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1: Aix Marseille Univ, CNRS, Centrale Marseille, Institut Fresnel, 13013
Marseille, France,

2: 96 Chemin de Palama 13013 Marseille, France.

In a previous paper one of us (P.P.) showed that the multitime gen-
eralization of the (two-fermion) Bohm-Hiley (BH) equation was not
Lorentz covariant. We described in another paper a way to cure this
problem which enabled us to generate another equation (the DP equa-
tion), close to Bohm-Hiley equation, which is well relativistically co-
variant. Here we propose a new approach to de Broglie’s fusion theory,
denoted spatio temporal (ST) coalescence which consists of identifying
the temporal and spatial coordinates of a pair of particles in a two-body
multitime equation of evolution. We remark here that the coalesced
BH and DP equations were already considered by de Broglie in his
theory. Moreover, we show that they are intimately related with each
other, together with a complementary, relativistically covariant equa-
tion (the complementary DP equation). These equations are in one to
one correspondence with the Maxwellian vectorial boson (photon) de-
rived by de Broglie in his fusion theory. We also study the connections
with a non-Maxwellian (but relativistic) pseudo-vectorial boson that is
connected to G. Lochak’s work on magnetic monopoles.

1 Introduction.

Integer spin particles play an essential role in quantum field theory, con-
sider e.g. the photon, in QED, as well as the Higgs-Brout-Englert, W
and Z bosons, in the standard model [1, 2]. L. de Broglie proposed in
his fusion model [3, 4, 5, 6, 7] to associate a relativistic wave equation to
the photon, that he built by “concatenating” the equations of two Dirac
fermions [8] by a method called the fusion method. Passing from the two
fermion equation to Maxwell equation was made possible thanks to the
de Broglie-Géhéniau transformation. This model, which is unfortunately
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nearly fogotten today, presented interesting features such as the possi-
bility to give a nonzero mass to the photon without breaking Lorentz
invariance.

There also exist several spin 0 particles which are composed of two
fermions such as mesons which consist of a quark-antiquark pair, while
α particles are made of four fermions, two neutrons and two protons. It
is thus interesting to study in detail the fusion process because it also
presents potential applications in several physically relevant situations.

In the present work we propose an alternative approach to the fusion
process of de Broglie, denoted here the single time (ST) coalescence pro-
cess. This work was in fine motivated by the recent work of one of us [9]
who studied a multitime and multiparticle generalization of the single
particle Dirac equation which reduces, when all particles are indepen-
dent, to a system of Dirac equations originally studied by Wentzel [10].
This multitime equation generalizes the single time Bohm-Hiley equation
[11] which is itself a multiparticle generalization of the (single particle)
Dirac equation. As is shown in [9], this multitime equation (from now
on denoted the BH equation) is not Lorentz invariant. We explained in
[12] the lack of relativistic invariance in terms of Lagrangian densities,
and proposed a new multitime Dirac equation which derives from an
invariant Lagrangian density, from now on denoted the DP equation. In
the present paper we shall in a first time systematize this technique in
order to generate several relativistic two-particles multitime Dirac equa-
tions. In a second time we shall relate these equations to the model of de
Broglie by applying the ST coalescence procedure to two-body multitime
equations (section 2).

As we shall show, this approach provides an alternative to de Broglie’s
fusion “recipy” and makes it possible to rederive the fundamental two-
fermion single time-single space equations considered by de Broglie in
his book Particules à spin (section 3). We also briefly recall here the es-
sential ingredients of de Broglie’s fusion theory, and show how Maxwell’s
equations are associated to the fusion of two fermions, when their mass
is equal to zero.

Finally (section 4) we reconsider the quasi-duality relation connect-
ing the DP and the complementary DP equation. This quasi-duality is
shown here to constitue a fundamental discrete symmetry of de Broglie’s
fusion theory. When the mass of the Dirac fermions is equal to zero, this
quasi-duality becomes an exact duality relation which is in one-to-one
correspondence with the duality relation invoked by G. Lochak in his
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theory of the magnetic monopole1. The ideas of George Lochak are seen
here to constitue a very natural, nearly “inconturnable”, extension of de
Broglie’s fusion theory, and it is our pleasure to develop these ideas in
the present issue, aimed at commemorating the life and work of George
Lochak.

2 ST Coalescence: an alternative to de Broglie’s fu-
sion recipe.

2.1 de Broglie fusion theory.

To begin with, let us consider two Dirac fermions of masses mA and mB .
If we consider them as independent, isolated particles, their evolution
obeys Dirac equation:

(11APA0 −−→α A ·
−→
P A −mAcα

A
0 )ΨA = 0, (1)

(11BPB0 −−→α B ·
−→
P B −mBcα

B
0 )ΨB = 0, (2)

where c · PA(B)
0 represents the operator i~ ∂

∂t acting on the A(B)

particle: P
A(B)
0 = i~c

∂
∂tA(B)

.

In the same vein2, P
A(B)
xi = ~

i
∂

∂x
A(B)
i

, i = 1, 2, 3, x1 = x, x2 = y, x3 =

z. The matrices αx, αy, αz and α0 are the Dirac 4 times 4 matrices.
These Dirac α matrices are here defined as follows[14]:

α0 =


1 0 0 0
0 1 0 0
0 0−1 0
0 0 0 −1

 , αx =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 (3)

αy =


0 0 0−i
0 0 i 0
0−i 0 0
i 0 0 0

 , αz =


0 0 1 0
0 0 0−1
1 0 0 0
0−1 0 0

 (4)

1The connection between Lochak’s pseudo-vectorial boson and magnetic
monopoles would deserve a full paper in its own; it has for instance been studied
in depth in reference [13].

