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The CPT Group in the de Sitter Space
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ABSTRACT. P -, T -, C-transformations of the Dirac field in the de
Sitter space are studied in the framework of an automorphism set of
Clifford algebras. Finite group structure of the discrete transforma-
tions is elucidated. It is shown that CPT groups of the Dirac field in
Minkowski and de Sitter spaces are isomorphic.
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1 Introduction

In 1935, Dirac [6] introduced relativistic wave equations in a five-
dimensional pseudoeuclidean space (de Sitter space),

(iγ0∂0 + iγk∂k −m)ψ = 0 (1)

or
(iγµ∂µ +m)ψ = 0,

where five 4× 4 Dirac matrices γµ satisfy the relations

γµγν + γνγµ = 2gµν , µ = 0, 1, 2, 3, 4.

Later on, Fushchych and Krivsky [7] showed that equations (1) do not
describe particles and antiparticles symmetrically. This result means
that the equations (1) are non-invariant under action of transformations
of the type CPT .

In general, usual practice of definition of the discrete symmetries
from the analysis of relativistic wave equations does not give a complete
and consistent theory of the discrete transformations. In the standard
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approach, except a well studied case of the spin j = 1/2 (Dirac equa-
tions), a situation with the discrete symmetries remains unclear for the
fields of higher spin j > 1/2. Moreover, Lee and Wick [8] claimed that
“the situation is clearly an unsatisfactory one from a fundamental point
of view”. It is obvious that a main reason of this is an absence of a
fully adequate formalism for description of higher-spin fields (all widely
accepted higher-spin formalisms have many intrinsic contradictions and
difficulties).

Taking into account the present status of higher-spin theories, we
must construct an alternative approach for definition of the discrete
transformations without handling to analysis of relativistic wave equa-
tions. The purely algebraic approach based on the automorphism set of
Clifford algebras has been proposed in the works [16, 17, 18].

Following to [18], in the present paper we study P -, T -, C- transfor-
mations for the Dirac field in the de Sitter space R4,1. In the section 2 we
give some basic facts concerning a relationship between finite groups and
Clifford algebras. An universal covering of the de Sitter group is given in
the section 3. CPT -groups of the Dirac field in the Minkowski spacetime
and their isomorphisms to finite groups are studied in the section 4. In
the section 5 we define a CPT group in the space R4,1.

2 The Dirac group

As is known [10, 11, 12, 2, 13], a structure of the Clifford algebras admits
a very elegant description in terms of finite groups. In accordance with
a multiplication rule

e2
i = σ(p− i)e0, eiej = −ejei, (2)

σ(n) =
{
−1if n ≤ 0,
+1if n > 0, (3)

basis elements of the Clifford algebra C̀ p,q (the algebra over the field of
real numbers, F = R) form a finite group of order 2n+1,

G(p, q) = {±1, ±ei, ±eiej , ±eiejek, . . . , ±e1e2 · · · en} (i < j < . . .).
(4)

The Dirac group is a particular case of (4).

In turn, the Dirac algebra C4 is a complexification of the spacetime



The CPT Group in the de Sitter Space 971

algebra C̀ 1,3, C4 = C⊗ C̀ 1,3. An arbitrary element of C4 has the form

A = a0e0 +
4∑

i=1

aiei +
4∑

i=1

4∑
j=1

aijeiej+

+
4∑

i=1

4∑
j=1

4∑
k=1

aijkeiejek + a1234e1e2e3e4, (5)

where the coefficients a0, ai, aij , aijk, a1234 are complex numbers.

If we consider a spinor representation (the left regular representation
in a spinspace S4), then the units ei of the algebra C4 are replaced by
γ-matrices via the rule γi = γ(ei), where γ is a mapping of the form
C̀ p,q

γ−→ EndK(S). With the physical purposes we choose from the set
of all isomorphic spinbasises of C4 a so called canonical basis

γC
0 =

(
−12 0
0 12

)
, γC

k =
(

0 σk

−σk 0

)
(6)

or the Weyl basis

γW
m =

(
0 σm

σm 0

)
, (7)

which related with (6) by the following similarity transformation:

ΓW = XΓCX−1, X =
1√
2

(
12−12

12 12

)
.

It is of interest to consider a Majorana basis

γM
0 =

(
0 −σ2

−σ2 0

)
, γM

1 =
(

0 iσ3

iσ3 0

)
,

γM
2 =

(
i12 0
0 −i12

)
, γM

3 =
(

0 −iσ1

−iσ1 0

)
, (8)

which, in turn, related with the Weyl basis by a similarity transformation
of the form

ΓW = Y ΓMY −1, Y =
1√
2

(
12 i12

ε12−iε12

)
.



