossibility
of defining in a covariant way the local energy density of a gravitational
field remains a crucial difficulty of the Einstein theory. Forty years ago,
an attempt to overcome this difficulty led Bel [1] to introduce the four
indices tensor Tgﬁ 7 defined by
27377 = ROV RO 44ROV RO 4+ R R S 44 R x RiS
(1)
where R, ,, is the curvature tensor of the metric g,, and * denotes
the duality operator acting on the left or on the right pair of indices
according to its position.!

The Bel tensor has many attractive properties. Its components may
be expressed without using duality since they reduce to [2]

1 1
afB3v6 YV vV pa o v
TBB'Y — §[R Y R[L&V + RPu Ruéu _ Eg B pyAu Ré)\uu

1By definition, *RM 7Y = %na“p"Rng” and Rx“HTY = %n“/”pC’Ra“pa, where
n**P9 is the canonical volume element 4-form. Note the analogy of the Bel tensor
with the electromagnetic energy-momentum tensor.
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1 1
. ég'yéRa)\uuRﬂAMV + ggaﬂg'yﬁRp,Vpa'Ruypa] . (2)
In any spacetime 2, TS = T](;B)(W) = Tgé)(aﬁ). When R,, =
0, Tgﬁ 7 s totally symmetric and satisfies the conservation equation

VaTgﬂ 7 — (. For any timelike unit vector u, the scalar density
Tgﬁ“/é

ep(u) = UaUGUUs (3)

is positive definite [1] and the vector density

(e}

p%(u) = Tp" P uguyus (4)

is timelike or null [3].

The above mentioned properties of eg(u) and of p%(u) allow to re-
gard T
This fundamental feature explains why ng 7 is named a gravitational
superenergy tensor. Then eg(u) and p$%(u) may be regarded as defin-
ing respectively a gravitational superenergy density and a gravitational
supermomentum density vector relative to (an observer moving with) the
unit 4-velocity u.

as having the key properties of an energy-momentum tensor.

We do not try here to elucidate the physical meaning of the Bel
tensor, which remains very obscure in spite of a lot of discussions (see,
e.g.,[4] ,[5] and Refs. therein). Our purpose is to present a general
method enabling to construct a class of superenergy tensors for scalar
and electromagnetic fields 3. For the sake of simplicity, we focus our
attention on a real scalar field ¢ satisfying the Klein-Gordon equation

(O+m?)¢ =0 ()

in Minkowski space-time.

In our reasoning, the requirement that a superenergy tensor must
be divergence-free plays a basic role. So our method is quite different
from the purely algebraic construction of superenergy tensors recently
developed by Senovilla [6, 7] for arbitrary fields. Nevertheless, the two
methods lead to equivalent results for the scalar field.

2We put A(@F) = 1/2(A*P 4 AP). More generally A(®192:--27) denotes the totally
symmetric part of a tensor A*1%2:-%r_ R, is the Ricci tensor: R, = RAMM.
3For the electromagnetic field, a rank 4 tensor formally analogous to the Bel tensor

was given for the first time in [2].
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It must be noted also that the tensor
1
OO = o (¢ — g7, (6)

has been previously considered by Komar [8] as a kind of Bel tensor for
the Klein-Gordon field. Indeed, (6) satisfies the conservation equation
CP7® , = 0 when Eq. (5) holds. However, it is not obvious that the
Komar tensor is an acceptable superenergy tensor since the positivity of
C"‘m‘suauﬁuﬂ,u(s is not ensured. We avoid this flaw since we find a class
of rank 4, divergence-free tensors with positive definite energy densities.

The plan is as follows. In Sect. 2, we give the general definition of
what we call a n-superenergy tensor for the scalar field ¢ (the rank of
such a tensor is 2(n + 1)). In Sect. 3, we show that the rank 4 tensors
fulfilling our definition constitute a two-parameter family. Moreover, we
show that this family reduces to a unique tensor W (up to a positive
constant factor) when the complete symmetry on the four indices is
required. This unicity implies that W can henceforth be regarded as
defining the 1-superenergy tensor par excellence. In Sect. 4, we construct
explicitly an infinite set of rank 2(n + 1) tensors U, ) that we call weak
n-superenerqy tensors because they have almost all the good properties
of the superenergy-momentum tensors defined in Sect. 2. We show that
U@,y and W yield the same total 1-superenergy-momentum when the
field ¢ and its first derivative with respect to time are functions of rapid
decrease at spatial infinity. In Sect. 5, we give the superhamiltonian and
the supermomentum operators corresponding to W and to each Uy, )
within the framework of canonical quantization. In Sect. 6, we give some
concluding remarks.