2In what follows, the notation −→v is always associated to a vector in the 3D space
of cartesian components vx, vy , vz .
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Following the de Broglie, let us impose that

(1) both particles share the same spatiotemporal coordinates:

xi
A = xi

B = xi; i = 1, 2, 3, (5)

tA = tB = t. (6)

In other words the two fermions do not live in the configuration
space but they share the same “physical” spacetime; this also implies
that PAk = PBk = Pk.

(2) the two particles are linked to each other in such a way that they
share a same energy and a same momentum, through the constraints

ΨA
mPkΨ

B
l = ΨB

l PkΨ
A
m =

1

2
Pk(ΨA

mΨB
l ), (7)

∀m, l ∈ {1, 2, 3, 4},∀k ∈ {0, 1, 2, 3}

Making use of the aforementioned properties, and introducing a
16 components two fermions wave function ΨAB defined through
ΨAB
ij (t, x, y, z, t) = ΨA

i (t, x, y, z) · ΨB
j (t, x, y, z), it is easy to fuse the

single fermion Dirac equations of the isolated particles into two-fermion
equations which read

(11AP0 −−→α A ·
−→
P −mAcα

A
0 )⊗ 11BΨAB = 0, (8)

11A ⊗ (11BP0 −−→α B ·
−→
P −mBcα

B
0 )ΨAB = 0, (9)

de Broglie considered symmetric and anti-symmetric combinations of
these equations.

The symmetric combination constitutes a group of 16 equations, each
of them containing a temporal derivative of a particular component of
ΨAB :
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{(11AP0 −−→α A ·
−→
P −mAcα

A
0 )⊗ 11B +

11A ⊗ (11BP0 −−→α B ·
−→
P −mBcα

B
0 )}ΨAB = 0, (10)

This group was henceforth called by de Broglie the group of evolu-
tion equations.

The antisymmetric combination constitutes a groupe of 16 equations,
without any temporal derivative of any component of ΨAB :

{(−−→α A ·
−→
P −mAcα

A
0 )⊗ 11B − 11A ⊗ (−−→α B ·

−→
P −mBcα

B
0 )}ΨAB = 0.

(11)

This second group was henceforth called by de Broglie the group of
condition equations.

In his book Particules à spin, de Broglie also considered the symmet-
ric and antisymmetric groups of equations below:

{(11AP0 −−→α A ·
−→
P −mAcα

A
0 )⊗ αB0 +

αA0 ⊗ (11BP0 −−→α B ·
−→
P −mBcα

B
0 )}ΨAB = 0, (12)

{(11AP0 −−→α A ·
−→
P −mAcα

A
0 )⊗ αB0 −

αA0 ⊗ (11BP0 −−→α B ·
−→
P −mBcα

B
0 )}ΨAB = 0, (13)

about which he wrote that they are very important concerning light-
matter interaction; we shall come back to them very soon.

2.2 Interesting non-relativistic and relativistic multitime mul-
tispace two body equations.

The multitime generalisation of Bohm and Hiley’s multiparticle single
time equation reads [9]

{(11APA0 −−→α A ·
−→
P A −mAcα

A
0 )⊗ 11B

+11A ⊗ (11BPB0 −
−→
αB ·

−→
PB −mBcα

B
0 ) }ΨAB = 0, (14)
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where the matrices αx, αy, αz and α0 are the Dirac 4 times 4 matrices,

while c ·PA(B)
0 represents the operator i~ ∂

∂t acting on the A(B) particle

only: P
A(B)
0 = i~c

∂
∂tA(B)

; similarly, the operator
−→
P A represents the 3-

components operator ~−→∇
i acting on the A(B) particle only:

P
A(B)
xi = ~

i
∂

∂x
A(B)
i

, i = 1, 2, 3, x1 = x, x2 = y, x3 = z.

As we have shown [12], the equation (18) is not Lorentz invariant.
The reason therefore is that its solution extremizes an action built with
the non-relativistic Lagrangian density

LAB = Ψ†AB{(i~11A∂At −
~c
i

−→
αA ·

−→
5 −mAc

2αA0 )⊗ 11B

+11A ⊗ (i~11B∂Bt −
~c
i

−→
αB ·

−→
5 −mBc

2αB0 )}ΨAB . (15)

There is a simple way to cure the problem however which consists
[12] of replacing the non-relativistic Lagrangian density (15) by the rel-
ativistic, Lorentz covariant density

LAB = Ψ†AB{(i~11A∂At −
~c
i

−→
αA ·

−→
5 −mAc

2αA0 )⊗ αB0

+αA0 ⊗ (i~11B∂Bt −
~c
i

−→
αB ·

−→
5 −mBc

2αB0 )}ΨAB (16)

This is how we found the DP equation

{(11APA0 −−→α A ·
−→
P A −mAcα

A
0 )⊗ αB0 +

αA ⊗ (11BPB0 −
−→
αB ·

−→
PB −mBcα

B
0 )}ΨAB = 0, (17)

We could as well have introduced an anti-symmetric Lagrangian den-
sity of the form

LAB = Ψ†AB{(i~11A∂At −
~c
i

−→
αA ·

−→
5 −mAc

2αA0 )⊗ αB0

−αA0 ⊗ (i~11B∂Bt −
~c
i

−→
αB ·

−→
5 −mBc

2αB0 )}ΨAB (18)

which leads to the complementary DP equation
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{(11APA0 −−→α A ·
−→
P A −mAcα

A
0 )⊗ αB0

−αA ⊗ (11BPB0 −
−→
αB ·

−→
PB −mBcα

B
0 )}ΨAB = 0, (19)

which is well Lorentz covariant, as is the associated density (19).

