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ABSTRACT. We show that the necessary and sufficient condition for
erecting locally inertial coordinates at a point p of a U4-space, and the-
refore assuring the validity of the equivalence principle at that point,
is the vanishing at p of the symmetric part of the contortion tensor.
This fact does not demand a vanishing torsion, but only a totally an-
tisymmetric one. As an application, we derive the geodesic deviation
equation ; and prove the compatibility with the Newtonian limit.

PACS numbers : 04.20.Cv, 02.40.-k, 04.50+h

1 Introduction

The problem of the validity of the equivalence principle (EP) in gra-
vity theories with torsion and zero non-metricity [1], [2], has been discus-
sed by several authors [3], [4], [5]. The strategy of these authors consisted
in showing the existence of local basis or normal frames such that, with
respect to them, all components of the linear connection, which gives the
gravitational “force", vanish at a given point of the manifold (von der
Heyde, Hartley) or also in a neighborhood of the point (Iliev). The pur-
pose of the present article is to show that a particularly simple change
of coordinates, can also maintain the validity of the EP in the presence
of torsion, with the only restriction of this being totally antisymmetric.

This is allowed by the structure of the geodesic equation. Using the
fact that only the symmetric part of the connection intervenes in this
equation, in section 2 we show that a necessary and sufficient condition
for the vanishing of the first derivatives of the metric is the vanishing



74 M. Socolovsky

of the symmetric part of the contortion tensor, but not of the torsion
tensor itself, which is only required to be totally antisymmetric. Then,
in the transformed coordinates, the Levi-Civita part of the connection
also vanishes and the geodesic equation corresponds to a freely falling
system.

The geodesic deviation equation is an instrument to detect the pre-
sence of curvature and/or torsion in the manifold (spacetime). In parti-
cular, it is relevant for the studies of gravitational waves detection [6],
[7]. In section 3 we derive this equation in a Riemann-Cartan space
(Un-space) ; in particular, we specialize it for the case of a totally anti-
symmetric torsion and n=4.

Finally, in section 4, we show the compatibility between a totally
antisymmetric torsion and the Newtonian limit of the geodesic equation.

Section 5 is devoted to additional comments.

2 Equivalence principle

Let (Mn, g, Γ) be a Un-space i.e. a real differentiable manifold Mn

with metric g and connection Γ compatible with g, p ∈ Mn, and (U,ϕ =
(xµ)) a chart on Mn with p ∈ U and xµ(p) = 0, µ = 0, . . . , n − 1. Let
(U ′, ϕ′ = (x′µ)) be an intersecting chart with x′µ(p) = 0 and [8]

xµ = x′µ − 1
2
Γµ

(νρ)(p)x′νx′ρ, (1)

where (νρ) means symmetrization. The antisymmetric part of the
connection, Γµ

[νρ] = Tµ
νρ = −Tµ

ρν : torsion, does not contribute to the
above change of coordinates. (Units : [Γµ

νρ] = [Tµ
νρ] = [L]−1.)

The condition of metricity at p :

0 = gµν;λ(p) = gµν,λ(p)− Γρ
λµ(p)gνρ(p)− Γρ

λν(p)gµρ(p), (2)

which being a tensor also holds in U ∩ U ′, the tensor transformation
formula of gµν , and the diagonalization of gµν to ηµν at p, lead to the
equations :

g′µν(x′λ) = ηµν + (ηµρT
ρ
λν(p) + ηνρT

ρ
λµ(p))x′λ + O(x′µ2)

= ηµν +
∂

∂x′λ
g′µν(p)x′λ + O(x′µ2),

(3)
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and

(Γ′
LC)µ

νρ(p) =
1
2
ηµσ(∂′ν(g′ρσ)(p) + ∂′ρ(g

′
σν)(p)− ∂′σ(g′νρ)(p)). (4)

So,

Tµ
νρ(p) = 0 ⇒ ∂′λ(g′µν)(p) = 0

and then g′µν(x′λ) = ηµν + O(x′µ2) and (Γ′
LC)µ

νρ(p) = 0,
(5)

i.e. the vanishing of the torsion at p is a sufficient condition for having
a local inertial system at p.

However, the condition is not necessary : in fact,

ηµρT
ρ
λν(p) + ηνρT

ρ
λµ(p) = Tλνµ(p) + Tλµν(p) = 0 (6)

implies that Tµνρ is also antisymmetric in its second and third indices,
and then it is totally antisymmetric, since Tµνλ = −Tµλν = Tλµν =
−Tλνµ. Restricting to the cases n = 2, 3, 4, the number of possibly non
vanishing independent components of the torsion is, respectively, 0,1 and
4. In particular, for n = 4, a straightforward calculation leads to

T 0
12 = T 2

10 = T 1
02, T 0

13 = T 3
10 = T 1

03, T 0
23 = T 3

20 = T 2
03, T 1

23 = T 2
31 = T 3

12.
(7)