972 V. V. Varlamov

All the basises (6), (7) and (8) are isomorphic within the algebra C4.
Moreover, these three basises are isomorphic within the real subalgebra
C̀ 1,3 ⊂ C4.

In dependence on a division ring structure K, the Dirac algebra has
five real subalgebras. Three subalgebras with the quaternion ring K '
H: the spacetime algebra C̀ 1,3, C̀ 4,0 and C̀ 0,4. Two subalgebras with
the real ring K ' R: the Majorana C̀ 3,1 and Klein C̀ 2,2 algebras. In
accordance with (4) the each real subalgebra C̀ p,q ⊂ C4 induces a finite
group G(p, q). Let us consider in detail the structure of these finite
groups.

We can work in any basises (6)–(8). Owing to (4) a spacetime group
is defined by the followng set:

G(1, 3) = {±1, ±γ0, ±γ1, ±γ2, ±γ3, ±γ0γ1, ±γ0γ2,

± γ0γ3, ±γ1γ2, ±γ1γ3, ±γ2γ3, ±γ0γ1γ2, ±γ0γ1γ3,

± γ0γ2γ3, ±γ1γ2γ3, ±γ0γ1γ2γ3}. (9)

It is a finite group of order 321 with an order structure (11, 20). More-
over, G(1, 3) is an extraspecial two-group [12, 2]. In Salingaros notation
the following isomorphism holds:

G(1, 3) = N4 ' Q4 ◦D4,

where Q4 is a quaternion group, D4 is a dihedral group, ◦ is a cen-
tral product (Q4 and D4 are finite groups of order 8). A center of the
group G(1, 3) is isomorphic to a cyclic group Z2. G(1, 3) is non-Abelian
group which contains many subgroups both Abelian and non-Abelian.
For example, the group of fundamental automorphisms of the algebra
C̀ 1,3 [17] is an Abelian subgroup of G(1, 3), Aut(C̀ 1,3) = {Id, ?, ˜ , ?̃} '
{1, P, T, PT} ' Z2 ⊗ Z2 ⊂ G(1, 3), where Z2 is the Gauss-Klein group.
In turn, an extended automorphism group of the algebra C̀ 1,3 is a non-

Abelian subgroup of G(1, 3), Ext(C̀ 1,3) '
∗
Z4 ⊗ Z2 ⊂ G(1, 3) [18, 19].

Finite groups G(4, 0) and G(0, 4), corresponding to the subalgebras
C̀ 4,0 and C̀ 0,4, are isomorphic to each other2, since these groups possess

1We can write out the multiplication table of this group (a Cayley table). However,
an explicit form of the Cayley table for the group G(1, 3) is very cumbersome; this
table contains 210 cells.

2This group isomorphism is a direct consequence of the algebra isomorphism
C̀ 4,0 ' C̀ 0,4.
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the order structure (11, 20). Therefore,

G(4, 0) ' G(0, 4) = N4 ' Q4 ◦D4.

Let us consider now the Majorana groupG(3, 1). Since the subalgebra
C̀ 3,1 has a real division ring K ' R, then none of the spinbasises (6),
(7), (8) can be used in this case (all these basises are defined over the
ring K ' H). One of the permissible real spinbasises of the algebra C̀ 3,1

has the form3:

γ0 =


1 0 0 0
0−1 0 0
0 0 −10
0 0 0 1

 , γ1 =


0100
1000
0001
0010

 ,

γ2 =


0 0 1 0
0 0 0−1
1 0 0 0
0−10 0

 , γ3 =


0 0 −10
0 0 0 1
1 0 0 0
0−1 0 0

 .

The Majorana group G(3, 1) with the order structure (19, 12) is a central
product of the two groups D4:

G(3, 1) = N3 ' N1 ◦N1 ' D4 ◦D4.

G(3, 1) is the non-Abelian group; a center of the group is isomorphic to
Z2.

The same isomorphism takes place for the Klein group:

G(2, 2) = N3 ' D4 ◦D4.

Thus, the real subalgebras of the Dirac algebra C4 form five finite
groups of order 32. Three subalgebras with the ring K ' H form finite
groups which isomorphic to the central product Q4 ◦D4, and two sub-
algebras with the ring K ' R form finite groups defined by the product
D4 ◦D4.