2.3 ST Coalescence: passing from multitime multispace two
body equations to single time single space equations.

At this level, we remark that there exists an alternative recipe for con-
catenating the two fermions, which consists of “coalescing” the spatio-
temporal coordinates in the Lagrangians and equations derived in the
previous paragraph. This is nothing else that the ingredient (1) of de
Broglie’s fusion recipe already introduced before (5,6):

xi
A = xi

B = xi; i = 1, 2, 3, tA = tB = t = x0 and PAk = PBk = Pk.

Now, the second ingredient of ST coalescence consists of making use
of the first ingredient to reduce (coalesce) multitime and multispace two
fermion evolution equations of the type considered in the previous para-
graph. It is easy to check that applying this procedure to equations
(14,18,20) leads to the de Broglie equations (10,12,13).

The antisymmetric non-relativistic equation (11) is obtained in a
similar fashion by applying the ST coalescence procedure to the anti-
symmetric version of the Bohm-Hiley equation (14) which gives

{(11APA0 −−→α A ·
−→
P A −mAcα

A
0 )⊗ 11B

−11A ⊗ (11BPB0 −
−→
αB ·

−→
PB −mBcα

B
0 )}ΨAB = 0 =

{(−−→α A ·
−→
P A −mAcα

A
0 )⊗ 11B + 11A ⊗ (

−→
αB ·

−→
PB +mBcα

B
0 )}ΨAB

(20)

equivalent to (11) .

In summary, applying the ST coalescence procedure, we rederived a
pair of non-relativistic matricial equations (10,11) and a pair of relativis-
tic matricial equations (12,13). We realized in the meanwhile that these
systems had already been considered by de Broglie in his book Particules
à spin. Each of these matricial equations consists of a system of 4 times
4, 16, equations.
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The non-relativistic pair consists of a group of 16 non-relativistic
evolution equations associated to a group of 16 non-relativistic condi-
tion equations. In appendix we considered a simplified version of the
relativistic equations obtained by assuming that there is no dependence
of the wave function to x and y. We checked however that our analysis
is still valid if we restore the dependence to x and y, but the compu-
tations are too long to be reproduced here. As can be checked from
the appendix, each group of 16 relativistic equations consists of a group
of 8 evolution equations plus a group of 8 condition equations. Taken
together, and one by one, these 32 relativistic equations (80-111) to are
strictly equivalent to the 32 non-relativistic equations (48-79). Actually,
the evolution equations (48) to (63) can be split into two groups, each
of them containing 8 equations.

In the first group the mass terms only appear via the symmetric
combination mA + mB . The 8 equations of the first group also belongs
to the coalesced DP equations (80) to (95).

In the second group the mass terms only appear via the antisym-
metric combination mA - mB . The 8 equations of the secondgroup also
belong to the coalesced complementary DP equations (96) to (111). The
same can be said regarding the condition equations (64) to (79).

Following de Broglie, the two groups of 16 relativistic equations (each
of them containing 8 evolution equations plus 8 condition equations)
must be considered as independent, each of them describing a relativistic
boson.

2.4 Reformulation in terms of the von Neumann γ matrices.

As is well-known, we are free to reformulate Dirac equation in terms of
von Neumann γ matrices, which are most often [14] defined as follows:

γ0 = α0 and −→γ = α0
−→α . It is worth noting that the gamma matrices

anti-commute, square to unity, while (−→γ )† = −−→γ = γ0
−→γ γ0. Multiplying

Dirac equation (1) at the left by αA0 we get

(γA0 P
A
0 −−→γ A ·

−→
P A − 11AmAc)ΨA = ((γµ)APAµ −mA)ΨA = 0 (21)

It derives from the action associated to relativistically invariant La-
grangian density Ψ̄A((γµ)APAµ − mA)ΨA where Ψ̄A = Ψ†Aγ

A
0 . If we

extremize this action under variations of Ψ̄A we get equation (22), while
if we extremize it over variations of Ψ̄A, we get the adjoint of (22).
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This procedure directly generalizes when two particles are present.
Defining Ψ̄AB = (Ψ†)ABγA0 γ

B
0 the Lagrangian densities (16,19) corre-

spond to the symmetric and antisymmetric combinations

LAB± = Ψ̄AB{(i~(γµ)A∂At −
~c
i

−→
γA ·
−→
5 −mAc

2)

±(i~11B∂Bt −
~c
i

−→
γB ·
−→
5 −mBc

2)}ΨAB , (22)

from which derive, after extremization under variations of Ψ̄AB the equa-
tion

((γµ)APAµ −mA)± ((γµ)BPBµ −mB))ΨAB = 0, (23)

which in turn corresponds to the symmetric and antisymmetric
bosonic (resp. DP and complementary DP equations) equations (18,20).

