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ABSTRACT. We present a semiclassical gravity in the framework of
the double scale theory, a new interpretation of quantum mechanics
which expands on the de Broglie-Bohm (dBB) theory. In this interpre-
tation, any quantum corpuscule is associated with two wave functions,
one external and one internal.The external wave function drives the
center-of-mass, as in the dBB theory, and spreads in space. The inter-
nal wave function corresponds to the density of an extended corpuscule.
It remains confined in space and its average position corresponds to the
center of mass of the corpuscule.
We define, for an N -body system, new semi-classical gravity equations
called Einstein-de Broglie equations. The external wave function of
each body depends only on the internal wave functions of the N − 1
others. They are deduced from Einstein’s semi-classical equation by
using the internal wave functions instead of the usual wave function.
If we restrict to the dBB interpretation, we find the Newton-de Broglie
equations that Struyve and Laloë have recently proposed indepen-
dently.
We show that the Newton-de Broglie and Einstein-de Broglie equations
converge to Newton’s gravity when h → 0, which gives a theoretical
validation.
RÉSUMÉ. Nous présentons une gravitation semi-classique dans le
cadre de la théorie de la double échelle, une nouvelle interprétation
de la mécanique quantique qui généralise la théorie de de Broglie-Bohm
(dBB). Dans cette interprétation, on associe à tout système quantique
deux fonctions d’onde, une externe et une interne. La fonction d’onde
externe “pilote” le centre de masse, comme dans la théorie dBB, et
s’étale dans l’espace. La fonction d’onde interne correspond à la den-
sité d’une particule étendue. Elle reste confinée dans l’espace et sa
position moyenne correspond au centre de masse de la particule.
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Nous définissons, pour un système à N corps, de nouvelles équations
de gravité semi-classique appelées équations d’Einstein-de Broglie. La
fonction d’onde externe de chaque corps ne dépend que des fonctions
d’onde internes des N − 1 autres. Elles sont déduites de l’équation
semi-classique d’Einstein en utilisant les fonctions d’onde internes au
lieu de la fonction d’onde habituelle. Si l’on se limite à l’interprétation
dBB, on trouve les équations de Newton-de Broglie que Struyve et Laloë
ont récemment proposées indépendamment.

Nous montrons que les équations de Newton-de Broglie et d’Einstein-de
Broglie convergent vers la gravitation de Newton lorsque h→ 0, ce qui
donne une validation théorique.

1 Introduction

The standard approach to the semi-classical gravity, proposed 60 years
ago already by Møller [1] and Rosenfeld [2], considers that matter alone
is quantum while the gravitational field remains classical. This standard
semi-classical gravity then verifies Einstein’s semi-classical equa-
tions

Gµν =
8πG

c4
〈Ψ|T̂µν |Ψ〉 (1)

which relate the curvature of space-time, given by the Einstein tensor
Gµν , to the mean value of the energy-impulse tensor operator T̂µν of the
matter fields, and where G is the gravitational constant and Ψ indicates
the quantum state of the matter fields.

In the case of a linearized theory of gravity and of the Newtonian
limit, the Ψ function then verifies the nonlinear Newton-Schrödinger
equations, whether these equations take into account a self-reaction on
themselves or not [3, 4].

Although lacking experimental and theoretical validation, this stan-
dard semiclassical gravity is, in the absence of quantum gravity, the cur-
rent model for the description of our cosmology, stars and the Hawking
radiation of black holes [5].

In the double-scale theory, a new interpretation of quantum mechan-
ics, we have recently introduced [6, 7], as a generalization of both the
dBB interpretation and the Schrödinger interpretation, and which could
well be the theory of the double solution sought by Louis de Broglie
[8, 9], the problem is posed in a new way.
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We show indeed, for a quantum corpuscle (electron, atom or
molecule), that there is not only the usual non-relativistic wave func-
tion in the laboratory reference frame, but that it is necessary to define
three concepts simultaneously:

• An external wave function (non-relativistic) relative to the center
of mass of the corpuscle and defined in the laboratory reference
frame;

• The "effective" position of the center of mass of the corpuscle;

• An internal wave function (non relativistic) corresponding to the
internal structure of the corpuscle and also defined in the labora-
tory reference frame.

These three concepts are introduced in three successive steps [6, 7].

