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ABSTRACT. Recently we have constructed the conformal gravity with
metric and torsion, finding the gravitational field equations that give
the conservation laws and trace condition; in the present paper we
apply this theory to the case of the Dirac matter field: we shall see that
in this case the trace condition becomes trivial, but further constraints
arise which will impose severe limitations on the dynamics of such a
system.

1 Introduction

That conformal gravity is important is due to a number of reasons: math-
ematically, its Lagrangian is unique as proven by Weyl, physically, its
renormalizability was it was proven by Stelle [1] and the fact it is ghost-
free was recently demonstrated by Bender and Mannheim [2], and phe-
nomenologically, it provides an explanation for dark matter as discussed
by Mannheim and collaborators in a series of papers [3, 4, 5]; gravita-
tional spontaneous conformal symmetry breaking has also been studied
[6, 7]. But a complete theory of gravity possesses beside the curvature
also the torsion tensor, arising as the gauge strengths of roto-translations
in the Poincaré gauge theory [8]; in this way the full coupling to both
energy and spin density tensors may be established [9]. Thus, metric
as well as torsion conformal transformations must be defined [10]. In a
recent paper, we have found a curvature with metric and torsion which
is conformally invariant in the (1 + 3)-dimensional spacetime, finding
the conformal metric-torsional theory by giving the system of gravita-
tional field equations and the corresponding conservation laws and trace
condition for spin and energy [11, 12].
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In this paper, we shall apply the above-mentioned theory of con-
formal gravity with curvature and torsion to the case of Dirac matter
fields: after a brief introduction of the geometrical background we intro-
duce the Dirac action; its variation will give the Dirac spin and energy
densities with matter field equations, with which we will check that both
conservation laws and trace condition are valid. Eventually we will dis-
cuss the way in which the background reflects the constraints arising for
the Dirac matter model.

2 Conformal Curvature and Derivative

In this paper we follow the notation of [11], and for matter as in [12].

In particular, the Riemann-Cartan metric-torsional geometry is
defined in terms of a metric g, and a metric-compatible connection
I'% . where metric and metric-compatible connection are taken to be in-
dependent: metric-compatibility means that by applying to the metric
tensor the covariant derivative associated to the connection the result
vanishes; on the other hand, in defining the covariant derivatives, the
two lower indices of a connection have two different roles, and thus the
connection is not symmetric in these two indices and its antisymmetric
part in those two indices is a tensor that does not vanish, known as
Cartan torsion tensor (,,n decomposable according to the expression
given by

]_'\apa = %gae[QpaO + Qap@ + era + (8;79(10 + aozng - aegpa)] (]-)

showing that because of Cartan torsion the metric and the metric-
compatible connections are independent indeed. An equivalent formal-
ism can be introduced, in which we consider the constant Minkowskian
metric 7;; and a basis of vierbein e?, such that we have the relation-
ship ePeln,i = gaw together with the spin-connection WP ., and vierbein
and spin-connection are again taken to be independent: then we have
the correspondent metric-compatibilities for which by applying to the
Minkowskian metric and the vierbein the covariant derivative associated

to the spin-connection the results vanish; respectively we have the an-

tisymmetry of the spin-connection w” = —w"’  with spin-connection
and metric-compatible connection related by the following formula
w', = e (L9, el + DaeF) (2)

showing that the vierbein and the spin-connection are independent. The
former formalism indicated with Latin letters and the latter formalism
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indicated with Greek letters are respectively denoted as spacetime form-
alism and world formalism, and they are equivalent; in these equivalent
formalisms the independence between metric and connection is equi-
valent to the independence between vierbein and spin-connection. Al-
though equivalent, these two formalisms differ for the fact that, while in
spacetime formalism the transformations are the most general, in world
formalism they are given in terms of Lorentz structure, which can be
made explicit and thus written in terms of other representations: one
particularly interesting is the complex one, which is achieved by in-
troducing the complex -, matrices verifying {~vq,vs} = 2In. known
as the Clifford algebra, from which it is further possible to define the
complex o, matrices defined to be given by oy, = i[’yag‘/b] such that
{’ymabc} = isabcd'y'yd as the complex generators of the complex rep-
resentation of the Lorentz algebra, called spinorial representation and
needed to define matter fields: the spinor-connection

Qp = %w”paij (3)
defines a spinorial covariant derivatives with respect to which we have the
constancy of the v, and therefore that of the matrices o, automatically.