In each case, the number of independent but not necessarily zero com-
ponents of the torsion tensor, coincides with the number which results
from the mathematical -but not physically necessary- condition, that
geodesics of spinless particles defined as extremals of arc-length coincide
with “world-lines of particles" (parallel transported velocities) [2]. This
last fact can be seen as follows :

Parallel transported velocities are defined by the condition

d2xα

dλ2
+ Γα

(νµ)

dxν

dλ

dxµ

dλ
= 0 (8)

where only the symmetric part of Γµ
νρ contributes :

Γα
(νµ) = (ΓLC)α

νµ + Kα
(νµ) = (ΓLC)α

νµ − gαρ(Tλ
µρgλν + Tλ

νρgλµ)

= (ΓLC)α
νµ − (Tµ

α
ν + Tν

α
µ)

(9)

with gδγTα
βγgασ = gδγTβγσ = Tβ

δ
σ and Kα

νµ = Tα
νµ + Kα

(νµ) the contor-
tion tensor ; notice that the covariant form of the torsion tensor, Tβγδ,
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is antisymmetric in the first two indices : Tβγδ = −Tγβδ. With this defi-
nition of Tαβγ , the covariant form of the contortion tensor is

Kµνρ = gραKα
µν = Tµνρ − Tνρµ + Tρµν , (10)

which is antisymmetric in the last two indices i.e. Kµνρ = −Kµρν .
On the other hand, the equation of geodesics defined as extremals of

arc-length :

0 = δ

∫
ds = δ

∫
(gµνdxµdxν)

1
2 , (11)

turns out to be
d2xα

dλ2
+ (ΓLC)α

νµ

dxν

dλ

dxµ

dλ
= 0. (12)

Then, for the definitions (8) and (12) to coincide, T(µ
α

ν) must vanish
i.e. Tµ

α
ν = −Tν

α
µ ⇔ gαρTµρν = −gαρTνρµ ⇔ Tµσν = −Tνσµ i.e.

Tαβγ must be 1-3 antisymmetric ; but this implies that Tαβγ is also 2-3
antisymmetric : Tµσν = −Tνσµ = Tσνµ = −Tµνσ. Since, by definition,
Tµνρ is antisymmetric in the first two indices, it turns out that Tµνρ

is totally antisymmetric ; in n dimensions, its number of independent

components is
(

n
3

)
= n(n−1)(n−2)

6 ≡ N(n). In particular, N(4) = 4 and

as independent components we can choose T120, T230, T310 and T231.
The set of allowed non-vanishing components of the torsion tensor

still leads to “physical" (geometrical) effects. The non-closure of a paral-
lelogram with infinitesimal sides εµ and δν is measured by the vector

∆µ = 2Tµ
βαδβεα = Tµ

βα(δβεα − δαεβ). (13)

In particular, for n = 4, its components are :

∆0 = T 0
12(δ

1ε2 − δ2ε1) + T 0
13(δ

1ε3 − δ3ε1) + T 0
23(δ

2ε3 − δ3ε2),

∆1 = T 1
23(δ

2ε3 − δ3ε2) + T 1
02(δ

0ε2 − δ2ε0) + T 1
03(δ

0ε3 − δ3ε0),

∆2 = T 2
31(δ

3ε1 − δ1ε3) + T 2
10(δ

1ε0 − δ0ε1) + T 2
03(δ

0ε3 − δ3ε0),

∆3 = T 3
10(δ

1ε0 − δ0ε1) + T 3
20(δ

2ε0 − δ0ε2) + T 3
12(δ

1ε2 − δ2ε1), (14)

which can be distinct from zero. For example, in arbitrary units, let εα =
(1, 1, 2, 0) and δβ = (1, 2, 0, 0) ; then ∆µ = (4∆, 2∆,∆, T 3

10−2T 3
20+4T 3

12),
with ∆ = T 0

12.
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In summary, the necessary and sufficient condition for erecting a
locally inertial coordinate system at a point p in a U4-space, is that the
symmetric part of the contortion tensor vanish at p, i.e.

Kα
(µν)(p) = ηαρ(Tλ

ρµ(p)ηλν + Tλ
ρν(p)ηλµ) = 0. (15)

Therefore, the equivalence principle still holds in a U4-space (U4 =
(M4, g, Γ)) with Γ a metric connection with totally antisymmetric torsion
tensor.

3 Geodesic deviation
Once we allow for a totally antisymmetric torsion tensor, it is interes-

ting to see how it modifies the geodesic deviation equation (GDE) with
the aim, in principle, of measuring torsion during the free fall of nearby
objects [9]. The GDE is an equation which gives the relative accelera-
tion between nearby geodesics in terms of curvature (in a V n-theory), of
torsion (in a Tn-theory), or of curvature and torsion (in a Un-theory).