1.1 Introduction of the external wave function

In the first step (decomposition of the usual wave function into two
functions in different reference frames), we consider the usual decom-
position of the usual wave function Ψ(x1,x2, ...xn, t) of the corpuscle
composed of n particles as the product of the center-of-mass wave func-
tion ψ(xG, t) in the laboratory frame of reference by the relative wave
function ϕ(x′1,x′2, ..x′n, t) in the center-of-mass frame of reference where
the x′j correspond to the relative positions of the particles with respect
to the center-of-mass. At this stage, we have two wave functions, one in
the laboratory frame of reference, the other in the center of mass frame
of reference. The wave function of the center of mass ψ(xG, t) is called
external wave function.

1.2 Introduction of the effective position of the center of mass

In the second step, we make the hypothesis, as for the de Broglie-Bohm
theory, to introduce at each instant an effective position of the center of
mass Xh

G(t) for any corpuscle. This position is guided by the external
wave ψ(xG, t) defined in the previous step. This assumption is justi-
fied by the convergence of the external wave function to the Hamilton-
Jacobi Hamilton-Jacobi statistical equations. Indeed, we show [10] that
the phase Sh(xG, t) and the density ρh(xG, t) of the external wave func-
tion ψ(xG, t) =

√
ρh(xG, t) exp( ihS

h(xG, t)) converge, when we make
the Planck constant h towards 0, towards the action and density of a set
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of classical particles verifying the Hamilton-Jacobi statistical equations.
In classical mechanics, to define a particle trajectory, it is necessary to
add to the Hamilton-Jacobi statistical equations, an initial position of
the center of mass. By continuity with classical mechanics, it is also
necessary to define, in addition to the external wave function, an initial
position of the center of mass XG(0) for a quantum corpuscle.

1.3 Introduction of the internal wave function

In a third and final step, we rewrite the relative wave function in the
laboratory reference frame. Since the position Xh

G(t) of the center of
mass exists for all t, we define the internal wave function by:

φ(x1,x2, ...,xn, t) = ϕ(x1 −Xh
G(t),x2 −Xh

G(t), ...,xn −Xh
G(t), t) (2)

We show that, if we make h mathematically tend to 0, then the con-
vergence of the internal wave function is very different from that of
the external function. Indeed, as the internal wave function corre-
sponds to an atom or a molecule, its size depends on h and its density
|φ(x1,x2, ...,xn, t)|2 converges mathematically to a Dirac distribution at
the point x = XG(t). The internal wave function remains confined in
space, corresponds to an extended corpuscule, admitting Xh

G(t) as center
of mass. This is the interpretation proposed by Edwin Schrödinger, but
restricted to the internal wave function. It is the wave function which
corresponds to the corpuscule in the field-corpuscle duality. These two
wave functions are linked by the position of the center-of-mass Xh

G(t) of
the quantum corpuscule.

These two wave functions correspond to the two attempts to interpret
quantum mechanics that Einstein had considered in one of his final texts
(1953), Elementary Considerations on the Interpretation of the Founda-
tions of Quantum Mechanics in homage to Max Born:

The first effort goes back to de Broglie and has been
pursued further by Bohm with great perspicacity [...] The
second attempt, which aims at achieving a "real descrip-
tion" of an individual system, based on the Schrödinger equa-
tion, has been made by Schrödinger himself. Briefly, his ideas
are as follows. The ψ-function itself represents reality,
and does not stand in need of the Born interpretation. [11]

This double interpretation, depending on the scale, is a reading that
allows us to understand and explain quantum mechanics simply and
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in particular the field-corpuscle duality (the field is represented by the
external wave which in Young’s slit experiment passes through both slits,
and the corpuscle by the internal wave which passes through only one
slit), the reduction of the wave packet (corresponding to the impact of
the internal wave function on the screen) and the nonlocality of the
EPR-B experiment (the non-local hidden variable of Bell’s theorem is
the external wave function while the position of the impacts is a local
measured variable corresponding to the internal wave function).

In the double-scale theory, the modeling of the source of the gravi-
tational field is then done with the internal wave function, which corre-
sponds to the mass density of the extended quantum system. We deduce
new equations, which we will call the Einstein-de Broglie equations.

In recent papers, Struyve [12] and Laloë [13] show that, in the dBB
interpretation, a quantum system is not only represented by the Ψ wave
function, but that, as in classical mechanics, one can add the posi-
tion Xh

G(t) of the particle. The modeling of the source of the gravita-
tional field is then done as in classical mechanics and general relativity.
They deduce [12, 13] new equations, which we will call the Newton-de
Broglie equations.