Before proceeding, we have to define another fundamental quantity
given in terms of the connection or the spin-connection alone: Riemann
curvature is defined according to the following form

G

o = Gﬂwe;ei = (0,T%, — 9, 1%, +T%4,T¢, — 2, )ees, =

= Mwik’u - 8Vwik,u + wiauwaku - wiauwak,u (4)
and it is a tensor, antisymmetric in both the first and the second pair of

indices, as it can be checked in terms of (1-2). Also, we have that

GP«V = %G”/waij = %(aﬂwiku _aniku +wiauwaky _wial/waku)njko-ij =
=9,Q, — 9,9, + [, Q] ()

as it can be checked with (3). For a complete introduction of the general
geometric background without conformal structure we refer to [9], but
clearly now that the geometrical background is given, we have to proceed
so that conformal properties have to be assigned.

The conformal transformations for all fields are given in terms of a
unique function ¢ and from the definition In o = ¢, and the most general
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conformal transformation for torsion and the metric tensor is given by

Qapa - Qopa + q((sgaaqs - 5gap¢) (6)

o = 0°gap (7)

showing that the conformal transformation for torsion is actually a
conformal transformation of its trace vector Q, = Q%,, alone Q, —
Qo +3q0,¢ and then the conformal transformation for the metric-

compatible connection will follow from relationship (1); the conformal
transformation for the vierbein is thus

ea — oeq ®)

and conformal transformation for the spin-connection follows from (2):
finally because there is no conformal transformation for the constant
~, matrices the conformal transformation for the spinor-connection is
assigned automatically from (3) while for the spinor ¢ and the dual

spinor 1 =1T~q is given by
VoY b o2 9)
which is the usual Dirac spinor field conformal transformation.

As it was already mentioned, we have discussed elsewhere that from
the Riemann curvature with torsion it is not possible to extract its ir-
reducible part finding it conformally invariant because of the presence
of derivatives of torsion, but it is possible to introduce the modified
metric-torsional curvature tensor as

Mo = Capp + (52 (Q5Qapr — QaQspr) (10)
whose irreducible part given as usual by
Taﬁyu = MapBur — %(Ma[ugu]ﬁ - M,B[;Lgu]a) +
+%M(ga[ugu]ﬁ - gﬁ[ﬂgu]a) (11)

is conformally covariant in (1 4+ 3)-dimensional spacetimes. The com-
mutator of spinorial covariant derivatives is given by the following

D, D, = Q°,, Doth + Gyt (12)

and once the curvature is defined, and this is a geometric identity. It is
worth mentioning that the conformal transformation for torsion is not
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uniquely defined, and as Shapiro discussed in [10], there are two types
of conformal transformations for torsion that can reasonably be defined:
one is what he calls strong conformal transformation, given here by the
transformation above, which is certainly a conformal transformation,
since its effects are similar to those induced by the conformal trans-
formation of the metric in the connection, as it can be witnessed from
the fact that for the special value ¢=1 these contributions cancel each
other exactly in such a way that the connection turns out to be conform-
ally invariant; the other is what he calls weak conformal transformation,
where torsion does not transform in any way whatsoever, and it is jus-
tified with the argument that torsion, being independent on the metric,
does not have conformal transformations, which are a metric concept.
The undetermined value of the constant g is introduced for generality,
and although the case ¢ =1 is clearly special, it has to be notice that
it is also trivial, since in this case the connection would be invariant,
thus Riemann curvature would be invariant, there will be no need to
define any irreducible curvature such as Weyl tensor and the theory will
never recover the Weyl gravity in the torsionless limit; the value ¢ =0
is also special, since that would make the strong conformal transform-
ation reduce to the weak conformal transformation for torsion, but as
(10) shows here we cannot assume such a value, so that these two cases
will have to be addressed in two independent situations. As we will not
study a trivial case, and since the weak conformal case will be studied
in a separate paper, here we will assume ¢ to have none of these values,
and in fact no definite value. A general value of ¢ can be though as the
fact that the conformal transformation for torsion and that induced by
the conformal transformation of the metric in the connection are still
structurally similar, although with a different weight: here we can think
at ¢ as a conformal charge, much in the same way in which in the gauge
theory of electrodynamics we think at the electric charge. With these
comments we intend to clarify that such a strong conformal transform-
ation for torsion is a reasonable option, though not the most reasonable
one, and let alone the only one that is conceivable. But because this is
nevertheless a reasonable choice, we will proceed to investigate some of
its consequences in the following.

