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RÉSUMÉ. Résolvant en ondes planes l’équation de Dirac pour un neu-
trino muonique, nous rendons compte de la vitesse mesurée de ces
neutrinos. La vitesse mesurée permet d’obtenir la masse propre des
neutrinos muoniques.

ABSTRACT. Resolving with plane waves the Dirac equation for
muonic neutrinos we account for the measured velocity of these neut-
rinos. The measured velocity allows to get the proper mass of muonic
neutrinos.

A recent experiment [1] found for the velocity v of muonic neutrinos
from CERN to Gran Sasso a little more than the light speed :

ε =
v − c

c
= [2.48± 0.28(stat)± 0.30(sys.)]× 10−5 (1)

And the dispersion of velocities as a function of the energy is weak. This
does not allow to rely the measurement to tachyonic physics. The aim
of this paper is to see how the measured velocity is consistent with both
relativistic quantum mechanics and a rotating Earth. 1

As neutrinos are neutral spin 1/2 particles, they follow a Dirac equa-
tion without charge term. The Dirac wave is made of two Weyl spinors
and may be reduced to only one of these spinors if the proper mass is
null. The standard model uses a null mass for neutrinos or antineutri-
nos, but countings of solar neutrinos and other experiments of neutrinic
oscillations imply a not null proper mass. We suppose then here a wave

1Authors of this paper recognize now an error and think their experimental results
as compatible with the light velocity. But this changes nothing to the Dirac equation
and to the beginning of our computation.
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with two Weyl spinors and a mass term. ψ is the matrix column of the
wave, ξ and η are the Weyl spinors

ψ =
(
ξ
η

)
; ξ =

(
ξ1
ξ2

)
; η =

(
η1
η2

)
, (2)

We use here, as in [2], the matrix algebra generated by the Pauli matrices.
This algebra is called Cl3, because it is (isomorphic to) the Clifford
algebra of the physical space. We note Cl∗3 the subset of all invertible
elements in this Pauli algebra, that is the set of the 2×2 complex matrices
M such as det(M) 6= 0. We use

φ =
√

2
(
ξ1 −η∗2
ξ2 η∗1

)
; φ̂ =

√
2

(
η1 −ξ∗2
η2 ξ∗1

)
. (3)

φ and φ̂ have their values in the Pauli algebra and are invertible if

det(φ) 6= 0 (4)

In this frame the Dirac equation reads [2][3]

0 = ∇φ̂+mφσ12 ; m =
m0c

~
; σ12 = σ1σ2 = iσ3

∇ = σµ∂µ ; ∂µ =
∂

∂xµ
; σ0 = σ0 = 1 ; σj = −σj (5)

where m0 is the tiny proper mass of a muonic neutrino2. To get the
form invariance of the Dirac equation it is necessary, in any formalism,
to consider D so defined :

D : x 7→ x′ = MxM† ; M ∈ Cl∗3
x = x0 + ~x ; x′ = x′

0 + ~x′ ; ~x = xjσj ; ~x′ = x′
j
σj (6)

2Here bφ denotes the conjugation P : M 7→ cM satisfying

M = s + ~v + i ~w + ip =

„
a1 −b∗2
a2 b∗1

«
7→

cM = s− ~v + i ~w − ip =

„
b1 −a∗2
b2 a∗1

«
,

where s is a real scalar, ~v = vjσj is a vector, i ~w = iwjσj is a pseudo-vector, ip with
p ∈ R is a pseudo-scalar, and b∗ is the complex conjugate of b.
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If det(M) = 1 it is well known that D is a Lorentz rotation conserving
space and time orientation. We need also the identity

det(M) = MM = MM ; M = M̂† (7)

which gives if det(M) = 1 : M−1 = M . We have also

∇ = M∇′M̂ ; ∇′ = σµ∂′µ ; ∂′µ =
∂

∂x′µ
. (8)

We get indeed

0 = ∇φ̂+mφσ12 = M∇′M̂φ̂+mφσ12

= M [∇′(M̂φ) +m(MM)−1(Mφ)σ12]. (9)

So with
φ′ = Mφ (10)

(9) becomes

0 = ∇φ̂+mφσ12 = M [∇′φ̂′ +mφ′σ12]. (11)

This implies the form invariance of the wave equation (5).
The Dirac equation is not form invariant under the uniform rotation

move obtained with a not fixed M which is a function of the time. We
get

∇φ̂ = M [∇′φ̂′ − (∇′M̂)M̂−1φ̂′]. (12)

The CERN experiment measures the velocity of muonic neutrinos in the
frame of the Earth which is not Galilean, because the Earth rotates with
one turn in a sidereal day (86164.09s). We take the rotation axis as the
third direction and we get

M = eax0iσ3 = eiactσ3 ; x′ = MxM†

x′
0 = x0 ; x′

3 = x3 ; x′
1 + ix′

2 = e−2iact(x1 + ix2) (13)

As e−2iact = 1 = e−2iπ with t = 86164.09s we get

a =
π

86164.09cs
. (14)

We cut out the ′ to simplify notations. We search a plane wave solution
of

0 = ∇φ̂− (∇M̂)M̂−1φ̂+mφσ12. (15)
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As the velocity of neutrinos is nearly orthogonal to the axis of the Earth
we seek a solution verifying