2 Superenergy tensors for a scalar field

We use coordinates z® = (zY, x) such that the metric components g,5 =

diag(1,—1,—1,—1) and we denote by G the corresponding inertial frame
of reference. Units are chosen so that ¢ =1 and h = 1. We put F, =
0. F.

The energetic content of the field ¢ is described by the well-known
symmetric, divergence-free energy-momentum tensor

9] = 66 — £ (6700 —m*?). 7

We shall call n-superenergy tensor any tensor T@151@n+1n+1 of even
rank 2(n + 1) > 4 possessing the following properties :
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P1. Denoting by p4 a block of indices {p;,1 < i < A},
T1Brani1bnit may be written in the form

A=n+1
TP nt1Bntr — E : Calﬁl...anﬂﬂnﬂMAuA(b,uA¢,VA7 (8)
A=0

where the coefficients C1F1--@n+18n41 | = are tensorial quantities in-
volving only the components of the metric (for A = 0, we put ¢#4 = ¢).

P2. Te1hi-an+1Bnt1 s symmetric in each pair (o, 3;) of indices; it
is also symmetric in the interchange of two blocks (e, 3;) and (a;, 5;).

P3. T 81-ant1Bni1 gatisfies a conservation equation :

( D+m2)¢ -0 = Ta161-~~aiﬁi-~-a1z,+lﬁn+l7a. =0. (9)

P4. The n-superenergy density relative to u defined by

ey (Tyu) = T‘s“ﬁl“'o‘”“ﬁ"“uoqu,g1 e Ug (10)

nt1 UBng1

is positive definite ( €¢,) (T, u) > 0 if T r--one1bnsr £ ),

Of course, the arbitrariness on the superenergy tensors will be re-
duced if P2 is replaced by the more restrictive requirement

P’2. To1frant1fnia ig totally symmetric.

3 Class of rank 4 superenergy tensors

Given a rank 4 tensor T', denote by T the totally symmetric part of T
and define the tensor T' by

. 1
T° = —(T*7P0 4 707, 11
(T8 4 7207) (1)
We have the following lemma. (The proof is immediate.)

Lemma 1 Let &) be the class of rank 4 tensors possessing properties
P1, P2 and P3. For any T € &), the following propositions hold :

T e 5(1) andf S 5(1).
ol 1 2

T=T&T=T.
TP uguus = TVD‘BV‘SuguA,ug = T B yguus.

T o=
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We are now in a position to determine the class £;). The most

general tensor T*%7% which fulfills conditions P1 and P2 may be written

3.84

ToBYS a¢,aﬁ¢,v5 + b¢ﬂ(a¢,ﬁ)5
+er(g* e + g0 7))
+ (g7 PG 4 g7
+dim? (g 790 + g7 )
+dam? (g7 D¢ + g D)
+ Klgo‘ﬁgw + KQgV(D‘gﬁ)‘S,

with
K, = ps(b’pa(bmo + qsm2¢7)\¢,>\ + Tsm4¢2 s

a,b,c1,c2,dy,da, ps, qs and rs being dimensionless constants (s = 1,2).
A straightforward calculation shows that T%#7° , = 0 holds if and only
if the coefficients cs, ds, ps, gs and 74 are given by

1 1
Cl:_(a_b)7C2:_aad1:_(b_a)7d2:a7
2 2
and
1 1 1
ps = _Ecsv qs = E(Cs_d5)7 rs = §ds,

the parameters a and b being chosen arbitrarily.

Thus we obtain the first theorem of this paper [9].