Let us define now a finite group which is immediately related with the
Dirac algebra C4. With this end in view it is necessary to consider the

3In fact, a definition procedure of the spinbasis over the ring K is hardly fixed
and depends on the structure of primitive idempotents f of the algebra C̀ p,q . The
primitive idempotent for the algebra C̀ 3,1 is defined by an expression f = 1

4
(1 +

e1)(1 + e34), and a division ring has the form K = fC̀ 3,1f = {1} ' R.
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following isomorphism: C4 ' C̀ 4,1, where C̀ 4,1 is the Clifford algebra
over the field F = R with a complex division ring K ' C. An arbitrary
element of C̀ 4,1 has the form

A = b0e0 +
5∑

i=1

biei +
5∑

i=1

5∑
j=1

bijeiej +
5∑

i=1

5∑
j=1

5∑
k=1

bijkeiejek+

+
5∑

i=1

5∑
j=1

5∑
k=1

5∑
l=1

bijkleiejekel + b12345e1e2e3e4e5, (10)

where the coefficients b0, bij , . . . are real numbers. It is easy to verify
that a volume element ω = e12345 = e1e2e3e4e5 commutes with all
other elements of the algebra C̀ 4,1, that is, ω = e12345 belongs to a
center Z4,1 of C̀ 4,1. A general definition of the center Zp,q of C̀ p,q is

Zp,q =

{
{1}, if p− q ≡ 0, 2, 4, 6 (mod 8) ;
{1, ω}, if p− q ≡ 1, 3, 5, 7 (mod 8) .

This property of the element ω allows us to rewrite the arbitrary element
(10) in the following form:

A = (b0+ωb12345)e0+(b1+ωb2345)e1+(b2+ωb1345)e2+(b3+ωb1245)e3+

+(b4 +ωb1235)e4 +(b12 +ωb345)e12 +(b13 +ωb245)e13 +(b14 +ωb235)e14+

+(b23+ωb145)e23+(b24+ωb135)e24+(b34+ωb125)e34+(b123+ωb45)e123+

+(b124+ωb35)e124+(b234+ωb15)e234+(b134+ωb25)e134+(b1234+ωb5)e1234.
(11)

Moreover, a square of the element ω is equal to −1. A general definition
of the square of ω is

ω2 =

{
−1, if p− q ≡ 2, 3, 6, 7 (mod 8) ;
+1, if p− q ≡ 0, 1, 4, 5 (mod 8) .

Therefore, the element ω can be identified with an imaginary unit, ω ≡ i.
Hence it follows that expressions, standing in the brackets in (11), are
complex numbers of the form a0 = b0 + ib12345, a1 = b1 + ib2345, . . .,
a1234 = b1234 + ib5. Thus, the element (11) coincides with the arbitrary
element (5) of C4; it proves the isomorphism C4 ' C̀ 4,1.
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So, in accordance with (4) the Dirac group is defined by the following
set:

G(4, 1) = {±1, ±e1, ±e2, ±e3, ±e4, ±e5, ±e12, ±e13, ±e14,

± e15, ±e23, ±e24, ±e25, ±e34, ±e35, ±e45, ±e123, ±e124,

± e125, ±e134, ±e135, ±e145, ±e234, ±e235, ±e245, ±e345,

± e1234, ±e1235, ±e1245, ±e1345, ±e2345, ±e12345}. (12)

It is a finite group of order 64 with the order structure (31, 32). The
Cayley table of G(4, 1) consists of 212 cells. In common with all finite
groups considered previously, the Dirac group is an extraspecial two-
group. For this group the following isomorphism holds:

G(4, 1) = S2 ' N4 ◦ Z4 ' Q4 ◦D4 ◦ Z4.

The center of G(4, 1) is isomorphic to a complex group Z4. G(4, 1) is
the non-Abelian group (as all Salingaros groups, except the first three
groups Z2, Ω0 = Z2 ⊗ Z2 and S0 = Z4).

As is known, a five-dimensional pseudoeuclidean space R4,1 (so called
de Sitter space) is associated with the algebra C̀ 4,1. It is interesting to
note that the anti-de Sitter space R3,2, associated with the algebra C̀ 3,2,
leads to the following extraspecial group of order 64:

G(3, 2) = Ω3 ' N3 ◦D2 ' D4 ◦D4 ◦D2.

