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Introduction

During the last century, gravitation was understood as space-time cur-
vature thanks to general relativity (GR), mainly developed by Einstein. A
century ago, de Broglie understood this : to the movement of any material
particle a "phase wave" was associated, whatever kind or mass the particle
may be. Its phase is tuned to the internal phase of the little clock which
is the particle. From this idea, but conserving only the wave, quantum
physics was built as a field theory, ruled by the gauge invariance. Quantum
physics has been built as a theory of gauge invariance. From these theoret-
ical progresses and mostly from a lot of discoveries at particle accelerators,
the Standard Model (SM) of quantum physics was gradually built. How-
ever, the aim of all theoretical physics, a true unification of these separated
parts of physics, quantum physics and General Relativity, the Theory of
Everything, has not yet been achieved. This ToE is also the end goal of
our work.

Many attempts have been made in recent decades, usually beginning
with quantum physics and aiming to include gravitation. “Developing the
Theory of Everything” also starts from relativistic quantum mechanics, and
uses all experimental results of the Standard Model of particle physics, but
in an entirely new formulation of quantum mechanics, as explained in Chap-
ter 1. This new approach do not focus on Hermitian fields nor on operators
upon those Hermitian fields. Actually the quantum wave is a function of
space-time with values in real Clifford algebras. And this new approach al-
lows us to understand the true reason for the quantization of action, as well
as the true nature of light and the electromagnetic field, which turns out
to be simply momentum—energy components of the quantum wave. More-
over our approach allows us to integrate the spin of the quantum wave to
a true fields theory, justifying the exclusion principle without the configu-
ration spaces of non relativistic quantum mechanics. Strong constraints of
relativistic physics give again to the phase wave its true nature of physical
wave: it does not be a simple mathematical tool allowing us to compute
probabilities, without giving up on those probabilities that are truly rele-
vant.

Novelties also arise here from the same minimal mathematical tools
used for both SM and GR: the Cl3 algebra and its multiplicative group

19



20 INTRODUCTION

Cl;. They are described in Appendix A. The space-time Cl; 3 allows us
to describe electro-weak interactions. The End(Cl3) group, included in the
Cls 3 Clifford algebra which is its Lie algebra, contains the CI3 subgroup.
They are described in Appendix B. The necessity for this tool in GR comes
from Whitney’s theorem: space-time being a 4-dimensional manifold, an
8-dimensional linear space is sufficient to obtain an embedding, and more-
over Cl3 is R® as linear space and as topological space. Next Cl3 3, which
contains Cly 3 as sub-algebra, has dimension 64 = 2372 = 43 which is the
number of Christoffel symbols of the space-time manifold.

The use in physics of these algebras began as soon as 1927 with the Pauli
algebra Cl3 and next the Dirac algebra in 1928 in the frame of what is now
named the “first quantization”. This step of quantization was followed by
a second step, the quantification of the fields (electromagnetic field, boson
fields of electro-weak and strong interactions). This second step includes all
results got by the first one. This comes from the including of CI3, which
is the group of endomorphisms in C?, in the End(Cl3) group. This group
includes the gauge group of the Standard Model.

From 1967 the first quantization D. Hestenes re-built with the mathe-
matical tool of space-time algebra [77, [78] [79], 80, 83, 82]. The beginning
of the present work [12] was made in this framework. The first novelty de-
parting from the Cliffordian framework was the use of an improved wave
equation, a nonlinear wave equation which will be presented in Chapter 1.
Second novelty: the natural geometric framework of relativistic quantum
mechanics did not be the Dirac matrix algebra, nor the space-time algebra
a sub-algebra of this complex algebra, but the only C!3 Lie group. This,
unknown at the beginning of relativistic quantum mechanics, was a conse-
quence of our preceding works [14, [15] 17, 18, [19].

The Cl3 algebra, containing its multiplicative group, was first promoted
by W. Baylis [3]. It is isomorphic to the even part of the Hestenes’ Cly 3
space-time algebra. It is also the Lie algebra of its multiplicative C13 group,
usually named GL(2,C) in Lie group theory. And the new framework,
very restricted (8-dimensional instead 16-dimensional), very strained, both
algebraically and topologically, first allowed us to see the original Dirac
theory as incomplete: We got numerous extra tensor densities from the
relativistic link between spinors and tensors. Moreover those tensor densities
introduce automatically a difference between left and right waves, and then
even the bias for left waves.

The third novelty was the true understanding of the C'l3 Lie group as the
invariance group of all electromagnetic laws, quantum wave of the electron
with spin included [I7, 018, 19, 21, 22]. It is this CI} Lie group, strictly
included in its Lie algebra Cl3, which is essential for the electron quantum
wave: an application from space-time, a manifold included in Cl3, whose
scalar fields take values in the maximal commutative sub-ring of Cl3.

These three steps allowed us to build a completely relativistic theory
of electro-weak interactions from the generalization of our improved Dirac
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equation. This wave equation used a term of proper mass: we made pre-
cisely what was impossible with the first theory of weak interactions [114]
which suppressed the proper mass. The improved equation was generalized
to a wave equation for all fermions and anti-fermions of the first generation
[24, 29, [30], 28, 25, BT}, B3] 34, B2}, 35l 36, B7, 48|, 47, [49, 50, 39]. The ex-
position of all our previous works in [50] gave new results like the Lorentz
force acting on the whole lepton wave (magnetic monopole included) and
the full coloured quarks wave. We also got a wave equation for the complete
wave of colored quarks. In the wave equations a vector described the local
reduced velocity of the fluid of probability. This allowed us to partially
mask the crossing between right and left spinors in the proper mass term.
Consequently we were able to read the wave equations in a recursive manner
giving the properties of the gauge fields. And above all we got the quanti-
zation of the kinetic momentum with the awaited 7/2 value, both for
the electron and for the proton and the neutron, thanks to their three col-
ored quarks. We also completely explained the double logical link between
Lagrangian density and wave equation, justifying the least action principle.
For the fermion part of the quantum wave, our wave equation ensues from a
Lagrangian density which differs only from the one of the Standard Model
by its nonlinear mass term. There is no necessity to postulate a Lagrangian
density for the boson part of the quantum wave.