Theorem 1 Any tensor T € €1y may be written as

T8 = T 4 p T (12)
where
1
TP = e 4 S (g0 g1
_ ga(vTé)B _ gﬁ(vTé)a , (13)

4We suppose that Eq. (5) is taken into account. Thus we exclude terms like
g*P 78 [ since such a term reduces to —m2¢pg®P$7é, a form which is not com-
patible with P1 .
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and
s . Lo o
T2 By6 — /1-11 Bvé — ¢7 ("/¢;5)5 — 5(9 BT’Y(S + 9767— ﬁ) ) (14)

78 being defined by
7_046 — ¢,oz)\¢,ﬁ>\ _ m2¢,o¢¢,ﬁ
1
- Zgaﬁ(¢7pg¢,pa - 2m2¢’)\¢,>\ + m4¢2) . (15)

The coefficients a and b are arbitrary constants.

Lemma 1 enables us to complete the above theorem by the following
one.

Theorem 2 Any tensor T € &y which is totally symmetric may be
written as
TPV = s (16)

where k is a constant and WP7° = Tl(a’gw), i.e.

1
wesrs  — g(qyaﬂ(bwé + 2¢7a(v¢,5)ﬁ)
_ é(gaﬁm + g17oB 1 9ga (08 4 9gBlay (17
Let us put now
5%(u) = WP ugu,us (18)
and
w(u) = s%(u)ug . (19)

Some algebra leads to the third theorem.

Theorem 3 For any timelike unit vector u, w(u) is positive and s*(u)
is timelike or null :
w(u) 20, (20)

s (u)sa(u) > 0. (21)

When m # 0,the equality w(u) = 0 is possible iff ¢ = 0. When m = 0,
w(u) =0 iff ¢p.op = 0.
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Proof. In any Cartesian coordinate system z®, we have

WOOOO = i((rzs,OO)2 Z ¢ 01 4 Z 13

(¢,0) +Z 2+ m¢ (22)

and

. 1
W = —5 |%.000,0i Z $.0i0.i5 +mM*b0d| - (23)
J

The timelike unit vector uw being given, choose for this proof coordi-
nates =% such that 9y = u. Then we have

5%(u) = W00, (24)

With this choice, w(u) = s°(u) = W90, Taking into account (22),
we immediately obtain (20).

Now put §(u) = s(u)d; and s%(u) = 5%(u)s
0. If s(u) # 0, choose 01 so that 9y = §(u)/
[s9(u)]? — [sl(u)] . From (24), (22) and (23),

o(u). If 3(u) =0, s2(u)
| 5(u) ||. Then, s%(u)
it results that

v

L) £ s (u) = 4Z¢0/\:F¢1>\ %;Zﬂm

w2 (0 F 01)2+ D02+ D (p) +mPe

4 °
J#1 A

which implies that [s(u)]? — [s*(u)]? > 0. Therefore s?(u) > 0. Q. E.
D.

We can now state the central theorem of this paper.

Theorem 4 The tensor WP given by (17) is the unique (up to an
arbitrary constant positive factor) totally symmetric 1-superenergy tensor

of ¢.

Moreover, it follows from Lemma 1 and Eq. (17) that for any 7°#7°
given by (12)

TP yuguyus = (a+ bYW Pugu us . (25)
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As a consequence, w(u) and s*(u) may be henceforth considered
without loss of generality as defining respectively the 1-superenergy den-
sity and the 1-supermomentum density of ¢ relative to u.

Since W84 is divergence-free, the integrals

W(l)[¢] _ /V‘/OOOO(%O7 X/)d3X/, SEI) w)] — /V[/viOOO(xO7 X/)dSX/
(26)
are constants of the motion : Wy[¢] and Sél)[(b] will be respectively
called the total 1-superenergy and the total spatial 1-supermomentum of
the field ¢ in the inertial frame G. Comparing (22) and (23) with (7),
we find that

1 1
/ Wt (2l x)d’x = 5 %:Pa [@.2] + 5m*P?g], (27)

where P%[F] is defined by
PY[F] = / T F)(2°, x")d3x’ (28)

for any scalar function F(zY, x).