2.1 Spinor representation of the Dirac group

In virtue of the isomorphism C̀ 4,1 ' C4 ' M4(C) for the algebra C̀ 4,1

there exists a spinor representation within the full matrix algebra M4(C)
over the field F = C. Let us find spinor representations of the units ei

(i = 1, . . . , 5) of the algebra C̀ 4,1, that is, γi = γ(ei). To this end
it is more convenient to use a Brauer-Weyl representation [3]. This
representation is defined by the following tensor products of m Pauli
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matrices:
γ1 =σ1 ⊗ 12 ⊗ · · · ⊗ 12 ⊗ 12 ⊗ 12,

γ2 =σ3 ⊗ σ1 ⊗ 12 ⊗ · · · ⊗ 12 ⊗ 12,

γ3 =σ3 ⊗ σ3 ⊗ σ1 ⊗ 12 ⊗ · · · ⊗ 12,

. . . . . . . . . . . . . . . . . . . . . . . . . .

γm =σ3 ⊗ σ3 ⊗ · · · ⊗ σ3 ⊗ σ1,

γm+1=σ2 ⊗ 12 ⊗ · · · ⊗ 12,

γm+2=σ3 ⊗ σ2 ⊗ 12 ⊗ · · · ⊗ 12,

. . . . . . . . . . . . . . . . . . . . . . . . . .

γ2m =σ3 ⊗ σ3 ⊗ · · · ⊗ σ3 ⊗ σ2.

(13)

In general case, this representation defines a spinbasis of the even-
dimensional Clifford algebra C̀ p,q (p + q = 2m ≡ 0 (mod 2)) over the
ring K ' H. The case K ' R is easy realized via the replacement of σi

by the real matrices.
In the case of n = 2m + 1 we add to the tensor products (13) the

following matrix:
γ2m+1 = σ3 ⊗ σ3 ⊗ · · · ⊗ σ3︸ ︷︷ ︸

m times

, (14)

It is easy to verify that this matrix satisfies the conditions

γ2
2m+1 = 1m, γ2m+1γi = −γiγ2m+1,

i = 1, 2, . . . ,m.

The product γ1γ2 · · · γ2mγ2m+1 commutes with all the products of the
form γα1

1 γα2
2 · · · γα2m

2m , where α1, α2, . . . , α2m = 0, 1.
In the Brauer-Weyl representation a spinbasis of the 32-dimensional

algebra C̀ 4,1 is defined as follows

γ1 = σ1 ⊗ 12 =
(

0 12

12 0

)
, γ2 = σ3 ⊗ σ1 =

(
σ1 0
0 −σ1

)
,

γ3 = σ2 ⊗ 12 =
(

0 −i12

i12 0

)
, γ4 = σ3 ⊗ σ2 =

(
σ2 0
0 −σ2

)
,

γ5 = iσ3 ⊗ σ3 =
(
iσ3 0
0 −iσ3

)
. (15)

It is easy to verify that the product γ1γ2γ3γ4γ5 commutes with all the
basis elements of the algebra C̀ 4,1 ' M4(C).
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Thus, a spinor representation of the Dirac group has the form

G(4, 1) = {±1,±γ1,±γ2, . . . ,±γ12345}. (16)

In common with (12) the group (16) is the extraspecial finite group of
order 64 and is isomorphic to the central product Q4 ◦D4 ◦ Z4.

3 The de Sitter group

First of all, let us give several definitions which will be used below.
The Lipschitz group Γp,q, also called the Clifford group, introduced by
Lipschitz in 1886 (Lipschitz used the Clifford algebras for the study
of rotation groups in multidimensional spaces), may be defined as the
subgroup of invertible elements s of the algebra C̀ p,q:

Γp,q=
{
s ∈ C̀ p,q | ∀x ∈ Rp,q, sxs−1 ∈ Rp,q

}
,

Γp,q=
{
s ∈ C̀ +

p,q ∪ C̀ −
p,q | ∀x ∈ Rp,q, sxs−1 ∈ Rp,q

}
.