About the quarks which make up protons and neutrons of nucleus in
atoms we must recall this: the charge of quarks, +2/3 of the charge of the
positron for the u quark and —1/3 of the charge of the positron for the d
quark are measured with an extraordinary precision. This is undoubtedly
the best experimental result of all physics: if a very tiny difference was ex-
isting from these values then a non ionized atom could not be neutral and
electrostatic forces between atoms should be much stronger than gravita-
tional forces. The matter could not build stars and planets. It is then very
important to satisfy these +2/3 and —1/3 will be completely explained in
this book. And this result is the first and main experimental validation of
our theoretical construction. The SM such as described here does not need
a choice of the values of the charges, their values are a consequence of the
constraints imposed by the relativistic and gauge invariances. About quarks
the SM tells us several properties that must be explained: the existence of
three and only three states of color for each quark. We explain this three.
Fermions also exist in three “generations" very similar. Here also our expla-
nation is simple, this three also comes from the dimension of space. Then
we do not wait for a fourth generation, except for a fourth neutrino and we
shall explain Whyﬂ This fourth neutrino may be stable and identical to its
anti-particle.

1. But we do not have all answers to the many questions about these three generations,
neither about the disparity in masses nor on the change of generation for neutrinos nor
on the mixing of generations for quarks in hadrons. Anyway many parameters must be
experimentally measured before the building of a complete explicative model.
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Numerous attempts at unification were made by extending the restricted
framework of the Minkowski space-time and expressing the Dirac wave as
a function from curved space-time in the same set of values which remains
C*. This is today considered a completely solved problem, both via the
older formalism with the Dirac matrices and via the space-time algebra
used by Hestenes and his Cliffordian school [5][6][9][I0]. But all these at-
tempts fundamentally confuse two Lie groups structurally different: That is
fully explained in Chapter 1. ToE needing absolute mathematical rigor, it
is impossible to build the theory on the quicksand of these previous under-
takings. For instance, we find that we certainly need a separate space-time
manifold; we also absolutely need the SU(2) group in nonrelativistic quan-
tum mechanics and the SL(2,C) group in relativistic quantum mechanics.
We use, as enlargement of the possibilities, only the extra dimensions of the
invariance group of all physical laws. Various sub-domains of physics, par-
ticularly those using cross product, curl, chirality, are completely dependent
of these only three dimensions.

What we propose here follows many previous attempts. For instance
Weyl’s unified theory was based on the idea of gauge that he introduced|[113].
This attempt at a unified theory was equivalent to the use of a similitude
group as a local invariance group. Weyl’s theory was developed at a time
when neither the gauge invariance of the quantum wave nor the chirality
of weak interactions could be accounted for. Moreover, the one-parameter
Lie group generated by the ratio of similitude is the multiplicative group of
positive real numbers when a U(1) group is needed for the electric gauge
invariance.

Another major attempt was Penrose’s theory of twistors [I03]|[104]. Since
this theory also began from the Dirac equation and from left and right
spinors of the Dirac theory, there are numerous connections between twistor
theory and what we study here. Nevertheless, we start in a very different di-
rection. We do not start from the Hamiltonian form of nonrelativistic quan-
tum mechanics: we begin with only the fermionic part of the Lagrangian
density in the Standard Model. This is also due to the necessity for a total
logical coherence between the Standard Model and general relativity.

The most important attempts at unification were worked out by Einstein
from 1917 until his death [IT3]. He tried various possible paths to unify
electromagnetism, gravitation and quantum physics. It is one of his paths
that we develop here in Chapter 4, a space-time manifold with torsion.
We also follow his idea about the incompleteness of quantum mechanics as
built a century ago. We then explain why Einstein could not fully develop
this approach himself, when quark properties and the importance of chiral
waves were yet unknown. Moreover, Einstein could not foresee the strong
link between space-time manifold and the CI3 Lie group.

Many other attempts like string and super-symmetry theories, which
were very popular thirty years ago, were based on the use of numerous sup-
plementary dimensions of space-time. The starting point of these theories,
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aiming for a theory of everything, was a greater gauge group: a simple
one unifying electromagnetism, weak interactions and strong interactions,
like SU(5) or SO(10). We do not follow this still tempting path. The
gauge group of the Standard Model, is actually a sub-group of another
group: End(Cl3) which is the natural invariance group of the Cl3 algebra,
64-dimensional on the real field. And this restriction is useful: it gives
the reason for the difference between quarks and leptons which do not see
strong interactions. That also does not need to be postulated; it is a nec-
essary consequence of the kind of mathematics used in this version of the
SM.

So our research path is new: The space-time manifold of General Rela-
tivity is parameterized due to the 8 dimensions of Cl5. The electron wave
is a function on this manifold, with value in the Cl3 Lie group. This mul-
tiplicative group contains the SU(2) group of non relativistic quantum me-
chanics. This Cl3 group is also a ring, and a left and right A-module on
the sub-ring A of diagonal terms. Moreover, the End(Cl3) group is a 64-
dimensional group. It is also a ring, containing C!l; as sub-ring, extensive
enough to describe quantum waves of all objects, particles and antiparticles,
of each generation. Moreover, multiplication in End(Cl3) is a generalization
of multiplication in Cl = End(C?).

This research path does not need new particles, neither new ideas still
unknown: we hence respect all of discoveries coming from high energy
physics. We corroborate, for the Standard Model, its analysis of so many
experimental researches accumulated since a century of quantum physics.
The only possible objects that may be added to the ones known are right-
handed neutrino waves. We thus study these complete neutrinos which may
also be called magnetic monopoles.

The main reason why we are able to add gravitation to the three other
kinds of interactions, is that we use a nonlinear term of proper mass in each
wave equation. The Weinberg-Salam model could not obtain such mass
terms.

Chapter 1 is devoted to the electron in the Cl3 algebra framework. Most
of our novelties are presented there, such as the true number of tensor
densities, the improved wave equation, the extended relativistic invariance,
two momentum-energy tensors and the link between these tensors and the
electromagnetic field. That chapter is the only one which does not seem to
be concerned by “second quantization”. There we use the notation of first
quantization, with experimental results on energy levels obtained in this
framework. The main change from the first edition is that we use a mass
term for each left and right part of the fermionic wave. Despite its non
linearity our wave equation gets again, and enhances, all results obtained
from the Dirac equation, especially those giving the electron states in atoms.
The validity domain of the wave equation is extended to electron systems,
without need of a configuration space. The inclusion of space-time in Cls
allows us to link the electromagnetic field to the momentum-energy tensors
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of the electron wave.

