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ABSTRACT. This article explores the application of conditional prob-
ability theory within the framework of General Relativity. It reveals
that uncertainties in particle momentum and position induce corre-
sponding uncertainties in spacetime metric. The findings demonstrate
an energy-dependent transition from deterministic spacetime to a prob-
abilistic regime, occurring at scales defined by the particle’s wave-
length, as distances approach % The study also provides a methodol-
ogy for determining wavefunction evolution in regimes where quantum
particles induce significant uncertainty in the spacetime geometry.

1 Introduction

General Relativity (GR) and Quantum Mechanics (QM) each provide
a distinct and comprehensive understanding of the universe at different
scales. GR governs the macroscopic behaviour of spacetime and gravity
[1], while QM describes the probabilistic nature of particles at the micro-
scopic level[2, 3]. However, an intriguing question arises when these two
realms intersect: How does the inherent uncertainty in quantum systems
influence the curvature of spacetime as described by GR.

The quest to reconcile GR and QM has been one of the most significant
challenges in theoretical physics. Traditional approximations, such as
semiclassical gravity, attempt to bridge this gap by using the expectation
value of the stress-energy tensor to influence the curvature of spacetime
as described by GR [4]. However, this approach assumes a deterministic
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description of spacetime geometry, which seems inadequate when con-
sidering the inherently probabilistic nature of the quantum world.

In contrast, this research investigates a different perspective: the direct
impact of quantum uncertainty - specifically in the position or momen-
tum of particles - on the curvature of spacetime itself. Rather than
taking the expectation value of the stress-energy tensor, this study ex-
plores the uncertainty in spacetime curvature that arises when particles
at the boundary of a past light cone exhibit quantum uncertainties.

In this research, we explore the implications of introducing conditional
probability theory into the framework of GR, particularly how it influ-
ences the curvature of spacetime at a point when particles on the bound-
ary of its past light cone exhibit momentum or positional uncertainty.
Traditionally, GR treats spacetime curvature as deterministic; however,
on using Bayesian analysis, the presence of uncertainties suggests that
this curvature may itself become uncertain under certain conditions.

Motivated by the potential to understand the link between these two
theories, if any, we apply a heuristic Bayesian approach to assess the
probability of an eigenstate of a particle within uncertain spacetime
geometries. This study not only offers a novel perspective on the in-
teraction between quantum mechanics and general relativity but also
provides a methodological framework that could be instrumental in ad-
vancing our understanding of gravity. By investigating the probabilistic
nature of spacetime curvature, this research paves the way for new ap-
proach to investigate effects of quantum effects on gravity.

To frame this investigation, we draw upon Total Probability Theorem, a
fundamental concept in probability theory that allows us to update the
probability of an event based on new information. In its simplest form,
Total Probability Theorem relates the total probability of an event A
occurring to the sum of probabilities of A occurring under different con-
ditions, weighted by the likelihood of those conditions. Mathematically,
this is expressed as [5, 6, 7, 8, 9, 10, 11]:

P(A) =) P(Ey)P(A| Ey) (1)
k=1

Here, P(A) represents the total probability of event A, P(Ey) is the
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probability of a specific condition E} occurring, and P(A | Ey) is the
probability of Event A ocurring given that Ej has occurred. This theo-
rem provides a powerful tool for understanding complex systems where
multiple factors contribute to a given outcome.

By leveraging Total Probability Theorem, we can extend our analysis
to calculate the total probability of a particle being in a specific eigen-
state when it travels through an uncertain spacetime geometry. In this
scenario, the total probability is determined by using the probabilities
of the particle’s eigenstate after time evolution in each of the possible
spacetime geometries that might arise due to quantum uncertainties.

To better understand it, let’s imagine you have two boxes, Box A and
Box B. Each box contains a certain number of balls of different colours.

Now, let’s say you want to find the probability of drawing a red ball.
However, you don’t know which box you're drawing. This uncertainty
is akin to being in a superposition of two states as there’s uncertainty
about the state of the system until it is observed or measured. Here’s
where conditional probability and total probability come into play.