The set Γ+
p,q = Γp,q ∩ C̀ +

p,q is called special Lipschitz group [4]. Let
N : C̀ p,q → C̀ p,q, N(x) = xx̃. If x ∈ Rp,q, then N(x) = x(−x) =
−x2 = −Q(x). Further, the group Γp,q has a subgroup

Pin(p, q) = {s ∈ Γp,q | N(s) = ±1} . (17)

It is easy to see that Pin(p, q) ' Γp,q/R∗
+, where R∗

+ is a set of non-
negative real numbers, R∗ = R − {0}. Analogously, a spinor group
Spin(p, q) is defined by the set

Spin(p, q) =
{
s ∈ Γ+

p,q | N(s) = ±1
}
. (18)

It is obvious that Spin(p, q) = Pin(p, q) ∩ C̀ +
p,q and Spin(p, q) '

Γ+
p,q/R∗

+. The group Spin(p, q) contains a subgroup

Spin+(p, q) = {s ∈ Spin(p, q)|N(s) = 1} . (19)

The orthogonal group O(p, q), special orthogonal group SO(p, q) and
special orthogonal group SO+(p, q) with the unit determinant, are iso-
morphic correspondingly to the following quotient groups:

O(p, q)'Pin(p, q)/Z2,

SO(p, q)'Spin(p, q)/Z2,

SO+(p, q)'Spin+(p, q)/Z2,
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where the kernel is Z2 = {+1,−1}. Thus, the groups Pin(p, q),
Spin(p, q) and Spin+(p, q) are universal coverings of the groups O(p, q),
SO(p, q) and SO+(p, q), respectively.

Further, since C̀ +
p,q ' C̀ +

q,p, then

Spin(p, q) ' Spin(q, p).

In contrast to this, the groups Pin(p, q) and Pin(q, p) are non-
isomorphic.

So, in our case the Clifford-Lipschitz group, corresponding the de
Sitter space R4,1, has the form

Γ4,1 =
{
s ∈ C̀ +

4,1 ∪ C̀
−
4,1 | ∀x ∈ R4,1, sxs−1 ∈ R4,1

}
.

The special Clifford-Lipschitz group for R4,1 is defined as

Γ+
4,1 = Γ4,1 ∩ C̀ +

4,1,

at this point there is an isomorphism C̀ +
4,1 ' C̀ 1,3, that is, the subal-

gebra C̀ +
4,1 of all even elements of the algebra C̀ 4,1 is isomorphic to the

spacetime algebra C̀ 1,3. Further,

Pin(4, 1)={s ∈ Γ4,1|N(s) = ±1},
Spin(4, 1)={s ∈ Γ+

4,1|N(s) = ±1},

at this point, in virtue of C̀ +
4,1 ' C̀ 1,3, we have

Spin(4, 1) ' Pin(1, 3). (20)

The group Pin(4, 1) is an universal covering of the de Sitter group
O(4, 1):

O(4, 1) ' Pin(4, 1)/Z2.

From (20) it follows that a rotation group SO(4, 1) ' Spin(4, 1)/Z2

of the space R4,1 is isomorphic to the general Lorentz group O(1, 3) '
Pin(1, 3)/Z2. Defining the general Lorentz group as a semidirect product
O(1, 3) = O+(1, 3)� {1, P, T, PT}, where O+(1, 3) ' Spin+(1, 3)/Z2 '
SL(2,C) is a connected component of the Lorentz group, we can ex-
press the universal covering Pin(4, 1) via the Shirokov-Da̧browski PT -
structures [14, 5] or via more general CPT -structures [18, 19].
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The relation between the Dirac algebra C4 ' C̀ 4,1, Dirac group
G(4, 1), Clifford-Lipschitz groups Γ4,1 and Γ+

4,1, universal coverings
Pin(4, 1) and Spin(4, 1), de Sitter O(4, 1) and Lorentz O(1, 3) groups,
can be represented by the following scheme:

C4 ' C̀ 4,1 Γ4,1 Pin(4, 1) O(4, 1)

G(4, 1) Γ+
4,1 Spin(4, 1) SO(4, 1)

Pin(1, 3) O(1, 3)

u

u

w

u

w w

w

u

w

u

u

w

Analogous schemes can be defined for the real subalgebras (correspond-
ingly, finite groups) C̀ p,q ↔ G(p, q) of the Dirac algebra (group)
C4 ↔ G(4, 1), p+ q = 4.

4 The CPT -group in the Minkowski spacetime

Within the Clifford algebra Cn there exist eight automorphisms [9, 18]
(including an identical automorphism Id). We list these transformations
and their spinor representations:

A −→ A?, A? = WAW−1,

A −→ Ã, Ã = EATE−1,

A −→ Ã?, Ã? = CATC−1, C = EW,

A −→ A, A = ΠA∗Π−1,

A −→ A?, A? = KA∗K−1, K = ΠW,

A −→ Ã, Ã = S
(
AT

)∗
S−1, S = ΠE,

A −→ Ã?, Ã? = F (A∗)T F−1, F = ΠC.