Chapter 2 explains how passing from the Cl3 algebra to the End(Cl3)
algebra is equivalent to go from first to second quantization for the fermion
part of the Standard Model. Through this extended algebra we satisfy the
decomposition of the full wave function into sixteen parts, eight left ones
and eight right ones. This second chapter also studies weak interactions
mixing the electron with the electron neutrino. This neutrino wave is in-
corporated in the wave function of a leptonic magnetic monopole: this is
the only possibility of extending the fermionic wave function as allowed by
the Standard Model. We also fully explain the origin of the extremal prin-
ciple and of the quantization of action. We present a soliton solution for a
self-interacting electron, an edge case of negligible exterior electromagnetic
potential.

The study is extended in Chapter 3 to weak and strong interactions
of quarks. We generalize the form-invariant derivative. This derivative
simplifies the part of weak interactions for the quark wave function. We
justify the preference for left waves. We present the wave equation without
any use of complex values.

Chapter 4 incorporates gravitation in the heart of quantum physics such
as described in the preceding chapters. The formulation of general relativity
as the equality between two tensors is extended to be an equality between
two connections of the space-time manifold. The global structure of space-
time both accounts for the EPR paradox and gives a cosmic expansion with
the most recent estimate of the beginning of the acceleration.

Afterwards we present our conclusions. That chapter includes many
items that we cannot elaborate further in this introduction. There we also
explain why we changed the title from “a” to “the” theory of everything. A
summary of our described novelties closes this text.

The most technical parts are placed in four appendices. The presenta-
tion of the tools of Clifford algebras comprises Appendices A and B. There
we show in a detailed and as basic manner as possible the algebras used
in previous chapters. The main change from previous editions is the exact
resolution of the improved wave equation in the hydrogen atom case The
resolution of the Dirac equation for the in Appendix C. That resolution
separates the variables in spherical coordinates. We get back all results
(quantum numbers, energy levels) which ensured the success of the Dirac
equation, despite no use of angular momentum operator, no use of Hilbert
space and despite the non linearity of our wave equation. Various calcula-
tions form Appendix D.

This text neither describes a final theory of all interactions nor a fortiori
a final theory of all physics. Many deep questions remain, like emission and
absorption of the momentum-energy of the quantum electron wave, which
is light. Louis de Broglie thought that much work remained after his own
work, for several generations of physicists, to clear new paths in the vast
land of quantum physics that he began to discover, a century ago.



Chapter 1

The electron wave with spin
1/2

First we present the usual matrix framework, the quantum
wave of the electron and its wave equation. We study the wave
equation in the Clifford algebra of space and in the Clifford alge-
bra of space-time. We study tensor densities of the linear wave
equation (the Dirac equation). The form invariance of the wave
equation is extended to the multiplicative group of the Clifford
algebra of space. The relativistic invariance introduces left and
right parts of the wave. We simplify the Lagrangian density from
which the wave equation comes, and we study the gotten im-
proved wave equation. A dual logical link exists between the wave
equation and Lagrangian density. The electric gauge invariance
is not changed. A second gauge invariance and a second conser-
vative current appear. Gauge invariance and form invariance are
compatible with mass terms. We coherently set out the normal-
ization of the wave, the charge conjugation, the solutions for the
hydrogen atom. We address the issue of three generations. We
introduce the notions of numeric dimension and invariant space-
time. We study the energy—momentum vector and the dynamics
of two energy—momentum tensors. This gives the Lorentz force for
the electron. We identify a direct link between the electromag-
netic field and momentum—energy tensors of the electron wave.
The Pauli exclusion principle is linked to the normalization of the
wave and to the conservation of momentum-energy. We study the
recursion of the improved wave equation and its consequences.

25



26 CHAPTER 1. THE ELECTRON WAVE WITH SPIN 1/2

1.1 The wave equation of the electron

In 1926 two major breakthroughs were made about the electron: the
discovery of the electron spin, which means that the electron is a little
magnet, even at rest, and the formulation of a wave equation by Erwin
Schrodinger. This equation reads with [56]:

h Oy
2mi Ot "), (L)
where ¢ = ¢(x,y, z,t) is a complex number, for each value of z,y, 2, t, and
h is the Planck constant. The wave of the Schrédinger equation is then
a function with partial derivatives from R* into C. This wave equation
is linear. Functions that are solutions of the wave equation form a linear
subspace of the linear space F(R* C). Most of the concepts of quantum
physics so far have come from the study of the Hamiltonian H included in
the wave equation. Since we will not use this wave equation, nor Hilbert
spaces, we only remark now the very particular role played by time in that
equation.

The electron is also a magnet; this is the origin of the properties of
permanent magnets that we use daily. So we must account for this magnet.
After Pauli’s first attempt to explain these magnetic properties, Dirac made
use of and carried forward Pauli’s attempt by coming up with another wave
equation, only a few months later: this wave equation was published as
early as 1928 [64] [65]. Nearly a century later, we can present this wave
equation (in semi-modern notation, and with the usual Einstein summation
convention) as followslﬂ

. . e h moc
0= " (0, +igAy) +imlyY; q:= o ho= o = TO' (1.2)

The four A, are the components of the space-time vector called exterior
electromagnetic potentialﬂ that is created by other charges; e is the charge
of the electron and my is the proper massﬂ. We must see the great difference
between the 1 of the Schrodinger equation and the v of the Dirac equation

expressed as:
(8. e _ (&Y., _(m
vim (§)i 6= (&) n= (). (13)

1. Most modern presentations use a system of “natural” units where ¢ =1 and 7 = 1.
We will see in why we cannot here use the comfortable 4 = 1 convention.

2. We will see in how the electromagnetic field, then also the potential, is not
exterior, but dependent on the wave.

3. The wave equation of the electron always includes a mass term and a charge term.
This equation is too often presented without its charge term, as if the electric interaction
could be removed and restored at will. Even when the interaction with other charges
is negligible, the action of the electro-weak field issued from the wave itself cannot be
suppressed nor neglected, we shall see this for the atomic electrons.
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because now the &; = £;(x,t) and the n; = n;(x,t) play the same role as
functions of space and time coordinates with value in the complex field.
The Dirac wave is hence a function with derivatives from R?* into C*. This
wave equation is linear. The solutions are thus elements of a linear subspace
of the set of functions F(R*, C*). The Dirac equation needs to choose four
suitable y* matrices. Our choice, single and permanent, isE|:

._01.._O_i.._10._._00j
g1 = 1 0 y 02 1= i 0 ;03 1= 0 —1 V= —0; 0 )

o'j = —Aj = ZT\]' = —O'j, ] = 1,2,3, (14)