3 de Broglie’s fusion theory and Maxwell photon

3.1 Two relativistic systems of 16 equations.

In order to link the boson evolution with Maxwell’s equations, de Broglie
(following Pétiau and Tonnelat) represents the sixteen components of
ΨAB by a 4 times 4 matrix here denoted (ΨAB) via the convention
(ΨAB)ij = ΨA

i ·ΨB
i . One can check easily that if MA (MB) represents

a 4 times 4 matrix acting on the A (B) spinor, then MA ⊗ 11BΨAB

corresponds to the 4 times 4 matrix MA(ΨAB) (while 11A ⊗MBΨAB

corresponds to (ΨAB)(MB)T ). Making use of this convention, the rela-
tivistic equations for the two relativistic bosons now read

0 = (11APA0 −−→α A ·
−→
P A −mAcα

A
0 )(ΨAB)αB0 (24)

±αA0 (PB0 (ΨAB)11B − (
−→
PB(ΨAB)) ·

−−−−→
(αB)T −mBc(Ψ

AB)αB0 ),

where the + determination of ± corresponds to the symmetric (DP)
equation and the - determination corresponds to the antisymmetric
(complementary DP) equation.
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3.2 de Broglie’s Maxwellian and non-Maxwellian bosons

3.2.1 Passing from the Ψ to the Φ representation.

Multiplying (25) at the left by γA0 and at the right by γB0 , and expressing
ΨAB through the 4 times 4 matrix (ΨAB), we arrive to the equations

0 = (γA0 i∂
A
0 +−→γ A · i

−→
∇A − mAc

~
11A)(ΨAB)

±(i∂B0 (ΨAB)(γB0 )T + (i
−→
∇B(ΨAB)) ·

−−−−→
(γB)T − mBc

~
(ΨAB)11B), (25)

where the symmetry (antisymmetry) between the A and B fermion is
now apparently broken, because all γ matrices are not equal to their
transposed3. One can check, however, that the bosonic equations “look”
more symmetric and more elegant if we replace (ΨAB) by (ΦAB) via the
transformation

(ΦAB) = (ΨAB) · Γ, (26)

where Γ = γ2 · γ0 from which, making use of the fact that Γ commutes
with γ1 and γ3 and anticommutes with γ2 and γ0, we get:

0 = (
∑

µ=0,1,2,3

γµi∂
A
µ (ΦAB)− mAc

~
11A)(ΦAB)

∓(
∑

µ=0,1,2,3

i∂Bµ (ΦAB)γµ +
mBc

~
(ΦAB)11B). (27)

Essentially, this is how de Broglie considered in his book Théorie de
la lumière4 the asymmetric fusion of a fermion (A) obeying the usual

3Actually, in the “modern” representation adopted at the beginning of this paper,
γ0 and γ2 are equal to their transposed, while γ1 and γ3 are equal to minus their
transposed. The definition of the gamma matrices adopted by de Broglie differs by
a global i factor from the modern, standard convention in the case of the “spatial”
gamma matrices (µ = 1, 2, 3). Therefore all the gamma matrices are self-adjoint in
de Broglie’s convention, while the “modern” matrices obey (γµ)† = γ0γµγ0 so that
only γ0 is hermitic while the spatial γ matrices are anti-hermitic. Here we stick to
the modern conventions adopted by Géhéniau [7] and not to de Broglie’s conventions.

4de Broglie also introduces the so-called universal time which is equal to i · t but
we do not follow that approach here, in accordance with Géhéniau’s formulation of
the fusion theory [7] which is our major source of inspiration in writing this section.
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Dirac equation (1) with a complementary fermion (B) obeying, instead
of (2), the complementary equation

(11BPB0 −
−→̃
α B ·

−→
P B −mBcα̃

B
0 )ΦB = 0, (28)

where α̃l = (−)1+lαl, l = 0, 1, 2, 3.

3.2.2 Deriving Maxwell’s equations: preamble.

To derive Maxwell’s equation, let us firstly remark, following Géhéniau
and others, that when ΨAB transforms as a tensor product of two
spinors, the ΦAB states transform as the product of a A spinor |ΨA >
with a B bar spinor < Ψ̄B |. This must be put in relation with the fact
that one can build a basis of the 4 times 4 matrices by choosing 16 con-
venient products of the γ matrices comprising the identity operator such
that

-the trace of these matrices is zero excepted for the identity.

-the matrices are orthogonal to each other relatively to the trace
norm.

-the average values of the type < Ψ̄|O|Ψ > have a well-defined trans-
formation law under Lorentz transformations (boosts) and rotations:
some of them transform as components of a Minkoskian 4-vector, some
as scalars and some transform as elements of an antisymmetric second
order tensor.

-Moreover they are eigenstates of the parity operation either for the
eigenvalue +1 (they are then “true” scalars, vectors and so on) or -1 (in
which case they are “pseudo” scalars, vectors and so on).

-Developing the matrix (ΦAB) in such a basis delivers amplitudes
which transform like < Ψ̄|O|Ψ > and can thus be classified in function
of their transformation law (scalars, vectors and so on).

-Remarkably, the equations considered here, in the limit where mA =
mB = 0 ,are such that the dynamics of the associated amplitudes can
be split into separated, independent, systems of equations among which
we find a system equivalent to Maxwell’s equation.

-If we do not reach the limit case mA + mB = 0, the system of
equations that we will obtain can be interpreted as a generalisation of
Maxwell’s equation to a massive photon of (small) mass mA +mB .
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-We also derive another group of equations which can be associated
to a pseudo-scalar particle, which is reminiscent of the work of G. Lochak
on fusion theory [15].

As we shall now show, following [7], the equations (28) make it possi-
ble, up to a convenient reparametrisation, to derive Maxwell’s equation
in the limit where mA +mB goes to zero.