If xµ(s, t) is a family of geodesics with affine parameter t and indexed
by s, the GDE in a V n-space is [10]

Aµ
R = Rµ

λρσTλT ρSσ, (16)

where
Rρ

σµν = Γρ
[νσ,µ] + Γρ

[µλΓλ
ν]σ, ([Rρ

σµν ] = [L]−2), (17)

is the curvature tensor, Tλ and Sσ are respectively the tangent vector to
a geodesic s and the deviation vector of the same geodesic at an affine
parameter value t (T = ∂

∂t = ∂xµ

∂t ∂µ = Tµ∂µ, S = ∂
∂s = ∂xµ

∂s ∂µ), and Aµ
R

is the relative acceleration between two nearby geodesics :

AR = ∇T V = Aµ
R∂µ, ([Aµ

R] = [L]−1), (18)

with
V = ∇T S = V µ∂µ, V µ = T νSµ

;ν , ([V ρ] = [L]0), (19)

the relative velocity. When torsion is included, a long but straightforward
calculation leads to the GDE in a Un-space :

Aµ = Aµ
R + Aµ

T , (20)

with the torsion contribution given by

Aµ
T = 2Tλ(SσTµ

λσ);ρT ρ. (21)
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In particular, for a metric connection, the GDE is

Aµ
T = 2gµνTλ(SσTλσν);ρT

ρ. (22)

The restriction to n = 4 and to a totally antisymmetric torsion leads to
the result 

A0
T

A1
T

A2
T

A3
T

 = 2T ρ


g00g01g02g03

g01g11g12g13

g02g12g22g23

g03g13g23g33



Aρ

Bρ

Cρ

Dρ

 , (23)

with

Aρ = T [1(S2]T120);ρ + T [2(S3]T230);ρ + T [3(S1]T310);ρ,

Bρ = T [0(S3]T310);ρ + T [2(S0]T120);ρ + T [2(S3]T231);ρ,

Cρ = T [0(S1]T120);ρ + T [3(S0]T230);ρ + T [3(S1]T231);ρ,

Dρ = T [0(S2]T230);ρ + T [1(S0]T310);ρ + T [1(S2]T231);ρ. (24)

4 Newtonian limit

In this section we show that the Newtonian limit of the geodesic
equation requires the vanishing of the components T 0

01, T 0
02 and T 0

03 of
the torsion tensor ; this fact is compatible with the totally antisymmetric
torsion of section 2.

Consider a timelike geodesic with affine parameter the proper time
τ . For low particle velocities, |dxi

dτ | << | dt
dτ | and the equation becomes

d2xµ

dτ2
+ Γµ

00(
dt

dτ
)2 = 0 or ẍµ(t) + (ΓLC)µ

00 + Kµ
00 = 0 (25)

with
(ΓLC)µ

00 = −1
2
gµλ∂λg00 and Kµ

00 = 2gµλT σ
λ0gσ0. (26)

For small gravitational fields gµν = ηµν + hµν with |hµν | << 1, and for
static solutions gk0 = gk0 = 0 (to guarantee time-reversal invariance)
and ∂

∂thµν = 0. Then

(ΓLC)000 = −1
2
∂th00 = 0 and K0

00 = 2g0kT 0
k0g00 = 0 (27)
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while

(ΓLC)i
00 = ∂iφ with φ =

1
2
h00 and Ki

00 = 2(ηik − hik)T 0
k0. (28)

Then
d2~x

dt2
= −∇φ + H~T (29)

with

H =

 1 h12h13

h12 1 h23

h13h23 1

 and ~T =

T 0
10

T 0
20

T 0
30

 . (30)

i) If the three T 0
k0’s are of the same order of magnitude,

d2~x

dt2
= −∇φ + 2I ~T (31)

(I the identity matrix) and then ~T = ~0.
ii) If one does not assume i) but nevertheless imposes the Newtonian

limit, then
H~T = 0 (32)

which implies, for a non-vanishing ~T , det(H) = 1 + O(hµν
2) = 0, which

is impossible ; therefore one has ~T = 0 again.
In summary, the validity of the Newtonian limit implies

T 0
k0 = 0, k = 1, 2, 3 (33)

which is compatible with a totally antisymmetric Tµνσ. The Poisson
equation for φ is consistent with these values of the T 0

k0’s [11].

5 Final comments

Upper bounds for the absolute values of components of the Cartan
torsion tensor, in particular for its totally antisymmetric part (axial com-
ponents), have been reported in [12], where experimental searches for
Lorentz violation in the solar system were interpreted entirely in terms
of the presence of torsion. For the axial components minimally coupled
to fermions, the obtained values are extremely small, of the order of
10−15 m−1 ' 10−31 Gev. However, these limits apply only to theories
in which torsion propagates in vacuum (in the analysis a constant back-
ground torsion field is assumed in the solar system), and not to theories



80 M. Socolovsky

in which torsion vanishes outside its spin sources, like Cartan U4 torsion
theory, references [1] and [2].

A similar result as ours concerning the validity of the equivalence
principle in the presence of a totally antisymmetric torsion has been
recently obtained in [13] ; a more deep investigation on this tensor can
be found in [14] by the same author.
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