0 I 1 0
— A0 . 2 . —gn=00=5%=5, :=
0=7"" (Ig O) e 0 0 (O 1> ’

The 0, matrices and their products generate an 8-dimensional algebra on
R which is 4-dimensional on C, named the Pauli algebra or the 2 x 2 matrix
algebra: M3(C). The choice of the Pauli matrices is fixed by the intrinsic
basis (V1, Va, V3, V) of Ma(C) where the projectors V,, satisfy:

1 1 0 1 . 0 1
Vi= §(00 +o03) = (0 O) s Vo= 5(01 +i0g) = (0 0) ,
1 ) 0 0 1 0 0
Vy = 5(01 —i0g) = (1 O) s V= 5(00 —03) = (O 1) . (1.5)

With the matrices of this canonical basis, £ is the right part and 7 is the
left part of the wave. With the Dirac theory indeed it is the v5 matrix that
allows us the definition of projectors on the right and left parts of the wave:

. I, 0 1+ 1— 0
Vs = 1Y172Y370 = (02 12) ; 2751# = (g) ; T%w = (n) . (1.6)

The Dirac matrices are not uniquely defined. The Dirac theory easily proves
that any other choice satisfies:

V= MyRMTY g = M, (1.7)

where M is any 4 x 4 fixed invertible matrix. This always allows us to
come back to our present choice . Moreover another choice for Dirac
matrices also need a matching change of the wave itself. The present choice
is convenient both for the resolution of the wave equation in the case of
the hydrogen atom [I3] [36] and for an electron at high velocity. On the
contrary, for the study of an electron with low velocity and for deriving the

4. We may also consider the Dirac wave as a set of four functions from R* into C.
Thus, even if the usual term for the wave of quantum mechanics is “wave function”, here
we use four functions, not only one, and thus the general and simpler term “wave” seems
more appropriate in the Dirac theory.

5. The meaning of the notation 7 is explained in
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Pauli equation, the initial choice of 7;, matrices was [I2]: intended for the
Pauli equation describing slow electrons[12], using:

_ 1
M=M"":=—0+7); 70 =MyM =5 v; = My;M = —v;, (1.8)

V2
for 5 =1,2, 3.@ We then have:

Y1 &i4+m
e | - et | (), (Y5
v=ar= = 8 e ()= () 0o
A §2— M2

This choice thus mixes the right and left parts of the wave. This mixing is
a disaster for all that concerns spin, magnetism and weak interactions. It
is the very reason justifying that we never use the v'#. Coming back to the

(1.4) matrices, the Dirac equation (|1.2) reads:

_ im o (0, +igAp)\ (€ . 0 5
0= (3“(6H +Zun) im n ; (r“)# = @, xr~ = ct. (110)
It is equivalent to the following system:
0 =0"(dy +iqA,)n +img,
0 =5"(, + igA, )& + imn. (1.11)

The mass term of the wave equation for the £ right part of the wave contains
the left n part, while the mass term of the wave equation for the left n part
of the wave contains the right £. This crossing of terms forbids the separated
use of either £ or 1 alone. Next, to get the Pauli equation it is necessary to
break the space-time symmetry of these equations by:

-,

0= 807] + 5’17 + iq(Ao - A)T} + im{; 5: 0161 + 0'282 + 0'383,
0= 0o& — ¢ +iq(Ag + AV +imm; A= Aloy + A%05 + Aoy, (1.12)

Multiplying by i we get the named Hamiltonian form:
—idon = idn — q(Ao — A)p — mé,
—iBo& = —idE — q(Ag + A)E — ma. (1.13)

Adding and subtracting these equations we get:

0 = (8o + iqAo + im)x + (8 — igA)w, (1.14)

— -,

0= (9p +iqAo — im)w — (0 —iqA)x. (1.15)

6. The 5 matrix does not belong to the Cly 3 sub-algebra of Cla 3 = My(C), thus
the 4’0 matrix does not belong to Cly,3.
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The nonrelativistic approximation replaces ([1.15) with another equation
(De Broglie considered this as totally incorrect [60]), gotten by the drastic
suppress of a time derivative:
i
w=—(0—1igA 1.16
(T~ i A, (1.16)
and next by substituting w in (1.14)) we arrive at the Pauli equation:

. . 1 -
(Do + iqAg + im)x = — (0 — igA)*x. (1.17)
2im
The substitution of w is aimed to get the Schrédinger equation where we
have hcOpyp = iE, and by the nonrelativistic approximation E ~ mqc?.
Next we easily place the Pauli wave equation under the Hamiltonian form

of the Schrédinger equation (L.I)[7] ]

) - e
ihedox = Hx; Hy = (eAg +moc®)x + Q—mO(a - ’L%A)QX. (1.18)

Now with the usual summation of upper and lower indices, we let:

V= o"0; V= olou; Ai=0"Ay; A= ar4,,

0 A 0 Vv
"}/“A# = (A\ O>, 8:: 7”8# = (@ O> . (119)

These calculations actually operate in Clifford algebra, more precisely in
two algebras: the Pauli algebra which is also called Cl3 (as Clifford algebra
of R?), and the Clifford algebra of space-time Cly 3, which is the algebra
used more particularly by Hestenes, Boudet and Casanova [9]. A detailed
introduction to Clifford algebra is presented in [21] 28] [36] and also in this
book, Appendix A. We next detail in Appendix B the properties of Cl; 3

A

7. The Hamiltonian of the Schrddinger equation, coming from the Hamiltonian of
classical mechanics, is then replaced by a Hamiltonian operator acting on the wave. To
obtain a Hamiltonian formalism in the same relativistic framework as the Dirac wave
itself, is the aim of I. Kanatchikov [84]. It is indeed a prerequisite step for a unification
of the different Hamiltonian formalisms of various parts of physical theory.