3.2.3 Derivation of Maxwell’s equations.

As is known (see e.g. Messiah), < Ψ̄|O|Ψ > transforms as a scalar when
O is the identity and as a pseudo-scalar when O is γ5 = iγ0γ1γ2γ3. It
transforms as the µ component of a 4-vector when O = γµ and like
the µ component of a pseudo 4-vector when O = γ5γ

µ. Later on, we
shall identify < Ψ̄|γµ|Ψ > with the corresponding component Aµ of the
electro-magnetic potential.

Finally, when O=σµν = iγµγν (with µ 6= ν), < Ψ̄|O|Ψ > transforms
as one of the 6 components of an antisymmetric tensor that we shall
in what follows identify with the spatial components of the electric and
magnetic fields.

Developing the 4 times 4 matrix (ΦAB) in the orthonormal basis
achieved by collecting these 16 operators leads to the known reduction
formula

4(ΦAB)=S11 +Aµγ
µ + 1

2Hµνσ
µν +Bµγ5γ

µ + Piγ5,

where S = Tr.(11(ΦAB)), Aµ = Tr.(γµ)†(ΦAB)) and so on.

For instance, if we parameterize Dirac matrices following (3,4), in
accordance with Messiah’s conventions [14], we find that A0 the 0-
component of the 4-potential vector, that is to say, the electric potential
is related to the bifermionic field through the relation (see ref.[16] for
more details)

A0 = Φ14 − Φ23 − Φ32 + Φ41.

Similarly, we find H01 = i(Φ11−Φ22+Φ33−Φ44) while H01 is propor-

tional [16] to the X component of the electric field: Ex = (mA+mB)
2 H01).

Taking the Trace of the first equation of (28) we derive (adopting
~ = 1 and c = 1 as well as mA = mB = m) after reduction the following
system of equations:
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mS = 0

∂νHν,µ +mAµ = 0

∂νAµ − ∂µAν = mHνµ

∂νP = mBν

−∂µBµ = mP (29)

Proceeding in a similar fashion with the second equation of (28) we get

∂µA
µ = 0

∂µS = 0

ενµαβ(∂αBβ − ∂βBα) = 0

∂αHx
αµ = 0

0 = 0 (30)

where Hx
αµ = εανβµH

βµ/2 with ενµαβ the completely antisymmetri-
cal tensor whose component ε0123 = −1 (ε0123 = +1).

In order to prove this result it is worth noting [7] that if we rewrite the
equation (8) in terms of (ΦAB) and impose m = mA = mB , ~ = 1, c = 1
we get

0 = (
∑

µ=0,1,2,3

iγµ∂µ(ΦAB)−m11A)(ΦAB) (31)

Making use of the reduction formula this equation reads

i∂µA
µ = mS

i∂µS − ∂νHν,µ = mAµ

∂νAµ − ∂µAν − iενµαβ(∂αBβ − ∂βBα)/2 = mHνµ

∂νP − i∂αHx
αν = mBν

−∂µBµ = mP (32)

where as before Hx
αµ = εανβµH

βµ/2 with ενµαβ the completely antisym-
metrical tensor whose component ε0123 = −1 (ε0123 = +1).

Similarly, if we rewrite the equation (9) in terms of (ΦAB), imposing
m = mB , ~ = 1, c = 1, we get

0 = (
∑

µ=0,1,2,3

i∂µ(ΦAB)γµ +m(ΦAB)11B). (33)
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Its reduction delivers a system which is the same as (33) excepted that
all i factors in it must be replaced by -i:

−i∂µAµ = mS

−i∂µS − ∂νHν,µ = mAµ

∂νAµ − ∂µAν + iενµαβ(∂αBβ − ∂βBα)/2 = mHνµ

∂νP + i∂αHx
αµ = mBν

−∂µBµ = mP (34)

It is now easy to check that a symmetric (anti-symmetric) combina-
tion of the systems (33) and (35) results into the system (30) ((31)).

There appear in (30,31), in addition with the constraints S = 0
and ∂µS = 0, two closed groups of equations respectively related
to the “states” defined through 4(ΦMaxwell

AB )=Aµγ
µ + 1

2Hµνσ
µν and

4(Φpesudo
AB )=Bµγ5γ

µ + Piγ5. The first closed system can be shown [16]
to be equivalent with Maxwell equations generalised to the case of a
massive photon.

∂µA
µ = 0

∂νHν,µ +mAµ = 0

∂νAµ − ∂µAν = mHνµ

∂αHx
αµ = 0

0 = 0 (35)

It is worth noting that this system is not gauge invariant excepted in the
limit of vanishing photon mass, but gauge is fixed here through Lorentz
gauge constraint ∂µA

µ = 0. The second system describes [7] a pseudo-
scalar bosonic particle:

ενµαβ(∂αBβ − ∂βBα) = 0

∂νP = mBν

−∂µBµ = mP (36)
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4 Γ transformation versus Λ transformation and
quasi-duality.

4.1 Quasi-duality.

At this level, it is worth noting that a quasi-duality symmetry makes it
possible formally to pass from the DP equation to the complementary
DP equation. We call this relation a quasi-duality relation because it is
only in the limit of vanishing masses mA = mB = 0 that this symmetry
is exact. It consists of replacing the spinor of the second (B) fermion by
a new spinor Ψq.d.

B via

Ψq.d
B = γB5 ΨB = i · γB0 · γB1 · γB2 · γB3 ΨB = i · αB1 · αB2 · αB3 ΨB .