φ = φ0e
−ϕσ12 ; ϕ = mvµx

µ ; v = vµσ
µ = v0 + v1σ

1 (16)

where φ0 is a fixed invertible term. And we get

∇M̂ = ∂0(eiax0σ3) = iaσ3e
iax0σ3

(∇M̂)M̂−1 = iaσ3 (17)

Wave equation (15) gives

0 = (σµ∂µ)(φ̂0e
−ϕσ12)− iaσ3φ̂0e

−ϕσ12 +mφ0e
−ϕσ12σ12

= [(σµ∂µϕ)φ̂0(−σ12)− iaσ3φ̂0 +mφ0σ12]e−ϕσ12 . (18)

We get
0 = (σ0∂0 + σ1∂1)ϕφ̂0 + aσ3φ̂0σ3 −mφ0 (19)

But we have :

(σ0∂0 + σ1∂1)ϕ = m(v0 + v1σ
1) = mv (20)

The wave equation is reduced to

0 = mvφ̂0 + aσ3φ̂0σ3 −mφ0

φ0 = vφ̂0 +
a

m
σ3φ̂0σ3. (21)

Conjugating we get
φ̂0 = v̂φ0 +

a

m
σ3φ0σ3. (22)

This gives together

φ0 = v[(v̂φ0 +
a

m
σ3φ0σ3)] +

a

m
σ3[(v̂φ0 +

a

m
σ3φ0σ3)]σ3

φ0 = vv̂φ0 +
a

m
vσ3φ0σ3 +

a

m
σ3v̂φ0σ3 +

a2

m2
φ0

(1− vv̂ − a2

m2
)φ0 =

a

m
(vσ3 + σ3v̂)φ0σ3. (23)

We use now

vσ3 + σ3v̂ = (v0 − v1σ1)σ3 + σ3(v0 + v1σ1)
= 2(v0σ3 + iv1σ2) (24)
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which gives

(1− vv̂ − a2

m2
)φ0 =

2a
m

(v0σ3 + iv1σ2)φ0σ3

(1− vv̂ − a2

m2
)2φ0 =

2a
m

(v0σ3 + iv1σ2)(1− vv̂ − a2

m2
)φ0σ3

=
2a
m

(v0σ3 + iv1σ2)
2a
m

(v0σ3 + iv1σ2)φ0σ
2
3

=
4a2

m2
(v2

0 − v2
1)φ0

=
4a2

m2
vv̂φ0. (25)

And as φ0 is invertible we get

(1− vv̂ − a2

m2
)2 =

4a2

m2
vv̂

1 + (vv̂)2 +
a4

m4
− 2vv̂ − 2

a2

m2
+ 2

a2

m2
vv̂ = 4

a2

m2
vv̂

1 + (vv̂)2 +
a4

m4
− 2vv̂ + 2

a2

m2
− 2

a2

m2
vv̂ = 4

a2

m2

(1− vv̂ +
a2

m2
)2 =

(2a
m

)2

1− vv̂ +
a2

m2
= ±2a

m
(26)

This gives

1∓ 2a
m

+
a2

m2
= vv̂ = v · v (27)

Two signs are possible corresponding to the possibility of velocities ad-
ding or subtracting. The + sign is required for the CERN experiment
where neutrinos travel in the direction of the rotating Earth. We then
get

‖ v ‖= 1 +
a

m
. (28)

This must be compared to the usual result ‖ v ‖= 1 obtained when we
calculate plane waves without rotation move. This gives with (16)

‖ mv ‖=‖ m0c

~
v ‖= m0c

~
(1 +

a

m
). (29)
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The limit speed c which is the light speed if the proper mass of the
photon is null or negligible is replaced by

c′ = c(1 +
a

m
). (30)

And we get

mv =
m0c

′

~
v′ ; ‖ v′ ‖= 1 (31)

It is the reduced speed v′ which has properties of the usual v reduced
speed, for instance with the usual v speed :

v′0 =
1√

1− v2

c′2

; v′j =
vj
c′√

1− v2

c′2

(32)

As the energy of the muonic neutrinos is very high, v ≈ c′. If the proper
mass of electronic or tauic neutrinos is different, the limit speed of these
neutrinos may be different.

This interpretation of experimental results [1] is easy to check : if the
same experiment is made with the velocity of muonic neutrinos in the
inverse direction of rotation of the Earth, we will get a velocity lower
than the light speed.

The measured value of the velocity of muonic neutrinos is linked to
the proper mass of these particles. Therefore it allows to calculate this
proper mass.

ε =
a

m
=

a~
m0c

(33)

which gives

m0 =
a~
εc
≈ 1.715× 10−51kg (34)

Uncertainties on m0 come firstly from uncertainties (1) on the experi-
mental value ε. It should be also useful to account for the fact that CERN
and Gran Sasso have not the same latitude. 3

Proper mass of the muonic neutrino appears very small, even com-
pared with the electronic proper mass. In the case of the electron, it is

3This calculated mass is too little if the experimental result is false. It is possible
that only electronic neutrinos have a very small mass. The effect studied here does
not apply to neutrinos coming from stars, which are not concerned by the rotation
of the Earth, nor to photons because they follow a wave equation different from the
Dirac equation.



Velocity and proper mass of muonic neutrinos 133

useless to account for the rotating Earth : As the proper mass is much
greater a

m is negligible.
A such very little mass is compatible with the theory of the photon

as a compound of two neutrinic waves. This theory was developed by
Louis de Broglie [4] and enlarged by G. Lochak [5].
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