8. The Hamiltonian form of the wave equation still contains anti-commuting Pauli or
Dirac matrices. Quantum fields theory uses a exponential of this Hamiltonian without
accounting for the non commutativity of matrix products. As long as the space direction
is the 3 direction, the results of all calculations are exacts, since the o3 matrix is diag-
onal and since diagonal matrices commute. But as soon as another direction must be
accounted for, difficulties arise with relativistic mechanics. Therefore we use here only
the Dirac equation and its Lagrangian formalism, not the approximation by the Pauli
equation nor the Hamiltonian form of the first Dirac equation. This Hamiltonian form
uses a 8 = 7’9 = v5 matrix. It does not belong to the Cl; 3 algebra generated by the
four v# matrices. It really belongs to the Cla 3 = M4(C) algebra generated by the five
¥%, a = 5,0,1,2,3. That changes relative time of the relativistic wave equation into a
2-dimensional time which cannot be our physical oriented time. The Hamiltonian form
of the first Dirac equation cannot be fully relativistic.
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which is isomorphic to a real subalgebra of the complex algebra My (C).
Actually Cly 3 is a left (and a right) modulus on the Cls ring. In the
calculations of the Dirac theory, this corresponds to the calculation by blocks
of 2 x 2 matrices for the 4 x 4 matrices. The system 7 equivalent to
the Dirac equation, is expressed as:

(fl) - % (@ +Oz'q2 v +oiqA) (f,) : (1.20)

This has the recursive functional form

@+ iqA)y. (1.21)

?
m

Y= FW) S0) = 9 (0t ig Ay =

This form is very useful in studying the second-order equation that we come
to now.

1.1.1 Second-order equation

By iteration of the functional f we get b = f[f(¢)] which means:

U= —(8+iqA)[- (0 +igA)]v,
_ _%[sz +igB(AY) + igAdY — A%, (1.22)
O: =88 = 8ydy — 810, — D20y — D303.
where O is the D’Alembertian. Multiplying by m? this is equivalent to:
0= (O+m? — ¢>A%) + iq[0(Av)) + AdY)]. (1.23)

And we have:

B(AY) = (DAY + 24"0,1) — Ady; (1.24)

o (f8)-an (2 D (T 8) o

Then the electromagnetic field (F in space-time algebra, F = E+iH in
space algebra, where E is the electric field and H the magnetic field) allows
us to obtain at the second order:

0= (0+m*—¢*A?)) +iq[(DA) + 24", — AD + Ad]y,
0= (0+m*— ¢®A?) + iq[F + 2479,]1). (1.26)
We may remark that the classical electromagnetic field F comes with a field

of operators 24#0,,. It is in accordance with quantum field theory, where the
electromagnetic field is a field of operators. We may also see two things that



1.1. THE WAVE EQUATION OF THE ELECTRON 31

seem strange in this wave equation: firstly the field of operators is a scalar
field, acting on £ and 7 in the same way while the classical part F is exactly a
bivector field, which is well established experimentally: this is linked to the
complete absence of longitudinal polarization in light. Secondly the squares
m?—q?A? are of opposite signs, while the energy-momentum of the electron
is the sum of a mechanical energy—-momentum mv and an electromagnetic
energy—momentum qAﬂ, instead of a difference between these two energy—
momentum vectors. We thus replace with an equality similar to the

Leibniz rule for the derivative of a product:

B(AY) = F(v) + AdU: F() = B(Av) — A, (127
Fl) = (f N %) F0)=V(Ae) - ATe). (129

The second-order wave equation thus gives:

) + 2A0¢)]

0= (0+m? - ¢>A%)Y + iq|F
=( V) — 2A(igA + im)]ep (1.29)

(

O+ m? — ¢ A?)¢ + iq[F(
=[O+ (m + qA)?Y + igF (¢).

0= [0+ (m+ qA)?|¢ + iqF(d). (1.30)

This yields both the expected sign for the energy—-momentum term and
an electromagnetic field that is actually a field of operators acting on and
depending on the quantum ¢ wave of the electron. This wave equation is
thus non-linear, so it is not a linear Klein-Gordon equation.

1.1.2 The form invariance of the Dirac equation

Attention please: it will be necessary to explain and correct a mistake
made as early as the beginning of relativistic quantum physics, next used
in all books on electron physics. Attention again: this form-invariance is
very different from anything used in relativistic physics before quantum
mechanics. First, space-time is considered in practice as a subset of the Cl3
algebra (that was named the Pauli algebra) because, with Greek indices at
0,1, 2, 3 and:

0
0_ 4. =_ 1 2 3 . _
X' =ct; X=x01+x°00+x°03 ; a“_é'xﬂ’ (1.31)

9. This characterization of the energy—momentum of the electron as a sum is explicit
in the work of Hestenes (formula 6.22c) in [80]).
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quantum physics as early as 1927|E| wrote in the framework of Pauli’s wave

equation:
S x3 x!t —ix?

This includes the whole physical space in the Cl3 algebra. It is necessary
because the SU(2) group replaces the SO(3) rotation group in the Pauli
theory. And SU(2) is a subgroup of the C13 Lie group, which is the mul-
tiplicative group in the Cl3 algebra. Next, this inclusion of the physical
space was the starting point to extend the previous inclusion, by adding
oo = I to the o;. This is linked to the representations of the Lorentz group
[10T][107] After Rose’s book [106] explaining with modern terms the results
exposed in de Broglie’s book [56], all succeeding reports on this invariance
introduced the Lorentz transformation of the x* using first an infinitesi-
mal Lorentz transformation. They actually only use the mathematical tool
of the Lie algebra of the SL(2,C) Lie group, which is the set si(2,C) of
the 2 x 2 complex matrices with a null trace. And using a general result
about the SO(n) group, they suppose, without any proof, that this result is
also true in the SO(1,3) case. They thus think that the Lie algebra of the
SO(1, 3) Lie group is the same as the Lie algebra generated by the bivectors
of the Cl; 3 or Cl3; algebras, or generated by the vectors and bivectors in
Cls. And this algebra is also the Lie algebra of the SL(2,C) Lie group. The
algebraic calculations are hence formally exact, but the strangeness of the
situation is hidden by the fact that there are not one but two exponential
functions. With any Lie group, an exponential function exists which applies
a vicinity of the null element of the Lie algebra (the null 2 X 2 complex ma-
trix) into a vicinity of the unit element of the Lie group. And since here two
different groups are working: the group of 2 x 2 complex matrices M such
that |det(M)| = 1. The second group is the group of Lorentz transforma-
tions, the unity of this group being the identity function id. It is nonsense
to write both exp(0) = Iy and exp(0) = id, it should imply Iy = id. It is
hence necessary to consider two exponential functions, that we note exp;
and exp,: exp; applies all elements near zero in a sub-linear space of the
M5 (C) algebra, into a sub-group of the GL(2,C) linear group, while exp,
applies the same elements near zero into the Lorentz group, where each
transformation may be associated to a 4 x 4 real matrix. We have:
x0+x3 xt— ixz)

0_ 43 (1.33)