As γ5 commutes with the spatial α matrices (α1, α2, α3) and anti-
commutes with α0, the new fermion obeys the evolution equation

(11BPB0 −
−→̃
α B ·

−→
P B +mBcα

B
0 )Ψq.d

B = 0, (37)

which corresponds to a fermion with a negative mass −mB . Alterna-
tively this fermion can be seen to obey a Dirac equation where the sign
of the mass is the same as before while all derivatives are multiplied by
a minus sign:

(−11BPB0 +
−→̃
α B ·

−→
P B −mBcα

B
0 )Ψq.d

B = 0

Reexpressed in terms of the quasi-dual B spinor through the relation
(ΨAB) = (ΨAB)q.d(γ5)T the relativistic equations (25) now read

0 = (11APA0 −−→α A ·
−→
P A −mAcα

A
0 )(ΨAB)q.dαB0 (38)

∓αA0 (PB0 (ΨAB)q.d11B − (
−→
PB(ΨAB)q.d) ·

−−−−→
(αB)T +mBc(Ψ

AB)q.dαB0 ).

Expressed in terms of γ matrices, and making use of the fact that γ5
anti-commutes with all gamma matrices, the equation (39) is equivalent
to

((γµ)APAµ −mA)∓ ((γµ)BPBµ +mB))Ψq.d
AB = 0,

-now, the equation (24) is equivalent to

((γµ)APAµ −mA)± ((γµ)BPBµ −mB))ΨAB = 0,

which constitutes what we call a quasi-duality relation: in the limit of
vanishing masses it is easy to check that this quasi-duality permutes the
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DP boson and the complementary DP boson. If mB 6= 0 however this is
not true; the reason therefore is that the DP equation only contains the
symmetric combination mA +mB (see e.g. (80) to (95) for illustration)
while the complementary DP equation only contains the antisymmetric
combination mA −mB (as illustrated by (96) to (111)). This is why we
are talking about quasi-duality here.

4.2 Γ transformation versus Λ transformation.

As was emphasised by Lochak [15] the Γ transformation possesses a
natural partner, the Λ transformation. To see this, let us consider instead
of (27) the new transformation

(Ψ′
AB

) = (ΨAB) · Λ, (39)

where Λ = γ1 · γ3.

It can also be achieved by replacing the B-spinor Ψ′B by Ψ′B =
ΛBΨ′B = γB1 · γB3 = −αB1 · αB3 .

As γ1γ3 commutes with α0 and α2 and anti-commutes with α1 and
α3, we get, instead of the Dirac equation (2), the complementary equa-
tion

(11BPB0 −
−→
α′B ·

−→
P B −mBc(α

′
0)B)Ψ′B = 0, (40)

with again α′l = (−)lαl, l = 0, 1, 2, 3.

It is worth noting [7] that if we rewrite the equation (8) in terms of

(Ψ′
AB

) and impose m = mA, ~ = 1, c = 1 we get

0 = (
∑

µ=0,1,2,3

iγµ∂µ(Ψ′
AB

)−m11A)(Ψ′
AB

) (41)

which is equivalent to (32). Similarly, if we rewrite the equation (9) in

terms of (Ψ′
AB

), imposing m = mB , ~ = 1, c = 1, we get

0 = (
∑

µ=0,1,2,3

i∂µ(Ψ′
AB

)γµ −m(Ψ′
AB

)11B). (42)

Henceforth, performing the transformation

ΨAB → Ψ′AB = 11A ⊗ (−)αB1 · αB3 ΨAB = 11A ⊗ γB1 · γB3 · ΨAB

also formally “erases the dissymetry” between both fermions present at
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the level of evolution equations (26), and leads to the following pair of
equations:

0 = (
∑

µ=0,1,2,3

iγµ∂
A
µ (Ψ′

AB
)−m11A)(Ψ′

AB
)

∓(
∑

µ=0,1,2,3

i∂Bµ (Ψ′
AB

)γµ −m(Ψ′
AB

)11B), (43)

In particular, the antisymmetric (symmetric) combination is simi-
lar to the antisymmetric combination in (28) but instead of having the
sum (difference) of the masses we now get their difference (sum). In de
Broglie’s fusion theory it is assumed that mA = mB , which means that
the mass terms now appear in the antisymmetric equation and no longer
in the symmetric one as was the case in (28).

As already shown, making use of the reduction formula, the equation
(42) is equivalent to the system (33) which reads

i∂µA
µ = mS

i∂µS − ∂νHν,µ = mAµ

∂νAµ − ∂µAν − iενµαβ(∂αBβ − ∂βBα)/2 = mHνµ

∂νP − i∂αHx
αµ = mBν

−∂µBµ = mP

Making use of the reduction formula, the equation (43) is equivalent
to the following system which is obtained by replacing all i factors by -i
and all m factors by −m which delivers

−i∂µAµ = −mS
−i∂µS − ∂νHν,µ = −mAµ

∂νAµ − ∂µAν + iενµαβ(∂αBβ − ∂βBα)/2 = −mHνµ

∂νP + i∂αHx
αµ = −mBν

−∂µBµ = −mP
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It is easy to check that a symmetric (anti-symmetric) combination of
the two systems above results into the system (45) ((46)).

0 = 0

∂νHν,µ = 0

∂νAµ − ∂µAν = 0

∂νP = 0

∂µB
µ = 0 (44)

i∂µA
µ = mS

i∂µS = mAµ

−iενµαβ(∂αBβ − ∂βBα)/2 = mHνµ

−i∂αHx
αµ = mBν

mP = 0 (45)

These systems describe a scalar and a pseudo-scalar particle, as was
noted by Géhéniau [7].