It is easy to verify that an automorphism set {Id, ?, ˜ , ?̃, , ?, ˜ , ?̃} of
Cn forms a finite group of order 8. Let us give a physical interpretation
of this group.

Let Cn be a Clifford algebra over the field F = C and let
Ext(Cn) = {Id, ?, ˜ , ?̃, , ?, ˜ , ?̃} be an extended automorphism
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group of the algebra Cn. Then there is an isomorphism between
Ext(Cn) and a CPT–group of the discrete transformations, Ext(Cn) '
{1, P, T, PT, C, CP, CT, CPT} ' Z2 ⊗ Z2 ⊗ Z2. In this case, space
inversion P , time reversal T , full reflection PT , charge conjugation C,
transformations CP , CT and the full CPT–transformation correspond
to the automorphism A → A?, antiautomorphisms A → Ã, A → Ã?,
pseudoautomorphisms A → A, A → A?, pseudoantiautomorphisms
A → Ã and A → Ã?, respectively.

The group {1, P, T, PT, C, CP, CT, CPT} at the conditions P 2 =
T 2 = (PT )2 = C2 = (CP )2 = (CT )2 = (CPT )2 = 1 and commutativity
of all the elements forms an Abelian group of order 8, which is isomorphic
to a cyclic group Z2 ⊗ Z2 ⊗ Z2. The multiplication table of this group
has a form

1 P T PT C CP CT CPT

1 1 P T PT C CP CT CPT

P P 1 PT T CP C CPT CT

T T PT 1 P CT CPT C CP

PT PT T P 1 CPT CT CP C

C C CP CT CPT 1 P T PT

CP CP C CPT CT P 1 PT T

CT CT CPT C CP T PT 1 P

CPT CPT CT CP C PT T P 1

.

In turn, for the extended automorphism group {Id, ?, ˜ , ?̃, , ?, ˜ , ?̃}
in virtue of commutativity (̃A?) =

(
Ã

)?

, (A?) =
(
A

)?
,

(
Ã

)
=

(̃
A

)
,(

Ã?
)

=
(̃
A

)?
and an involution property ?? = ˜ ˜ = = Id we

have a following multiplication table
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Id ? ˜ ?̃ ? ˜ ?̃

Id Id ? ˜ ?̃ ? ˜ ?̃

? ? Id ?̃ ˜ ? ?̃ ˜˜ ˜ ? Id ? ˜ ?̃ ?

?̃ ?̃ ˜ ? Id ?̃ ˜ ?

? ˜ ?̃ Id ? ˜ ?̃

? ? ?̃ ˜ ? Id ?̃ ˜˜ ˜ ?̃ ? ˜ ?̃ Id ?

?̃ ?̃ ˜ ? ?̃ ˜ ? Id

.

The identity of multiplication tables proves the group isomorphism

{1, P, T, PT, C, CP, CT, CPT} '

{Id, ?, ˜ , ?̃, , ?, ˜ , ?̃} ' Z2 ⊗ Z2 ⊗ Z2.

It has been recently shown [18] that there exist 64 universal coverings of
the orthogonal group O(p, q):

Pina,b,c,d,e,f,g(p, q) '
(Spin+(p, q)� Ca,b,c,d,e,f,g)

Z2
,

where

Ca,b,c,d,e,f,g = {±1, ±P, ±T, ±PT, ±C, ±CP, ±CT, ±CPT}

is a full CPT -group. Ca,b,c,d,e,f,g is a finite group of order 16 (a complete
classification of these groups is given in [18]). At this point, the group

Ext(C̀ p,q) =
Ca,b,c,d,e,f,g

Z2

we will call also as a generating group.
Let us define a CPT -group for the Dirac field in R1,3 (Minkowski

spacetime). As is known, the famous Dirac equation in the γ–basis
looks like (

iγ0
∂

∂x0
+ iγ

∂

∂x
−m

)
ψ(x0,x) = 0. (21)
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The invariance of the Dirac equation with respect to P–, T–, and C–
transformations leads to the following representation (see, for example,
[1] and also many other textbooks on quantum field theory):

P ∼ γ0, T ∼ γ1γ3, C ∼ γ2γ0. (22)

Thus, we can form a finite group of order 8

{1, P, T, PT, C, CP, CT, CPT} ∼
∼ {1, γ0, γ1γ3, γ0γ1γ3, γ2γ0, γ2, γ2γ0γ1γ3, γ2γ1γ3} . (23)

The latter group should be understood as a generating group for the
CPT group of the Dirac field in R1,3. It is easy to verify that a multi-
plication table of this group has a form