3 Conformal Gravity and Matter: Dirac Fields

Now that the background has been settled, we have to implement the
dynamics, and we will follow again what we have done in [11].
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To begin, we notice that as (11) is a conformal tensor, we employ
it to work out all possible invariants: because it is irreducible then we
will have to take the product of two of them contracting indices of one
another; and because of its antisymmetry in both the first and second
couple of indices then we will have that the independent invariants are
Taﬁ‘“’Tamw, T“B“”Tumg, T"‘ﬁ’“’TaMﬁu so that it will be in terms of
the parameters A, B, C' that the most general invariant is given by
AT“BWTQBW + BT"‘W”TNV&B + C’Taﬁ””ng,, as a straightforward ana-
lysis may show. Therefore it is useful to define the parametric quantity

Paﬁ,uu:ATaﬂ;Lu+BTuuaﬁ+%(Ta;Lﬂu_Tﬂuau+Tﬂuau_ ayﬂu) (13)

in terms of the parameters A, B, C, antisymmetric in both the first and
second couple of indices, irreducible and conformally covariant: in terms
of this parametric conformal tensor P,g,, the most general invariant we
wrote above reduces to the form given by TO‘B‘“’PaﬁW and so the most
general action is

S = f[kTaﬁlWPaﬁﬂu + Lmatter] V |g|dV (14)

with constant & and complemented by the material lagrangian, and
where it is over the volume of the spacetime that the integral is taken. By
varying this action with respect to metric and connection or equivalently
vierbein and spin-connection one obtains the field equations

2k[P«90paTang _ igaHPQUpBTGUpB + PuaapMUp +
+(13;qq>(Du<2PMpaqu - guaPVGpaera + gHVPQQPUQGpU) +
£Qu2PHOTQ, — g PYITQy,, — PRPTQ )] = 1Tk (15)
4k[Dppaﬁup 4 Qppaﬁup _ %Qﬂpepaﬁpe _
,(%)(Qppp[aﬂ]u _ %deegu[apﬁ]ape)] — Quap (16)

in terms of the parameter ¢ and the constant & and where T*” and
SPEY are the energy and spin densities of the matter conformal field;
as Einstein equations are generalized by Sciama-Kibble equations, sim-
ilarly Weyl equations are generalized by this system of equations, with
the difference that Einstein equations tell how energy is the source of
curvature while Sciama-Kibble equations tell how spin is the source of
torsion whereas now both Weyl equations and this new set of equations
tell how energy and spin are the source of an intertwined combination
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of both curvature and torsion. We will see that this fact will prove to be
dramatic when coupling matter, at least in some of its forms.