4.3 Passing from the Φ to the Ψ′ representation, making use
of the quasi-duality relation.

Actually, combining equations (27) and (40) leads to the relation

(Ψ′
AB

) = (ΨAB) · Λ = (ΦAB) · Γ−1 · Λ (46)

Now, Γ−1 ·Λ = γ5, up to a global phase, which means that (Ψ′
AB

) =
(ΦAB) · γ5, up to a global phase. This corresponds, up to an irrelevant
global phase, to the quasi-duality symmetry considered by us in section
4.1. The quasi-duality relates at one side a vectorial and a pseudo-scalar
field (systems (36) and (37)) and at the other side a pseudo-vectorial
and a scalar field (systems (45) and (46)). Lochak interpreted them
in Ref. [15] as, at one side, an electric, spin 1, photon and a spin 0
photon defined by an axial potential without field, and, at the other
side, a magnetic, spin 1, photon and a spin 0 photon defined by a polar
potential witout field. As was noted by Lochak, in the limit where
mA and mB go to zero, the Maxwellian vectorial boson of de Broglie is
the dual counterpart of Lochak’s non-Maxwellian pseudo-vectorial boson
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[15]. The duality associated to γ5 implies, still according to Lochak
[15], an exchange between electricity and magnetism (see also Ref.[13]
for clarifying the link between Lochak pseudo-vectorial boson and the
magnetic monopole).

5 Conclusions and discussion.

As we have shown here, the coalescence of multitime multiparticle rel-
ativistic equations studied by us in a previous paper [12] provides an
alternative derivation of the basic equations considered by de Broglie in
his fusion theory [3, 4, 5, 6, 7] . We have also shown that the asymmetric
fusion theories studied by de Broglie at one side and Lochak at the other
side are naturally related by a quasi-duality relation in which γ5 plays a
prior role. This quasi-duality also appears naturally if we consider the
symmetric and anti-symmetric combinations of multiparticle relativistic
equations obtained through the coalescence process. From this point of
view, coalescence sheds a new light on the fusion “recipy” of de Broglie.

At this level, it is however not clear at this level how to interpret the
equations (45,46) in terms of particles. For instance, how should they be
coupled to matter, how should we be able to measure their presence and
so on (see e.g. Refs. [17, 18] concerning these points). These equations
look promising regarding new physics, and they are obviously related
to the impressive work of Georges Lochak in relation with the magnetic
monopole [15]. It is not our scope to study these questions in depth in
the present paper, but we hope to have convinced the reader that these
concepts naturally appear if we consider the fusion of two fermions in a
relativistically covariant manner.

The present analysis brought us to consider what happens when the
masses mA and mB of the two fermions are different from each other.
As one of us (P.P.) will show in a forthcoming paper [16], we obtain
generalized Maxwell equations in which the Maxwell fields are coupled
to pseudo-fields with a coupling constant proportional to the mass dif-
ference.
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6 Appendix A: evolution equations and condition
equation of two fused “demi-photons”.

6.1 Coalesced Bohm-Hiley equations (evolution equations).

Equation (10) reads

{(11AP0 −−→α A ·
−→
P −mAcα

A
0 )⊗ 11B +

11A ⊗ (11BP0 −−→α B ·
−→
P −mBcα

B
0 )}ΨAB = 0

Assuming a solution which does not depend on y and z we get

(2P0 − (mA +mB))Ψ11 − P3(Ψ31 + Ψ13) = 0 (47)

(2P0 − (mA +mB))Ψ12 − P3(Ψ32 −Ψ14) = 0 (48)

(2P0 −mA +mB)Ψ13 − P3(Ψ33 + Ψ11) = 0 (49)

(2P0 −mA +mB)Ψ14 − P3(Ψ34 −Ψ12) = 0 (50)

(2P0 − (mA +mB))Ψ21 + P3(Ψ41 −Ψ23) = 0 (51)

(2P0 − (mA +mB))Ψ22 + P3(Ψ42 −Ψ24) = 0 (52)

(2P0 −mA +mB)Ψ23 + P3(Ψ43 −Ψ21) = 0 (53)

(2P0 −mA +mB)Ψ24 + P3(Ψ44 + Ψ22) = 0 (54)

(2P0 +mA −mB)Ψ31 − P3(Ψ11 + Ψ33) = 0 (55)

(2P0 +mA −mB)Ψ32 − P3(Ψ12 −Ψ34) = 0 (56)

(2P0 +mA +mB)Ψ33 − P3(Ψ13 −Ψ31) = 0 (57)

(2P0 +mA +mB)Ψ34 − P3(Ψ14 −Ψ32) = 0 (58)

(2P0 +mA −mB)Ψ41 + P3(Ψ21 −Ψ43) = 0 (59)

(2P0 +mA −mB)Ψ42 + P3(Ψ22 + Ψ44) = 0 (60)

(2P0 +mA +mB)Ψ43 + P3(Ψ23 −Ψ41) = 0 (61)

(2P0 +mA +mB)Ψ44 + P3(Ψ24 + Ψ42) = 0 (62)
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6.2 de Broglie conditions equations linked to the coalesced
Bohm-Hiley evolution equations.