1 γ0 γ13 γ013 γ20 γ2 γ2013 γ213

1 1 γ0 γ13 γ013 γ2 γ2 γ2013 γ213

γ0 γ0 1 γ013 γ13 −γ2 −γ20 −γ213 −γ2013

γ13 γ13 γ013 −1 −γ0 γ2013 γ213 −γ20 −γ2

γ013 γ013 γ13 −γ0 −1 −γ213 −γ2013 γ2 γ20

γ20 γ20 γ2 γ2013 γ213 1 γ0 γ13 γ013

γ2 γ2 γ20 γ213 γ2013 −γ0 −1 −γ013 −γ13

γ2013 γ2013 γ213 −γ20 γ2 γ13 γ013 −1 −γ0

γ213 γ213 γ2013 −γ2 −γ20 −γ013 −γ13 γ0 1

.

Hence it follows that the group (23) is a non–Abelian finite group of

the order structure (3,4). In more details, it is the group
∗
Z4 ⊗ Z2 with

the signature (+,−,−,+,−,−,+).

Therefore, the CPT -group in R1,3 is

C+,−,−,+,−,−,+ '
∗
Z4 ⊗ Z2 ⊗ Z2.
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C+,−,−,+,−,−,+ is a subgroup of the spacetime group G(1, 3). The uni-
versal covering of the general Lorentz group is defined as

Pin+,−,−,+,−,−,+(1, 3)'
(Spin+(1, 3)�

∗
Z4 ⊗ Z2 ⊗ Z2)

Z2
,

' (SL(2,C)�
∗
Z4 ⊗ Z2 ⊗ Z2)
Z2

.

Instead of approximate equalities (22) we can take exact equalities of the
two types considered recently by Socolovsky [15]: P = iγ0, T = iγ13,
C = γ02 and P = iγ0, T = γ13, C = iγ02. It is easy to verify that the
equalities of the second type lead to the group C+,−,−,+,−,−,+.

Let us study an extended automorphism group of the spacetime al-
gebra C̀ 1,3. Using the matrices of the canonical basis (6), we define
elements of the group Ext(C̀ 1,3). First of all, the matrix of the automor-
phism A → A? has the form W = γ0γ1γ2γ3. Further, since

γT
0 = γ0, γT

1 = −γ1, γT
2 = −γ2, γT

3 = −γ3,

then in accordance with Ã = EATE−1 we have

γ0 = Eγ0E
−1, γ1 = −Eγ1E

−1, γ2 = Eγ2E
−1, γ3 = −Eγ3E

−1.

Hence it follows that E commutes with γ0, γ2 and anticommutes with
γ1, γ3, that is, E = γ1γ3. From the definition C = EW we find that the
matrix of the antiautomorphism A → Ã? has the form C = γ0γ2. The
canonical γ–basis contains both complex and real matrices:

γ∗0 = γ0, γ∗1 = γ1, γ∗2 = −γ2, γ∗3 = γ3.

Therefore, from A = ΠA∗Π−1 we have

γ0 = Πγ0Π−1, γ1 = Πγ1Π−1, γ2 = −Πγ2Π−1, γ3 = Πγ3Π−1.

From the latter relations we obtain Π = γ0γ1γ3. Further, in accordance
with K = ΠW for the matrix of the pseudoautomorphism A → A?

we have K = γ2. Finally, for the pseudoantiautomorphisms A → Ã,
A → Ã? from the definitions S = ΠE, F = ΠC it follows S = γ0,
F = γ1γ2γ3. Thus, we come to the following extended automorphism
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group:

Ext(C̀ 1,3) ' {I, W, E, C, Π, K, S, F} '
{I, ω = γ0γ1γ2γ3, γ1γ3, γ0γ2, γ0γ1γ3, γ2, γ0, γ1γ2γ3}. (24)

The multiplication table of this group has a form:

I ω γ13 γ02 γ013 γ2 γ0 γ123

I I ω γ13 γ02 γ013 γ2 γ0 γ123

ω ω −I γ02 −γ012 −γ2 γ013 −γ123 γ0

γ13 γ13 γ02 −I −ω −γ0 −γ123 γ013 γ2

γ02 γ02 −γ13 −ω I γ123 −γ0 −γ2 γ013

γ013 γ013 γ2 −γ0 −γ123 −I −ω γ13 γ02

γ2 γ2 −γ013 −γ123 γ0 ω −I −γ02 γ13

γ0 γ0 γ123 γ013 γ2 γ13 γ02 I ω

γ123 γ123 −γ0 γ2 −γ013 −γ02 γ13 −ω I

.