Finally by taking into account the Jacobi-Bianchi identities in their
fully contracted form we have that the field equations (15-16) are con-
verted into the conservation laws that are given in terms of the following

DT+ + QT+ — T,aQ7M* + Sp,, G7HPP = 0 (17)
D,SPH 4 Q,SPH + %T[IW] =0 (18)

with trace condition as another conservation law
(1= a)(DuS, "™ +QuS,"") + 5T,* =0 (19)

and the whole set of conservation laws have to be satisfied once the
matter conformal field equations are eventually given: it is important
to notice that the general conservation laws (17-18) are now accompan-
ied by an additional conservation law for the trace (19) because general
coordinate transformations are now accompanied by general conformal
transformations; it is also important to remark that as the energy is not
symmetric because its antisymmetric part is related to the spin tensor
through (18) analogously the energy is not traceless because its trace
is related to the spin trace vector through (19), and because the con-
strain constituted by the trace condition (19) is a conservation law then
this constraint is dynamically implemented within the model. Again, in
the following we will see that these dynamical properties of the trace
condition will collapse when matter fields are coupled in a specific way.

So to introduce matter fields, our choice will be that of picking the
simplest but also the most important of all matter fields that are known,
that is the massless Dirac field, which is already conformally invariant,
with Dirac action

S = [[Lgraviey + 5 (7" Dyptp — DyyPi))][e]dV (20)

where it is over the volume of spacetime that the integral is taken. By
varying (20) we get the completely antisymmetric irreducible spin and
traceless energy densities given by the usual expressions as

Suaﬂ = %‘%J&ﬂpﬁj')’pﬁyw (21)
T;,Loz = %(’J}’YMDQ'(/J - Da’&')’p«w) (22)
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along with the massless matter field equations
i’Y“D;ﬂ/) + %Qu'}'#d} =0 (23)

as a simple calculation would show, and as it is widely known.

As it is now possible to see, conservation laws (17-18) and (19) are
in fact satisfied by the spin and energy densities (21-22) so soon as the
conformal matter field equations (23) are accounted; when a geometrical
background is conformally invariant there is the loss of one degree of free-
dom realized by the introduction of the trace condition as constraint: for
the Dirac field the complete antisymmetry of its spin implies its trace-
lessness, so that as we already mentioned the conservation law for the
trace reduces to be non-dynamical any longer, which might have been
regarded as a problem if it were not for the fact that its masslessness
implied also the energy to be traceless, so that such constraint became
trivial, and no problem is faced. Since Dirac fields in massless config-
uration are already conformally invariant, that the conservation law for
the trace provides no additional information is to be expected.

However, things will not be so straightforward for the effects of the
complete antisymmetry of the spin on the structure of the field equations,
and to see that we write the entire set of field equations, which then reads

4k[Dppaﬁup + Qppaﬁup _ %Qﬂpepaﬂpf? _ (%)(Qppp[aﬁ}u)] =

= 3PPy, v (24)
2k[P9"P°‘T90p e igo‘“Pg"PﬂTgapﬁ + PHOYP M, 4
+(50) (DU (2PF Q) + Qu(2PPr Q, — PP7Qe, )] =
= {(Yy*DFep — Drpy1p) (25)
with the massless matter field equations
V" Dytp+ 5Quy" =0 (26)

after some simplification has been performed as a consequence of the
validity of the condition P**??(),,, = 0 coming from the irreducibility
of the spin density tensor and therefore of its field equation: however
the irreducibility of the spin density tensor is only a part of the more
stringent constraint coming from having a completely antisymmetric spin
density tensor and consequently only the completely antisymmetric form
of the field equations must be accounted, hence implying that all other
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decomposition of the spin field equations must give rise to strong restric-
tions. Nevertheless, as we have already mentioned, there is a difference
between the usual situation we had in Einstein gravitation and in this
Weyl gravitation: in Einstein gravity, the field equation for the spin
coupling to torsion was such that the complete antisymmetry of the spin
was immediately translated into the complete antisymmetry of torsion;
here in Weyl gravity, both field equations for the spin and energy couple
to both torsion and curvature in such a way that the complete anti-
symmetry of the spin is partly imposed on torsion and partly on the
curvature, so that there no longer is a completely antisymmetric tor-
sion and additionally there are additional constrictions on the curvature
tensor itself. What this will imply is that in the limit in which there is
no torsion, while the Einstein-type of gravity would reduce to the Ein-
stein gravity, the Weyl-type of gravity would reduce to the Weyl gravity
complemented by subsidiary conditions for the curvature tensor, which
are not necessarily verified in general instances, unless its solutions are
restricted.