The purpose of this paper is to show how the dBB interpretation and
the double-scale theory allow to revisit Einstein’s semi-classical equations
and to demonstrate their theoretical validation by showing how they
converge to Newton’s gravity when h → 0.

In section 2, we show how the Einstein-de Broglie equations in the
framework of the double-scale theory and the Newton-de Broglie equa-
tions in the framework of the dBB interpretation are naturally deduced
from Einstein’s semi-classical equations. In section 3, we show, with
the help of the minplus nonlinear analysis that we developed following
Victor Maslov, that these equations converge to the Newton-Hamilton
equations when we make h tend to zero. In section 4, we show that these
Newton-Hamilton equations correspond exactly to the Newton equations
of the N-body problem.

2 The semi-classical Newton-de Broglie and Einstein-
de Broglie equations

Let us consider N quantum corpuscles in a given reference frame. In
the case of a linearized theory of gravity and in the Newtonian limit, the
gravitational potential exerted on body j = 1..N by the other bodies
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k 6= j satisfies the Poisson equation :

∆V j = 4πG

N∑
k=1
k 6=j

mk|Ψk(x, t)|2 (3)

where Ψk(x, t) is the total wave function of the body k = 1..N . From
the Schrödinger equation of body j = 1..N :

i~
∂Ψj(xj , t)

∂t
=

(
− ~2

2mj
∆ +mjV

j

)
Ψj(xj , t), (4)

we deduce the standard Newton-Schrödinger equations for j = 1..N in
case where the self-interaction is not taken into account :

i~
∂Ψj(xj , t)

∂t
=

− ~2

2mj
∆−Gmj

N∑
k=1
k 6=j

mk

∫
d3yk

| Ψk(yk, t) |2

| xj − yk |

Ψj(xj , t).

(5)
In the double-scale theory, it is the internal wave function φk(x, t)
that represents the mass density of the k-body, and one must therefore
take for Poison equation :

∆V j = 4πG

N∑
k=1
k 6=j

mk|φk(x, t)|2 (6)

On the other hand, for the double-scale theory, in the Schrödinger equa-
tion (4), we consider the external wave function instead of the total one.
We deduce, for all j = 1..N , the following equations which we call the
Einstein-de Broglie equations :

i~
∂ψj(xj , t)

∂t
=

− ~2

2mj
∆−Gmj

N∑
k=1
k 6=j

mk

∫
d3yk

| φk(yk, t) |2

| xj − yk |

ψj(xj , t)

(7)
with the initial conditions :

ψj(xj , 0) = ψj0(xj) and φk(xk, 0) = φk0(xk), (8)

where ψj(xj , t) is the external wave function of body j = 1..N and
where xj is the coordinates of the center-o-mass of body j, and where
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φk(yk, t) is the internal wave functions of body k = 1..N and yk is
the coordinates of the body k.

As the supports of the functions ψk and ψj are disjoint: ψk(x, t) ×
ψj(x, t) = 0 (because we are in "weak field approximation"), this equa-
tion is well defined (i.e. | xj − yk | is different to 0).

However, these equations only give the evolution of the external wave
function and not of the internal wave function. They are therefore not
sufficient without others assumptions.

The most natural assumption is to add forces to maintain the cohe-
sion of each quantum system and to replace each system by its center
of mass. This is the Poincaré’s proposition in his famous memoir of
Palermo [14].

Notice that the average position of the k-internal wave function is
the center-of-mass of the k-particle :

Xk(t) =

∫
y|φk(y, t)|2dy (9)

Then, compared to the scale of the external wave function, we can con-
sider the internal wave function φk(y, t) as point-like and described by
its center of gravity Xk(t) :

φk(y, t) ' δ(x−Xk(t)) (10)

We obtain equations called Newton-de Broglie’s equations by re-
placing in (7) the density φk(yk, t) by the Dirac delta δ(yk −Xk(t) :

i~
∂ψj(xj , t)

∂t
=

− ~2

2mj
∆−Gmj

N∑
k=1
k 6=j

mk

| xj −Xk(t) |

ψj(xj , t) (11)

and
dXk(t)

dt
=
OSk(xk, t)

mk
|xk=Xk

~ (t)
(12)

with Sj(xj , t) the phase of ψj(xj , t) =
√
ρj(xj , t) exp

(
i
Sj(xj , t)

~

)
and

the initial conditions :

ψj(xj , 0) = ψj0(xj) and Xk
~ (0) = Xk

0 =

∫
yk|φk0(yk)|2dyk. (13)
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Newton-de Broglie’s equations have already independently found by
Struyve [12] and Laloë [13] considering the dBB interpretation. The only
difference is that they replace in the equations (10-12) the external wave
function ψj(xj , t) by the total wave function Ψj(xj , t).