As follows from this table, the group Ext(C̀ 1,3) is non-Abelian. Ext(C̀ 1,3)
contains Abelian group of spacetime reflections Aut−(C̀ 1,3) ' Z4 as a

subgroup. More precisely, the group (24) is a finite group
∗
Z4 ⊗ Z2 with

the signature (−,−,+,−,−,+,+).
We see that the generating groups (23) and (24) are isomorphic:

{1, P, T, PT, C, CP, CT, CPT} ' {I, W, E, C, Π, K, S, F} '
∗
Z4 ⊗ Z2.

Moreover, the subgroups of spacetime reflections of these groups are also
isomorphic:

{1, P, T, PT} ' {I, W,E, C} ' Z4.

Thus, we come to the following result: the finite group (23), derived from
the analysis of invariance properties of the Dirac equation with respect
to discrete transformations C, P and T , is isomorphic to an extended
automorphism group of the Dirac algebra C4. This result allows us to
study discrete symmetries and their group structure for physical fields
of any spin (without handling to analysis of relativistic wave equations).
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5 The CPT -group in the de Sitter space

Let us define now a CPT -group of the Dirac field in R4,1. First of all,
using the spinbasis (15) we construct the generating group Ext(C̀ 4,1) =
{I,W,E,C,Π,K,S,F}. It is obvious that for the matrix of the automor-
phism A → A? we have W = γ12345. With the view to find a spinor
representation for the antiautomorphism A → Ã we see that

γT
1 = γ1, γT

2 = γ2, γT
3 = −γ3, γT

4 = −γ4, γT
5 = γ5.

From Ã = EATE−1 it follows

γ1 = Eγ1E
−1, γ2 = Eγ2E

−1, γ3 = −Eγ3E
−1,

γ4 = −Eγ4E
−1, γ5 = Eγ5E

−1.

Therefore, the matrix E of the transformation A → Ã commutes with γ1,
γ2, γ5 and anticommutes with γ3, γ4. It is easy to verify that E = γ34.
From C = EWT we obtain C = γ125 for the matrix of the antiautomor-
phism A → Ã?.

We see that in the spinbasis of C̀ 4,1 there are both complex and real
matrices:

γ∗1 = γ1, γ∗2 = γ2, γ∗3 = −γ3, γ∗4 = −γ4, γ∗5 = −γ5.

Therefore, from A = ΠA∗Π−1 it follows that

γ1 = Πγ1Π−1, γ2 = Πγ2Π−1, γ3 = −Πγ3Π−1,

γ4 = −Πγ4Π−1, γ5 = −Πγ5Π−1.

From the latter relations we find Π = γ123 for the pseudoautomorphism
A → A. Further, using the definitions K = ΠW, S = ΠE and F = ΠC we
have K = γ45, S = γ124 and F = γ35 for the transformations A → A?,
A → Ã and A → Ã?. Thus,

Ext(C̀ 4,1) = {I, ω = γ12345, γ34, γ125, γ123, γ45, γ124, γ35}.

The multiplication table of this group has the form
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I ω γ34 γ125 γ123 γ45 γ124 γ35

I I ω γ34 γ125 γ123 γ45 γ124 γ35

ω ω −I −γ125 γ34 −γ45 γ123 γ35 −γ124

γ34 γ34 −γ125 −I ω −γ124 γ35 γ123 −γ45

γ125 γ125 γ34 ω I γ35 γ124 γ45 −γ123

γ123 γ123 −γ45 γ124 −γ35 −I ω −γ34 γ125

γ45 γ45 γ123 −γ35 −γ124 ω I −γ125 γ34

γ124 γ124 γ35 −γ123 γ45 −γ34 γ125 −I −ω

γ35 γ35 −γ124 γ45 −γ123 −γ125 γ34 −ω I

.

From the table we see that

Ext(C̀ 4,1) '
∗
Z4 ⊗ Z2.

Therefore, an universal covering of the de Sitter group O(4, 1) is

Pin−,−,+,−,+,−,+(4, 1) '
(Spin+(4, 1)� C−,−,+,−,+,−,+)

Z2
,

where
C−,−,+,−,+,−,+ '

∗
Z4 ⊗ Z2 ⊗ Z2

is a full CPT group of the Dirac field in the space R4,1. In turn,
C−,−,+,−,+,−,+ is a subgroup of the Dirac group G(4, 1).
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