To see that this is indeed the case, let us consider the fact that
we may decompose torsional contributions away from the torsionless
terms in all curvatures and derivatives: once this will be done, all
curvatures and derivatives will remain written in terms of the purely
metric curvature and derivatives given by the Weyl conformal tensor
Cliaop and the Levi-Civita derivative V, plus contributions due to tor-
sion decomposable in its three decompositions according to the form
Quoaoc = Thao +EpacpyWr + %(ngg — JuocQa) where T, is the non-
completely antisymmetric irreducible part and W< the axial vector dual
of the completely antisymmetric irreducible part of torsion; because the
conformal transformation law of torsion is entirely inherited by its trace
then its two irreducible parts are conformally covariant, which is an im-
portant fact to know because in a conformal theory it is possible to
require the vanishing of conformally covariant tensors alone. In the
case T}ns =0 torsion is written in terms of the vector parts alone and
Puao =(A+B+C)Cyyas that is the parametric tensor reduces to the
Weyl tensor, up to a constant, and all metric and torsional degrees of
freedom are split: in such a situation, the Dirac equation reduces to

YV yih — SWyytyh = 0 (27)

that is the form we would have had in Einstein-type of gravity although
in Weyl-type of gravity there no longer is the possibility to substitute
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torsion with the spin of spinors and there no longer are non-linear self-
interactions for spinors in the spinorial field equations. This is a very
important point, since in this theory even in presence of torsion we have
the linearity of the spinorial Dirac equation.

Further, when this decomposition is taken into account, we see that
it can only be compatible with the total vanishing of the spin density:
if in addition we take into account the condition W, =0 leaving torsion
written in terms of the vector trace alone, then the gravitational field
equations reduce to

2k(A+B+0)[CPrC,y, M — 197" CYPPChgpp + CHOP Ry, +
+522CHQuQ0 + 5. CHV Q0] =
= (WYOV ) + Py VO — VHpy ) — Vepytap) (28)
with matter field equations
YV =0 (29)

which turn out to be similar to the field equations one would have had
in the Weyl-type of gravity but with VpCO‘ﬁW’ — B—ZQPC‘XBW =0asa
constraint over the metric tensor that does not hold in general; also,
the vanishing of the spin requires the constraint 1) =ity =0 and so
single-handedness of the matter field, compatibly with the fact that it
has to verify a massless field equation, as neutrinos would. This shows
that the conditions on torsion cannot absorb all constraints, and some
still restrict metric, as well as matter, making clear that the present
torsional completion of the metric conformal gravity for matter fields
radically changes the dynamics of all fields involved.

4 Conclusion

In this paper, we have considered the conformal theory of gravity with
Dirac matter fields: we have discussed the fact that due to the com-
plete antisymmetry of the spin and the masslessness of the Dirac field
the conservation laws for the trace is trivial but some of the constraints
coming from the complete antisymmetry of the spin do not yield the com-
plete antisymmetry of torsion but they are transferred into constraints
for the metric; we have also seen that the non-linear self-interactions of
spinorial matter fields is absent. The fact that in conformal gravity the
conformally invariant gravitational field equations have a very different
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structure compared to the non-conformal case implies that even if the
spin and energy tensor and the matter field equations for the Dirac field
are the same we would have had in the non-conformal case, the overall
conformal dynamics of gravity with matter is radically different: even
if torsion were removed, there would remain strong constraints over the
metric, as well as over the structure of the matter field. This is quite an
interesting result, because it means that when the full coupling to both
torsion and metric is accounted in conformal gravity, even an apparently
natural conformal field such as the Dirac massless matter field is subject
to severe limitations.
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