In this scenario, you need to determine the total probability of draw-
ing a red ball without knowing which box you are drawing from. To
find this total probability, you apply the law of total probability, which
combines the probabilities of drawing a red ball from each box, weighted
by the likelihood of choosing each box.

Mathematically, if we denote the event of drawing a red ball as R, and
the event of selecting each box as A (selecting Box A) and B (select-
ing Box B). The probability of drawing a red ball from Box A, de-
noted P(R | A) and the probability of drawing a red ball from Box
A, denoted P(R | B). The total probability can be expressed as:
P(R)=P(A)P(R|A)+ P(B)P(R| B)

In the context of this research, we can analogously consider event A as
observing a particle in a given eigenstate, and Ej as representing differ-
ent possible spacetime manifolds. The conditional probability P(A | Ex)
then corresponds to the likelihood of observing the particle in a certain
eigenstate after time evolution in a specific spacetime geometry.
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The subsequent sections of this study will delve into deriving the rules
for determining P(F}), where E} is one of spacetime manifold arising
out of the uncertainty in curvature of the spacetime. By employing Total
Probability Theorem, we aim to calculate the probability of observing
a test particle in a given eigenstate within a spacetime geometry that
possesses uncertainty in its curvature.

2 Conditional Probability Theory In Gravity

In the previous section, we discussed how the probabilistic nature of
quantum systems can influence the curvature of spacetime and, conse-
quently, how the state of a particle evolves in such an uncertain geometry.
To quantify this relationship, we can leverage the concept of conditional
probability, which allows us to rigorously calculate the likelihood of an
event given the occurrence of another related event.

Specifically, we are interested in the relationship that is captured by
the Bayes’ theorem [5, 6, 7, 8, 9, 10, 11]:

P(ANB)

P(A|B) = —5p

(2)
P(A | B) is the probability of Event A occurring due to Event B,
P(A N B) is the probability of both Event A and Event B occurring
and P(B) is the probability of Event B occurring

(From this, we can conclude that the joint probability P(A N B) can
also be expressed as P(AN B) = P(B)P(A | B).

This expression highlights how the probability of both events A and
B occurring together depends on the probability of B and the condi-
tional probability of A given B.

If we consider the scenario where the conditional probability P(A | B)
is equal to the reverse conditional probability P(B | A), we can also
express P(AN B) as P(ANB) = P(A)P(B | A).

In this case, P(A) becomes equal to P(B), meaning the probability of
Event A is equal to the probability of Event B occurring.
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Now, consider a scenario where Event A is defined as the value of the
metric g;; at a specific spacetime point zf/, which depends on the mass
equivalence M, of Particle B '. Here, M, is the relativistic mass of
Particle B, and Event B corresponds to the observation of Particle B at
the coordinates (:1:8 — I xh+ ri), assuming there is no uncertainty in

c

the momentum of Particle B.

p < 9ij (24)

= f (MTCI Particle B )

Particle B is observed )
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where f (Myel p,u0 5 ) 18 the function of Particle B’s mass equvalence
and position on the boundary of the past light cone of zy determing
9i5(%0)-

In the deterministic framework of General Relativity, if Particle B is
separated from zfj by a light-like interval, the metric at zf will be de-
termined by Particle B’s energy and position. This deterministic rela-
tionship dictates the probability of the metric at zff being influenced by
Particle on being seperated by a light like interval to be 1.