—xlty =0 L=
X=X =X A X = <X1+ix2 x) —x
And thus space-time is identified to the self-adjoint part of the Cl3 algebra,
which is the subset or this algebra whose M elements satisfy M = M. This
identification is the starting point of Chapter 4. The algebraic structure of

10. All that must be known about Cl3 is included in Appendix A, with a minimal
level of mathematics. Thus an informed lecturer may skip this Appendix. Nevertheless
a review might be useful.
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Cls is richer than the complex field. Instead of a single conjugation we now
have three: the P : M +— M transformation is the main automorphism of
this algebra. This P, called parity in quantum mechanics, allows us to
separate even and odd parts and satisfies AB = AB. Next the antimor-
phism M +— M = Mt is the reversion which satisfies AB = BA. These
conjugations generate a third one, the product of the previous conjugations:
M +— M = Mt = tr(M) — M is an anti-morphism since AB = B A (more
details in A.3.3). And we getE

R=x=x"-%, (1.34)

[Ix[[* = det(x) =xx =x-x = (x")? = (¥)” = (x")* = (x')* = (x*)* = (=)*.

The square ||x||? of the pseudo-norm of any space-time vector x is thus
simply the determinant of this vector. Therefore the scalar product of two
space-time vectors x and y reads:

D D
Xy =S (5 +y%) = SRy +5%) = xUy0 —xlyt —x%y? —ByR (1.35)

The parity transformation P : x ~ X is thus included in the geometric
structure of space-time (see Chapter 4). Let M = exp,(U) where U is
any fixed element in Cl3 (that means any fixed nonzero Pauli matrix) and
let R be the transformation of space-time into itself such that for any x is
associated x given by[7%}

x' = R(x) = MxM" = exp, (U)xexp, (U)"; M = (a _b>

c d
R =-exp,(U); x"0, = R!x"0,, (1.36)
aa+bb+cé+dd —abtcd—ab+ed i(abtcd—ab+éd) aa—bbtcé—dd
RI — aé—bd+ca—db  ad—bc+ad—bé i(—ad+bct+ad—bé) ac+bd+ca+db

i(ac4+bd—ca—db) i(ad+bc—ad—bc) ad+bctad+bé i(ac—bd—ca+db)
aa+bb—cé—dd —ab—cd—ab—cd i(ab+cd—ab—éed) aa—bb—cct+dd

The M = exp;(U) matrix is a 2 x 2 matrix with complex values. The
R = expy(U) transformation has a R matrix which is a 4 x 4 matrix with
real values. It is obvious that these two objects cannot be equal. Hence the
identification of exp; and exp,, the identification of M and R is nonsense!
Now look at the determinant of those matrices. We note:

det(M) =re? | r:=|det(M)|; M:=r"Y2M. (1.37)

11. R is conventionally included in each Clifford algebra. With the Cl3 case this is
equivalent to the identification between numbers a and scalar matrices alz. This simplifies
many calculations. This identification is often used in mathematics; for instance the R
field is put into the C field.

12. Only one other possibility exists: X/ = R(x) = MxM1/\/r. With N := {/rM we
have ¥/ = R(x) = NxNT, and we recover our simpler form.
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So r is the modulus and 6 is an argument of the determinant of M (r is
only the modulus of the determinant, not the determinant itself). We get:

(X/O)2 - (X/1)2 - ()('2)2 - (x/g)2 = det(x') = det(MxMT)
= re det(x)re ™ = r?[(x%)? — (x1)? — (x*)% — (x*)%]. (1.38)
Therefore R multiplies any space-time pseudo-distance by r. It is thus called
similitude with ratio r. We call M the dilator of the R similitude. Even
if, since 1928, most physicists confused similitudes and dilators, we shall

use here two different words because a similitude cannot be a dilator.
Consider now R, transformation such as:

x' = R(x) = MxM", (1.39)

We then get:
x = T1/2MXT1/2MT _ TMXMT — TE(X); R =rR. (140)

Hence R is the product, in any order, of R and of a homothety with ratio
r. And since M was defined such as:

|det(M)| = 1, (1.41)

M was defined to belong to the G subgroup in GL(2, C) made of the elements
whose modulus of the determinant is 1. We thus get instead (1.38):

(x)% — (x')?% - (x?)? = (x*)? = det(x) = det(MxM)
= [det(M)]? det(x) = (x")* — (x")? = (x*)> = (x*)%. (1.42)

Thus R is a Lorentz transformation. With the usual summation convention
of upper and lower indices, we let:

x'" = RiExY; x'M = RExY. (1.43)

(RY) is the real 4 x 4 matrix of the R similitude and (RY) is the real 4 x 4
matrix of the Lorentz transformation R. We hence have the following (see

A.4.2)) for any dilator M = (Ccl Z) #0:

2RY = |a|® + |b|* + |¢|* + |d|* > 0, (1.44)

and x'° then has the same sign as x¥ at the origin: the similitude R, and
hence also R, conserve the arrow of time. Moreover, for any dilator M in

Cls, and even if the ratio is null, we obtain (detailed calculations in [A.4.6))
the following simple and nontrivial equality:

det(R) = r*. (1.45)
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And hence if r is nonzero then r* > 0: det(R) > 0. Thus R conserves
the orientation of space-time, and since the transformation conserves the
orientation of time, R also conserves the orientation of space. Moreover we
get:

det(RE) = 1. (1.46)

This concludes the demonstration that R is a transformation belonging
to the Lorentz group (the transformation group conserving the space-time
pseudo-metric). But this group is not the invariance group of the wave with
spin 1/2. Only the restricted Lorentz group is obtained from . Now
we consider the f function which associates to the dilator M the similitude
R = f(M). Let M’ be any other dilator, with:

det(M') =71'e® | R =f(M') ; x'=M~xM". (1.47)
We then get :

X = M'x'M'T = M (MxMYM'T = (M M)x(M' M)
R oR=f(M')o f(M)= f(M'M), (1.48)

and with r # 0, f becomes a homomorphismE from the (CI%, x) group into
the (D*, o) group where D* is the set of all similitudes with nonzero ratio.
These two groups are Lie groups: (CI3, x) is the 8-dimensional GL(2,C)
group. The (D* o) group is also a Lie group, but only a 7-dimensional
group: one dimension disappears because the kernel of f is not reduced to
the neutral element. Consequently f~' cannot exist. Let § be any real
number and let M be a dilator such that:

i0/2 e?2 0 i
M =¢e"Y" = 0 eif/2); det(M) =", (1.49)
we then get:
x'= MxM" = e?/2xe=10/2 = . (1.50)

f(M) is thus the neutral element and M belongs to the kernel of f. There-
fore the kernel is a one-parameter group and only seven parameters remain
in D*. Six of those define a proper Lorentz transformation and the seventh
is the ratio of the similitude r. For instance if the dilator is