Remark 1 Note that we can take into account the propagation time of
the gravitational field in vacuum by replacing the equation (11) by:

i~
∂ψj(xj , t)

∂t
=

− ~2

2mj
∆j −Gmj

N∑
k=1
k 6=j

mk

| xj −Xk
~ (t− τk(xj , t) |

ψj(xj , t)

(14)
where the τk(xj , t) are the delays defined by the equations in τ , τc =
|xj−Xk

~ (t−τ)|. We will call the equation (14), the Newton-Poincaré
equation because Poincaré was the first to introduce the delay caused by
gravitational waves [14].

We can ask two questions about the Newton-de Broglie equations (11-
13). The first one is to know their limits when we make ~ tend towards
0. The second is to know if this limit corresponds to the N-body problem
in classical mechanics.

3 Convergence of Newton-de Broglie equations to
classical mechanics

To answer the first question, we perform the semi-classical variable
change

ψj(xj , t) =
√
ρjh(xj , t) exp

(
i
Sjh(xj , t)

~

)
where ψj(xj , t) is the exter-

nal wave function in the Newton-de Broglie equations. We obtain the
equations that we will call the Newton-Madelung equations, for all
j ∈ [1, N ]:

∂S~
j (xj , t)
∂t

+
1

2mj
(∇S~

j (xj , t))2−Gmj

N∑
k=1
k 6=j

mk

| xj −Xk
~ (t) |

− ~2

2mj

∆
√
ρ~j (xj , t)√
ρ~j (xj , t)

= 0

(15)
∂ρ~j (xj , t)

∂t
+div

(
ρ~j (xj , t)

∇jSj~(xj , t)
mj

)
= 0,

dXj
~(t)

dt
=
∇jSj~(xj , t)

mj
|xj=X

j
~(t)

(16)
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with the initial conditions

Sj~(xj , 0) = Sj0(xj), ρj~(xj , 0) = ρj0(xj) and Xj
~(0) = Xj

0 . (17)

THEOREM 1 - When ~ goes to 0, the densities ρj~(xj , t), the ac-
tions Sj~(xj , t) and the trajectories Xj

~(t), the solutions to Newton-
Madelung’equations (15-17), converge towards the classical densities
ρj(xj , t), the classical actions Sj(xj , t) and the classical trajectories
Xj(t) satisfying the following equations, which we call the Newton-
Hamilton equations, for all j ∈ [1, N ]:

∂Sj(xj , t)
∂t

+
1

2mj
(∇Sj(xj , t))2 −Gmj

N∑
k=1
k 6=j

mk

| xj −Xk(t) |
= 0 (18)

∂ρj(xj , t)
∂t

+div

(
ρj(xj , t)

∇jSj(xj , t)
mj

)
= 0,

dXj(t)

dt
=
∇jSj(xj , t)

mj
|xj=Xj(t)

(19)
with the initial conditions

Sj(xj , 0) = Sj0(xj), ρj0(xj , 0) = ρj0(xj) and Xj(0) = Xj
0 . (20)

Demonstration: Note that the Newton-de Broglie equations allow
us to define N potential fields V j~ (xj , t,Xh

k (t)) = Gmj

∑N
k=1
k 6=j

mk

|xj−Xk
~ (t)|

.

We deduce that each of the N external wave functions ψj(xj , t) (for
j ∈ [1, N ]), is written at time t as a function of the initial wave functions
ψj0(xj) by the N Feynman path integrals:

ψj(xj , t) =

∫
F j(t, ~) exp

(
i

~
Sjcl(xj , t;xj0)

)
ψj0(xj0)dxj0 (21)

where F j(t, ~) is an independent function of xj and xj0, and where
Sjcl(xj , t;xj0) is the classical Euler-Lagrange action corresponding to the
classical trajectories from xj0 at the initial time to xj at time t in the
potential field V jh (xj , t,Xh

k (t)).