Conversely, if the metric at 2/ is influenced by the energy and position
of Particle B, then Particle B must be separated from ) by a light-like
interval. This means
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Now that we have proven P(A | B) = P(B | A) for this case, we can con-
clude P(A) = P(B) to be true for this case, which can be also expressed
as

P<gij (IS) =f (Mrel Particle B ))

B atxo—mmiiri
0 0

c

( Particle B is observed )

ri | sat
T t%e

i i 0
Th+ri4 0T 50—

= lim ‘ ‘ ‘

dz—0 z szt 0_|ri _ Sl

iy i N
otr 2 %o ¢ 2¢

|fi(95)|2 d'z

where f;(x) ids the position space wave function of particle B

Since the sum of probabilities across all scenarios must equal 1, a normal-
. ) 2

ization condition must be satisfied: [ ‘f (;vg + 7t zf — )’ dir=1

To achieve this normalization, we can define a normalizing constant (Z)

as: Z = [| f(zh£r'ad— )|2d4r

7,75

rt
C

With this understanding, we now examine a scenario where Event A
corresponds to the values of the metric g;; at zf being dependent on
Melparticle B, Where Mieiparicle 5 18 the mass equivalence of Particle B
and Event B is defined as observation of Particle B with momentum

VM?, —m? at zf) — Q,xf) + 79, 10, 11], considering there is no un-
certainty in position of particle B, we get
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Particle B is observed with

gij (24) = T_ o

P 2 70 momentum\/m
f (Mrel Particle B ) 0 r
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where f (Mol poriae 5 ) 1 the function of Particle B’s mass equvalence
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9ij (20)-

Moreover, using similar reasoning to that employed in Eq. (3), the
probability of g;;(zf) being dependent on M, .. 5 if Particle B is
observed with / Mrelz —m? at x(o) — @, xf) + % and its converse will be
1.

Consequently, Eq. (6) simplifies to

P<gij (Ig) = f (Mrel Particle B ))
Particle B is observed with

— p| momentumy/M,.;%> — m? (7)
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where fp (pi, zd— | % |) is the momentum space wave function of Par-
ticle B.

In Eq. (5) and Eq. (7), it has been demonstrated that the probabil-
ity of the metric values g;;(z) depends on the likelihood of observing
Particle B in the momentum and position eigenstates corresponding to
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the specific spacetime geometry at zf, under consideration. If Particle B,
o_ Il

at (.’L'O -

= 7”), has b,, number of momentum eigenstates, then

Particle B will correspondingly have b,, different mass equivalence eigen-
values M,c;, which in turn produce b,, distinct g;; (:vg )s for the spacetime
point xf associated with each respective eigenvalue M.

Continuing, if we extend this framework to include uncertainties in both
the momentum and position of Particle B, the uncertainty in the met-
ric g;;(zf) is then linked to the likelihood of observing Particle B in
a momentum and position eigenstate that corresponds to a particular
spacetime geometry at /) as seen in Eq. (8).

Building upon our reasoning applied in Eq. (5) and Eq. (7), when
considering uncertainty in both momentum and position of Particle B
simultaneously, on inputting Event A as value of the metric g;; at z{; be-
ing dependent on Mielp, 00 53 Where Mielp, 0 5 1S the mass equivalence

of Particle B and event B as Particle B is observed with +/ Mrel2 —m?2
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C
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On considering there are 'a’ number of spacetime points separated
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by light like interval from zf where particle B has a non-zero proba-
bility of being observed and ’b/, number of momentum eigenstates at
the respective retarded times where position space distribution of par-
ticle B is non zero at the light like interval separated spacetime point,
we can ascertain that there will be []* b, number of g;;(x}) values as
gij(xh) = -1 gn(zl), where g, (x}) is the Schwarzschild metric such at
the wavepacket (Particle B) is observed at nth spacetime point. 2.

Let’s understand it by analysing the metric at the spacetime point z
using Fig.1.

,,,,,,,,,,,,,,, -
e~
e e = r—————
%&’L'j:jiliiii‘.j.?’%‘éiii:iii.‘ii:iij

i . e . 4 (Particle B) .
L - . ° " PastLightCone - - | A\ e s

Figure 1: Energy on the boundary of past light cone of z{

The Schwarzschild metric at 2g will be a function of the distance of
separation r 4 such that wavepacket (Particle B) is observed at spacetime
point A and the ’observed’ mass equivalence of the wavepacket at the
corresponding time in that frame of refernece.