4 Weak n-superenergy tensors

It would be of course possible to determine the n-superenergy tensors
for n > 1 by the method of Sect. 3. However, this procedure becomes
heavier and heavier as n is increasing. So we introduce the tensors U, )
defined by [10]

1 A
Uaﬁ,ul-u,unyl-nl/n = ¢(’a,u1...,un¢ﬁ)u1...un - igaﬁ(gb’ [Ll...[l.n¢,>\l/1--~yn

- m2¢,p1...#n¢,u1...yn) . (29)

It is easily seen that each U, ,) possesses property P1, is symmet-
ric in (a, 3), is completely symmetric in (p1, ..., i) and in (v, ..., ),
satisfies the conservation law

Uaﬁyl...ynul...un,a =0 (30)
and satisfies the following inequality for any timelike unit vector u :

U"‘ﬂm,“Mn,jlm,,nuoéuguu1 Lty am > 0. (31)
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Therefore the tensor U, ,) has almost all the properties of a n-
superenergy tensor. So, we call U, ,) the weak n-superenergy tensor

Let us put

Ud) = [ 0,0, 30 . Riplo] = [[U%,0,a" %)

(32)
where 0,, denotes a block of n timelike indices. It follows from (30) that
these quantities are constants of the motion, that we shall call respec-
tively the weak n-superenergy and the weak spatial n-supermomentum of
¢ in the frame G.

For n =1, a straightforward calculation yields the relation
~ 1
Tlaﬁuu _ U(xﬁp,v _ §<Ua[3>\>\ _ mZTaﬁ)g;w ) (33)

This relation leads to the following theorem.
Theorem 5 For any Klein-Gordon field, the following equalities hold:

W)lo] = Un)lo] + [Surf] (34)

and
Sé1)[¢] = Rf1)[¢] + [Sur f], (35)

where [Sur f] denotes surface terms which cancel if ¢ and its derivative
@0 are functions of sufficiently rapid decrease at spatial infinity.

Proof. Using Lemma 1 and (17) yield W00 — 72000 S we deduce
from (33) that

1
WocOOO — UaOOO _ §(UO¢OA)\ _ m2Ta0) . (36)
Each term U®%y — m27T is a 3-divergence. Indeed, we find
1 g g
U =T = — {26,058 —2mPO)}, (37)

U = m* T = {go[¢" — 8(Lo —m*)]} 5, (38)
where A¢ = 6¥1¢ j;. Thus the theorem is established. Q. E. D.
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5 Quantum superhamiltonian and supermomentum operators

Within the canonical quantization procedure, ¢ becomes a Hermitian
operator which can be expanded on the basis of the plane wave solutions

¢)(X,t) = (27‘(‘1)3/2 /dgk\/;Tk [a(k)e*ikm _|_a1'(k)eikz} Koy (39)

with

wr = VkZ+m?2, (40)

the operators a(k) and their Hermitian conjugates a'(k) satisfying the
usual commutation relations. Substituting for ¢ from (39) into (26)
yields the 1-superhamiltonian and the spatial 1-supermomentum opera-
tors

= 1
Wy = 3 /dgkw,%[aT(k)a(k) + a(k)a’(k)], (41)
Siy = / PPk k'w} a (k)a(k). (42)
More generally, we deduce from (32) the following operators

O = 5 [ dket™ ol (9a(k) + allgal (), (13)

R, = / P kW ot (k)a(k) . (44)

Putting n = 0 in these equations, we recover the usual Hamiltonian
and momentum operators H and P*. When n = 1, a_comparison of
Egs. (43) and (44) with Eqgs. (41) and (42) shows that W,y = Uy and
§fl) = }A%él), equations which can also be immediately deduced from (34)
and (35).

6 Concluding remarks

We have established the existence of rank 4 superenergy tensors for the
Klein-Gordon field. These tensors form a two-parameter family. This
last feature is not embarrassing, however, because the unicity (up to an
arbitrary factor) is obtained by requiring the total symmetry in the four
indices. Thus it is possible to speak about “the” 1-superenergy tensor
of the field.
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We have built divergence-free tensors Uy ,,) of rank 2(n + 1) which
have almost all the good properties of the superenergy tensors. We have
shown that U(; 1) and W yield the same total 1-superenergy and the same
total spatial 1-supermomentum. This theorem leads to conjecture that
for n > 1 U, ) can replace advantageously the n-superenergy tensors to
evaluate the total n-superenergy and the total spatial n-supermomentum
of the field.
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