By taking the value of ψj0(xj0) given by equation (17), we obtain

ψj(xj , t) = F j(t, ~)

∫
exp

(
i

~
(Sj0(xj0) + Sjcl(x, t;xj0)

)√
ρj0(xj0)dxj0.

(22)
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The stationary phase theorem then shows that, for each j and for all t, if
h goes to 0, we have ψj(xj , t) ∼ exp

(
i
~ minxj0

(
Sj0(xj0) + Sjcl(x, t;xj0)

))
,

which implies that the action Sj~(xj , t), the phase of ψj(xj , t), converges
to the function :

Sj(xj , t) = min
xj0

(
Sj0(xj0) + Sjcl(x, t;xj0)

)
. (23)

Equation (23) is a min-plus path integral [10, 15], analogous to Feyn-
man’s path integral, but in the min-plus analysis, a nonlinear analy-
sis that we have developed [16, 17] following Victor Maslov [18, 19].
We deduce that the Hamilton’s principal function, the solution to the
Hamilton-Jacobi equation (18) with the initial condition (20), how it is
written in terms of classical Euler-Lagrange actions.

Moreover, since the quantum densities ρj~(x, t) verify the continuity
equation (16), we deduce, since the Sj~(x, t) tend to the Sj(x, t), that
the ρj~(x, t) converge to the classical ρj(x, t) densities that verify the
continuity equation (19). We obtain the convergence of Xj

~(t) to Xj(t)
the same way. �

4 Convergence of Newton-de Broglie equations to
Newton equations

By interpreting equations (18-20), we can deduce the answer to the sec-
ond question about the convergence to Newton’s equations of theN -body
problem.

THEOREM 2 - The trajectories Xj(t) of the Newton-Hamilton equa-
tions (18-20) correspond to the Newton equations of the N -body problem,
taken for all j ∈ [1, N ]:

mj
d2Xj(t)

dt2
= Gmj

N∑
k=1
k 6=j

mk
Xj(t)−Xk(t)

| Xj(t)−Xk(t) |3
(24)

with the initial conditions

Xj(0) = Xj
0 and

dXj

dt
(0) =

∇Sj0(xj)
mj

|xj=X
j
0
. (25)
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Demonstration: At time t, we take the gradient of the equation
(18). If we consider the first component in ∂

∂x1
, we deduce for all x, the

equation :

∂2Sj

∂t∂x1
+

1

mj

(
∂2Sj

∂x21

∂Sj

∂x1
+

∂2Sj

∂x1∂x2

∂Sj

∂x2
+

∂2Sj

∂x1∂x3

∂Sj

∂x3

)
+
∂V j

∂x1
= 0

(26)
where V j(xj , t,Xk(t)) = Gmj

∑N
k=1
k 6=j

mk

|xj−Xk(t)| . At time t and for

xj = Xj(t) = (Xj
1(t), Xj

2(t), Xj
3(t)), equation (19) gives dXj

1(t)
dt =

1
mj

∂Sj

∂x1
|xj=Xj(t) and the previous equation is written:

∂2Sj

∂t∂x1
+
∂2Sj

∂x21

dXj
1(t)

dt
+

∂2Sj

∂x1∂x2

dXj
2(t)

dt
+

∂2Sj

∂x1∂x3

dXj
3(t)

dt
+
∂V j

∂x1
|xj=Xj(t) = 0

(27)
Then, taking into account that the sum of the first four terms of

this equation is equal to d
dt

(
dSj

∂xj
1

)
, we deduce for all j, d

dt

(
dXj

1(t)
dt

)
+

∂V j

∂x1
|xj=Xj(t) = 0, that is

d2Xj(t)

dt2
+∇V j(xj , t)|xj=Xj(t) = 0 (28)

which yields (24). �

5 Conclusion

We have shown that it is possible to unify gravity and quantum me-
chanics provided that we adopt an interpretation of quantum mechanics
that is compatible with classical mechanics and general relativity, like
the dBB interpretation and the double-scale theory where particles have
positions.

This double-scale theory [6, 7] generalizes the dBB interpretation and
provides a simple explanation of the mysteries of quantum mechanics [7],
as well as the links between quantum mechanics and gravity.

Indeed, the existence for each particle of an internal wave function
and of the position of its center of mass allows us to model the locality of
the masses and thus to propose the equations of a semi-classical quantum
gravity, which, as we have shown with the help of minplus analysis,
convergences towards Newton’s gravity when h → 0.
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