2Note: Although wave packets are usually superposition of infinite number of
eigenstates, here a generalised form is used where the particle’s momentum space
distribution is superposition of ’b/, number of arbitrary states.
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ga (.’Eg) = f (rAv Mrcl) (9)

On taking into account presence of energy at point B, C, D, E and F, the
metric becomes ga(xf) +gp(zh) + 9o (zf) + 9p (zh) + 9r(zf) + gr(af) =
9ij(z5) (let).

Now, if ga(z(), 95(77), 9o (28), 9o (25), 9B (7). gr (27) have ba, bp, be, bp, b, br
number of values respectively due uncertainty in momentum of parti-

cle B at the spacetime point A, B, C, D, E and F, then there will be

ba X bp X b x bp x bg x bp number of values g;;(xf) can have.

() =
Given this, for P ( 9ij (2p)
f rel particle B )
Event B to correspond to the observation of particle B with momenta

. . rl : :
\/M,,eln2 — m?2 at their corresponding :ﬂ8 — ‘—c”|, xh £ 'y, where My,

are the mass equivalence values of Particle B at 2§ — ‘T—C"l, xf£rt, corre-
sponding to that value of g, (x{)) inputted in g;;(x{) as per the argument
discussed previosuly for Eq.(5).

[Event B) to be 1, it is necessary for

Therefore,
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a
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1
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3 Particle Propagation In Spacetime With Uncer-
tainty In Their Metric

Building upon the framework where the metric of spacetime is treated
probabilistically, we now consider how this uncertainty affects the prop-
agation of particles. The previous discussion laid out how a particle’s
observables be proabilistically correlated with specific values of the met-
ric in an uncertain spacetime curvature. Extending this idea, we now
approach the problem of particle propagation by first discretizing space-
time into extremely small regions, each with a distinct set of possible
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metric values. This allows us to model the manifold structure of space-
time as a composite of these regions, each with uncertainty in its geom-
etry.

These segments form a set of infinitesimally small regions, labeled as
region 1, region 2, region 3, ..., up to region j. Within each region,
the metric g;; can take on a number of possible values, denoted by
Ni, N3, N3, ..., N; for regions 1 through j, respectively.

This discretization gives rise to a total of [ = []/_; N; distinct mani-
folds, Mj, each corresponding to a unique combination of metric values
across all regions. The manifold Mj, is characterized by the specific set
of values that the metric g;; assumes in each region. Since the metric
in each region is uncertain, the overall structure of spacetime is not fixed.

The multiplication rule of probability states that the probability of a
series of independent events all occurring is the product of their indi-
vidual probabilities. In the context of proability of manifold My, this
principle applies by considering the manifold’s representation as a set of
infinitesimally small regions. Each metric value is a constituent event
whose probability that is independent of values of metric in the other
regions in the manifold under consideration. To find the total probabil-
ity of observing manifold M}, we multiply the probabilities of observing
each of these metric values in their respective regions

!
P (manifold My,) = H P [gfggion n iD Mk:| (11)
n=1

where g,¢i0n n, 0 My is the value of the metric in region n in mani-

fold M} and P [gij in Mk} is the probability observing the regions

region n
with the g;; value corresponding to that manifold.

Once we have determined all possible manifolds and their associated
probabilities, we can determine the particle propagation in these classical
manifolds by solving the S-matrix for each manifold. The wavefunction
of the particle in manifold M), denoted as fu manifold M,

To connect this with the observable outcomes, we apply Total Probabil-
ity Theorem. Let us consider event F, as the probability of the observing
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spacetime as manifold My, and the event (A | Ej) as the observation
of the test particle with a momentum eigenstate |p*) at time ¢y + dt in
the manifold My,. The contribution from this scenario (time evolution of
particle in manifold Mj) to overall probability of the observing particle
with momentum p at time tg + dt is given by:

P(manifold My) | f, manifold s, (P*,to + dt)|? (12)

P(Ey) P(A|E)

Similarly, if we define Event Ej as probability of manifold M} and
Event (A | Ex) as observing the test particle in position eigenstate
|t0 + dt, mi> in manifold M, probability of the particle A to be observed
at the given coordinate due to this scenario contributing to overall prob-
ability

P(manifold My) | fumanitola a1, (2,0 + dt) |2 (13)

P(Ey) P(A|Ey)

To obtain the overall probability distributions for the particle’s mo-
mentum and position, we sum over all possible manifolds Mj. This gives
us the resultant probability distributions:

For momentum:
Resultant | f,, (p",to + dt)?