M = €471 = ¢%(cosh(b) + sinh(b)o], (1.51)
thus the similitude R defined in (|1.36) satisfies

x' = MxMT = e*tbo (XO +xtoy + X209 + X30'3)€a+b01

_ €2a[62b01(X0 +X10'1) +X20’2 +X303]. (1.52)

13. Most quantum physicists use the name “representation” in place of homomorphism.
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We hence get:
X’ +xoy = e [ cosh(2b) + sinh(2b)o | (x° + x' 1),
X'V = ¢2a [ cosh(2b)x” + sinh(2b)x']; ¥? = e29x2, (1.53)
X" = e2e [sinh(2b)x" + cosh(2b)x']; x® = e20x3,

We can see that the similitude R is the product, in any order, of a proper
Lorentz transformation (boost) mixing the temporal component x° and the
spatial component x! by a homothety with ratio » = e?*. Next example, if:

M = e®Fbi91 — ¢%cos(b) 4 sin(b)io ], (1.54)
then the similitude R defined in (|1.36|) satisfies:
X' = MxM' = ™1 (x0 4 xlgy + x%0y + x303)et b
=e?2x0 4+ xlo) + €291 (x%0y + x03)]. (1.55)
We thus have:
X0y + %205 = e®*[ cos(2b) + sin(2b)ioy | (x*02 + x*03),
x? = e®*[ cos(2b)x? + sin(2b)x*]; ¥? = e29x0, (1.56)
X% = e**[ — sin(2b)x* + cos(2b)x*]; X! = eox!.

And so R is the product of a rotation with axis Ox! and a 2b angle by the
same homothety with ratio » = e2%. The distinction between dilator M and
similitude R is absolutely necessary. This distinction was unfortunately
never made prior to our work: the Dirac theory confused M and R, so
much so that the same name was given to these different objects! Here
we will absolutely avoid calling M a Lorentz transformation since it is a
very different object, even if each dilator M = exp,(U) allows us to define
the similitude R = exp,(U). The Lie group of dilators, Cl5 = GL(2,C),
and the Lie group D* of the similitudes are very different. They do not
have the same topology, nor do they even have the same dimension. Thus
they do not have the same set of infinitesimal elements that is the same
Lie algebra. Hence they must not be confused, even in the neighborhood
of the neutral element. The previous calculations are simple because we
start from the dilator M to get the similitude R. The reverse calculation is
impossible and it is actually nonsense, because the similitude R is the image
of the dilator M by the function f, and this function is not invertible. None
isomorphism may exist between the 8-dimensional group of the dilators and
the 7-dimensional group of the similitudes.

Restricted Lorentz group

If we now add the condition | det(M)| = 1, we identify M and M. The
set of the dilators M is G, and (|1.38)) is reduced to:

)2 - ()2 - (X2 - (%) = (x)2 - (x1)? — (x3)? — (x*)%. (L.57)



1.1. THE WAVE EQUATION OF THE ELECTRON 37

The similitude R is then simply a Lorentz transformation and the set of
R is called the restricted Lorentz group, usually denoted Ll. The time
orientation and space orientation are separately conserved. The determinant
satisfies:

1= ; 6eR (1.58)

The 7-dimensional Lie algebra of G and the 6-dimensional Lie algebra of [,1
cannot be confused. The first one is the Lie algebra of a 7-dimensional real
Lie group, while the second is the Lie algebra of a 6-dimensional real Lie
group. What happens is not only that dilation and similitude are mixed up,
another big mistake is to confuse det(M) = 1 (which means M € SL(2,C))
with | det(M)| = 1 (which meanss M € G). The reason of these big mistakes
is the unquestioned replacement of real by complex numbers: the Pauli wave
equation induced a mixing up of the SO(3) and SU(2) Lie groups, which
have the same complex Lie algebra: the algebra su(2) of the Hermitian
matrix with a null trace. Since det[exp(M)] = exp(tr(M)], the element
exp(M), M € su(2) has a determinant 1. But if you actually work with
SO(3) and its 3 x 3 real matrices you have no reason to identify these real
matrices to 2 x 2 complex matrices. You are not allowed to talk nonsense
in mathematical physics.

The exponential function is general in Lie group theory. It is a function
from a neighborhood (which may be small) of the zero in the Lie algebra,
on a neighborhood of the unity in the Lie group (which is generally only
a part of the full group). In the simplest case, the GL(n,C) Lie group,
which has the algebra of n X n complex matrices as complex Lie algebra,
the exponential function is simply:

e M
exp(M) = eM = Z

n=0

S (1.59)

Non relativistic quantum mechanics uses two simple properties of SU(2):
first, any element M in SU(2) satisfies:

M = exp(ia’o;), j =1,2,3, o/ €R. (1.60)

Second, for any rotation R in SO(3), a M exists, defined up a sign, such
that R = f(M) where f is the homomorphism applying each dilator on the
associated similitude. We now consider M = —1 + o1 + 02, which is an
element of SL(2,C) since det(M) = 1. And M only satisfies:

(01 +i02)? = 0; exp(o1 + i) = 1+ (01 +i03) +0,
M = —[1— (01 +i02)]; M = —exp[—(o1 + i09)], (1.61)
M = exp(im — 01 — i03).

Hence the exponential function, in the SL(2,C) case has several proper-
ties different from the exponential function in the SU(2) case. The lack of
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understanding of this difference induced false theorems: Bacry [I] claimed
(without proof!) that any element M € SL(2,C) necessary reads e® with
tr(B) = 0. A counterexample is M = —1+ 0y +io for which tr(B) = 2ikm,
k € Z. And it is the restriction f of f to the G group which is a homomor-

phism from G into EE_, and with the same kernel, the 1-dimensional U(1)
group, thus f is not invertible : the calculation of M from R is nonsense.

Nevertheless the G group contains as a subgroup the SU(2) group of
the 2 x 2 unitary matrices with determinant 1. The restriction of f to this
subgroup is a homomorphism from SU(2) into the SO(3) rotation group
in space. The kernel of this homomorphism is now reduced to {£1}. This
is the basis of all calculations using the spin of a system of electrons or a
system of particles. Of course all results of these calculations, like the 6j
and 9j symbols, are exact since they properly use theorems on complex Lie
groups, and they are calculated not by composing rotations but by actually
multiplying unitary matrices. From false theorems you can sometimes get
true results, with luck.