Equation (11) (or (21)) reads

{(−−→α A ·
−→
P −mAcα

A
0 )⊗ 11B − 11A ⊗ (−−→α B ·

−→
P −mBcα

B
0 )}ΨAB = 0

Assuming a solution which does not depend on y and z we get

(mA −mB)Ψ11 + P3(Ψ31 −Ψ13) = 0 (63)

(mA −mB)Ψ12 − P3(Ψ32 −Ψ14) = 0 (64)

(mA +mB)Ψ13 + P3(Ψ33 −Ψ11) = 0 (65)

(mA +mB)Ψ14 + P3(Ψ34 + Ψ12) = 0 (66)

(mA −mB)Ψ21 + P3(Ψ41 −Ψ23) = 0 (67)

(mA −mB)Ψ22 + P3(Ψ42 −Ψ24) = 0 (68)

(mA +mB)Ψ23 + P3(Ψ34 + Ψ12) = 0 (69)

(mA +mB)Ψ24 − P3(Ψ44 −Ψ22) = 0 (70)

(mA +mB)Ψ31 − P3(Ψ11 −Ψ33) = 0 (71)

(mA +mB)Ψ32 − P3(Ψ12 + Ψ34) = 0 (72)

(mA −mB)Ψ33 − P3(Ψ13 −Ψ31) = 0 (73)

(mA −mB)Ψ34 − P3(Ψ24 −Ψ42) = 0 (74)

(mA +mB)Ψ41 + P3(Ψ21 −Ψ43) = 0 (75)

(mA +mB)Ψ42 + P3(Ψ22 −Ψ44) = 0 (76)

(mA −mB)Ψ43 − P3(Ψ23 −Ψ41) = 0 (77)

(mA −mB)Ψ44 − P3(Ψ24 −Ψ42) = 0 (78)
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6.3 Coalesced DP equations.

Equation (12) reads

{(11AP0 −−→α A ·
−→
P −mAcα

A
0 )⊗ αB0 +

αA0 ⊗ (11BP0 −−→α B ·
−→
P −mBcα

B
0 )}ΨAB = 0

Assuming a solution which does not depend on y and z we get

(2P0 − (mA +mB))Ψ11 − P3(Ψ31 + Ψ13) = 0 (79)

(2P0 − (mA +mB))Ψ12 − P3(Ψ32 −Ψ14) = 0 (80)

(mA +mB)Ψ13 + P3(Ψ33 −Ψ11) = 0 (81)

(mA +mB)Ψ14 + P3(Ψ34 + Ψ12) = 0 (82)

(2P0 − (mA +mB))Ψ21 + P3(Ψ41 −Ψ23) = 0 (83)

(2P0 − (mA +mB))Ψ22 + P3(Ψ42 −Ψ24) = 0 (84)

(mA +mB)Ψ23 + P3(Ψ34 + Ψ12) = 0 (85)

(mA +mB)Ψ24 − P3(Ψ44 −Ψ22) = 0 (86)

(mA +mB)Ψ31 − P3(Ψ11 −Ψ33) = 0 (87)

(mA +mB)Ψ32 − P3(Ψ12 + Ψ34) = 0 (88)

(2P0 +mA +mB)Ψ33 − P3(Ψ13 −Ψ31) = 0 (89)

(2P0 +mA +mB)Ψ34 − P3(Ψ14 −Ψ32) = 0 (90)

(mA +mB)Ψ41 + P3(Ψ21 −Ψ43) = 0 (91)

(mA +mB)Ψ42 + P3(Ψ22 −Ψ44) = 0 (92)

(2P0 +mA +mB)Ψ43 + P3(Ψ23 −Ψ41) = 0 (93)

(2P0 +mA +mB)Ψ44 + P3(Ψ24 + Ψ42) = 0 (94)
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6.4 Coalesced complementary DP equations.

Equation (13) reads

{(11AP0 −−→α A ·
−→
P −mAcα

A
0 )⊗ αB0 −

αA0 ⊗ (11BP0 −−→α B ·
−→
P −mBcα

B
0 )}ΨAB = 0

Assuming a solution which does not depend on y and z we get

(mA −mB)Ψ11 + P3(Ψ31 −Ψ13) = 0 (95)

(mA −mB)Ψ12 − P3(Ψ32 −Ψ14) = 0 (96)

(2P0 −mA +mB)Ψ13 − P3(Ψ33 + Ψ11) = 0 (97)

(2P0 −mA +mB)Ψ14 − P3(Ψ34 −Ψ12) = 0 (98)

(mA −mB)Ψ21 + P3(Ψ41 −Ψ23) = 0 (99)

(mA −mB)Ψ22 + P3(Ψ42 −Ψ24) = 0 (100)

(2P0 −mA +mB)Ψ23 + P3(Ψ43 −Ψ21) = 0 (101)

(2P0 −mA +mB)Ψ24 + P3(Ψ44 + Ψ22) = 0 (102)

(2P0 +mA −mB)Ψ31 − P3(Ψ11 + Ψ33) = 0 (103)

(2P0 +mA −mB)Ψ32 − P3(Ψ12 −Ψ34) = 0 (104)

(mA −mB)Ψ33 − P3(Ψ13 −Ψ31) = 0 (105)

(mA −mB)Ψ34 − P3(Ψ24 −Ψ42) = 0 (106)

(2P0 +mA −mB)Ψ41 + P3(Ψ21 −Ψ43) = 0 (107)

(2P0 +mA −mB)Ψ42 + P3(Ψ22 + Ψ44) = 0 (108)

(mA −mB)Ψ43 − P3(Ψ23 −Ψ41) = 0 (109)

(mA −mB)Ψ44 − P3(Ψ24 −Ψ42) = 0 (110)