P(manifOId Mk:) ‘fu,manifold M, (pua to + dt)|2 (14>

MN

=
Il
—

For position:

Resultant ’fu (-ria to + dt) |2
I
= Z P(manlfold Mk) |fp,,manifold My, (Ii7 to + dt) }2 (15)

[

Having derived the modulus of the phase space distributions of the
canonically conjugate variables - momentum and position - we can now
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reconstruct the wavefunctions in their respective spaces. This is achieved
through iterative phase retrieval algorithms, which are crucial for recon-
structing the phase information using the modulus of two distributions
in their respective canonically conjugate spaces. Algorithms such as
the Gerchberg-Saxton and Fienup algorithms are particularly effective
in this context. They employ this iterative approach for phase retrieval
[12, 13, 14, 15]. These methods, originally developed for applications
in optics and imaging systems, are now increasingly used in quantum
mechanics for quantum state reconstruction and quantum tomography.

At distances where uncertainties in the metric at a spacetime point be-
come negligible, each scenario for the spacetime geometry converges, and
the metric effectively assumes a single value. In these cases, the proba-
bilistic nature of the framework ceases to have an impact, and the model
simplifies to the deterministic nature of general relativity. This transi-
tion occurs because the uncertainty in the metric becomes insignificant,
making all scenarios nearly identical to one another. Consequently, the
system aligns with the classical description, where spacetime curvature
is solely dictated by the energy-matter distribution, as governed by Ein-
stein’s field equations.

At distances where the ratio of uncertainty in the Schwarzschild radius to
the distance of seperation 'r’ from the position expectation value (x#) of
the particle curving spacetime at the correponding retarded time, (Afs )
becomes negligible, i.e., for r >> AR, the uncertainty in the metric are
effectively zero, and the spacetime geometry transitions to the determin-
istic framework of general relativity.

An uncertainty in M. produces an uncertainty in R, as:

2GA M,
AR, = — Q2 (16)
To evaluate the uncertainty in M., we use:
OM el
AZ\4rel = a]je AI% (17>
with 8%4—;‘ = %7 where < p > and < E > are the momentum and

energy expectation values respectively.
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Substituting this into ARy, we get

_2G<p>Ap

= 1
Ak, A< E> (18)

For a highly relativistic particle, pc >> mgc? and pc ~ E, so the equa-
tion reduces to

_ 2GAp

AR, = =73

(19)
We know Ap > ﬁ and for a wave packet of wavelength A\, Az ~ X\, we
get Ap ~ % Substituting that into AR, we find

Gh

IN R
R 3\

(20)

For distances from the position expectation value (z*) of the particle
curving spacetime r >> %, the uncertainty in the metric becomes neg-
ligible, and the probabilistic effects of the framework vanish. This regime
aligns with macroscopic scales, where quantum uncertainties are negli-
gible, and the classical solution accurately describes spacetime geometry.

Conversely, in a spacetime being curved by a for a wave packet of wave-
length A\ at distances r ~ % or less from the wavepacket, the uncer-
tainty in the metric becomes significant. In these regimes, the framework
described in this study offers a comprehensive approach to account for

the probabilistic effects of quantum uncertainties on spacetime geometry.

The term % establishes a critical length scale below which quantum
uncertainties in the spacetime metric become significant. In this formu-
lation, the characteristic length scale is directly tied to the particle’ s
wavelength. For a given wavelength A, the model indicates that space-
time curvature can be predicted accurately only at distances in order
of and exceeding % from the position expectation value of the particle
curving spacetime. As the particle’s wavelength decreases (correspond-
ing to an increase in energy, the description implies that the regime of
its validity shifts to larger scales.

In our semiclassical framework, the derived length scale % establishes
a natural boundary for the applicability of the model—it functions ef-
fectively only near the Planck length and not beyond it. When the
particle’s wavelength is comparable to the Planck length L, ( A = L,
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Gh
3N\
ing that the approach is intrinsically limited to phenomena at or near
the Planck scale.

where L, = Q/%), the characteristic scale reduces to ~ Ly, affirm-

Furthermore, for a particle whose wavelength is smaller than the Planck
scale, the inverse dependence on A in the expression causes the corre-
sponding length scale to exceed the Planck length, as is evident from the
equation. This result indicates that when dealing with sub-Planckian
wavelengths, the semiclassical model predicts a regime where the effec-
tive length scale becomes larger than L,, thereby delineating the limit
beyond which the current approximation ceases to provide a valid de-
scription.

This reinforces the model’s limitation: while it may function near the
Planck length, beyond this threshold, it cannot accurately predict space-
time curvature, and a more fundamental approach should be employed
to describe the physics at these extreme scales. The model presented
here is valid and applicable near the Planck length, but it ceases to be
accurate for distances smaller than this characteristic scale.

Thus, while our model successfully bridges the transition from prob-
abilistic to deterministic behavior as one moves from microscopic to
macroscopic scales and captures the dynamic interplay of uncertainties
at small scales while converging to the deterministic behavior of space-
time at larger scales, it also inherently highlights its own limitations. It
operates effectively in regimes where the distance from the position ex-
pectation value in order of and exceeding CG-T'}\, but for distances smaller
than this critical scale, a more fundamental approach is required to fully
capture the underlying physics.

4 Discussion

The interplay between quantum mechanics (QM) and general relativity
(GR) represents one of the most profound challenges in modern physics.
This study addresses a key aspect of this problem by exploring the in-
fluence of quantum uncertainties on spacetime curvature. Employing a
Bayesian framework, we uncover several critical insights into the prob-
abilistic nature of spacetime and its implications for gravitational phe-
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nomena.

A central result of this work is the demonstration that uncertainties in
the position and momentum of particles introduce corresponding uncer-
tainties in the spacetime metric. By modeling spacetime as a collection of
probabilistic manifolds, the study extends the scope of GR into regimes
where deterministic assumptions no longer hold.

One of the key insights pertains to the scale at which quantum effects
necessitate this probabilistic framework for accurately describing wave-
function evolution. The analysis reveals that this framework becomes
indispensable at scales%7 where A is the wavelength of the particle
curving spacetime. This criterion delineates the transition from the de-
terministic regime of classical GR to a probabilistic regime dominated
by quantum uncertainties.

At macroscopic scales, where r > %, the uncertainties in spacetime
curvature are negligible, and the framework naturally converges to the
deterministic predictions of GR. Conversely, for wave packets with larger
wavelengths, the distance r at which the probabilistic effects become sig-
nificant can be extremely small. However, for highly relativistic particles
with longer wavelengths, this transition scale shifts, making the frame-
work relevant over larger distances. The derived scale dependency thus
highlights the importance of this framework in regimes where quantum
effects play a non-negligible role in determining spacetime geometry.

Future work extending the framework to include multi-particle sys-
tems or exploring its implications for cosmological models may further
enrich our understanding or help us validate this framework. In partic-
ular, analyzing collective quantum effects in gravitational systems and
their role in early-universe dynamics may provide key observational sig-
natures.

In conclusion, this study establishes a probabilistic framework for space-
time curvature influenced by quantum uncertainties. By demonstrat-
ing the scale at which quantum effects become significant, it provides
a robust methodology for accurately determining the time evolution of
wavefunctions in uncertain spacetimes.
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