1.2 Extended invariance

The first important change that we now propose is the removal of the
condition | det(M)| = 1 and its replacement with det(M) # 0 (this condition
is used only to obtain the structure of multiplicative group). That is to say,
we replace the 7-dimensional G Lie group by the 8-dimensional GL(2,C) =
Cl3 Lie group itself. This group is also the multiplicative group in Cl3, and
Cls is the Lie algebra of its subset C'l;. We may put forward four reasons:

1. This is possible (and very surprising) because the properties ,
(1.44) and (1.45) are general and do not suppose that det(M) = 1 nor
|det(M)| = 1 [I7, I8, M9]. Nowhere do these restrictive equalities seem
necessary for the wave of the electron. To see this it is enough to never use
infinitesimal transformations, contrary to most course books, and simply to
directly calculate in the Lie groups.

2. This value of the determinant of the dilator has no geometric origin in
space-time, while gravitation is linked to the geometry of space-time. And
Cl3 is obviously a geometric group since it is the multiplicative group of
the algebra including: first the vectors of the physical space, with a mul-
tiplication assembling the scalar product and the cross-product of vectors,
plus the mixt product of three vectors; secondly Cl3 includes the space-time
vectors which form the self-adjoint part of this algebra.

3. The Russian physicist V. Fock [75] rebuilt general relativity from the
properties of electromagnetism and gravitation. His starting point was, as
it was for Einstein, the invariance of the speed of light regarding any frame
of reference, even in movement of translation. Since light is an electromag-
netic wave, Fock considered an electromagnetic wavefront. He then proved
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that the transformation linking the coordinates of an event was necessarily
linear, and he afterwards proved that the R transformation was necessarily
a Lorentz similitude, which means the product of a Lorentz transformation
and a homothety. But he was working from electromagnetism (thus solely
from the similitude R) and had no luck to introduce the dilator M that
comes only with the quantum wave. Of course Fock was also a master of
quantum mechanics but he no more accounted for the difference between M
and R than did other physicists. Since he wanted to get only the Lorentz
transformations he claimed that the ratio of the homothety was necessarily
1. Even though the invariance group of electromagnetic laws was known to
be much larger than the Lorentz group and included the similitudes, Fock’s
error flooded all the Russian work in this domain of physics. Afterwards
the success of Landau’s books extended this error to the whole of QFT.
We may also remark that, even if the homothety is reduced to the identity
(r = 1), the group of the dilatorss should not reduce to SL(2,C) but to
the G subgroup of GL(2,C), set of the M satisfying |det(M)| = 1. This
7-dimensional Lie group cannot be equal nor isomorphic to the restricted
Lorentz group, a 6-dimensional Lie group.

4. This extension of the relativistic invariance will allow us to understand
the geometry of the four kinds of interactions in physics (electromagnetism,
weak interactions, strong interactions and gravitation), the quantization
of kinetic momentum and charges, the proper nature of the electromag-
netic field. The power of this approach comes from the inclusion of parity
transformation in the geometry of space-time resulting from |[x||> = xP(x).
Above all, this extension shall allow us to understand that the quantum
wave is a space-time function with value in that invariance group.

We now return to the Dirac equation and we look at how the wave with
spin 1/2 comes to be, without imposing the condition |det(M)| = 1. First
the right wave £ and the left wave n do not transform similarly:

¢ =¢(x) = M¢ = ME(x); o =1/ (x') = Mn = Mn(x). (1.62)

This is actually the origin of the existence of right waves and left waves:
they do not transform similarly in Lorentz transformations. The change
is caused by the boost (1.51)), not by the rotations, because we have, for
instance:

¢ = eatborg, g — ga=bory, (1.63)

With transformations like 1) which are rotations, we have M=M ,
and so the right wave and left wave transform similarly. Consequently the
theory of weak interactions may only start from the Dirac wave equation,
which is relativistic, the only one able to distinguish between right waves
and left waves (in contrast to the Pauli theory which only knows left-handed
and right-handed parts of the wave). This is well known in the Standard
Model. To see how the system is changed (a system equivalent to the
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Dirac equation), we need the following nontrivial relation (details in|A.4.5)):

V=MVDM V= old,; 0, = (’“)f’“ (1.64)
Hence we must separate (this is new, a supplementary constraint) the space-
time vectors transforming like x which we call contravariant vectors, from
the vectors transforming like V which we call covariant vectors. The two
supplementary dimensions of the invariance group thus induce new con-
straints which are added to the already strong constraints of relativistic
invariance: in tensor calculus we now have no possibility of moving a tensor
index up or down. We also cannot replace a contravariant n vector with
the covariant V like Lasenby did in [89]. Another constraint coming from
V acts on (b, never on ¢: the wave equation uses V(/), never V.
The reason is the M in V = MV’ M which must act on (b The previous
constraints remain: for the transformations of the kind ( - as well as for
those of the kind , when we have a 6 angle with the transformation
of € and 7, we get a double angle 20 with the transformation of x and V.
This too is well known in quantum physics. The system becomes, if
gA is transformed like V (which is necessary for the gauge invariance):

¢ = M€ = M—(MV'M + ig MA' M)y = MM~ (V' +iq Ay
m m
W = Mn = M—(MV'M +ig MA' M) = MM~ (V' +ig A)¢'. (1.65)
m m
And with det(M) = re'® we have:
MM =re®; MM =re= ™ M =re® M. (1.66)
The system ([1.65) can hence be expressed as:
¢ = reioi(v/ +iqg' A"’ ' = re_wi(§/ +ig A (1.67)
m m
In the particular case where M belongs to SL(2,C), this is reduced to:
¢ = i(V’ +iqgAn's n' = i(%’ +igA")¢' . (1.68)
m m
So we are right in saying that the form of the wave equation is unchangedE.
For a complete use of the extended invariance group we shall first change

the appearance of the wave equation, placing any calculation in the frame-
work of the same algebra. This means that all elements of the wave equation

14. A lecturer in a hurry may not see what differs here from the conventional exposition
of quantum mechanics. In fact, there is no difference except for the distinction between
V acting on n and V acting on &, and the distinction between dilator and similitude.
But these distinctions (linked to parity) will prove essential for geometric properties of
the space-time manifold in Chapter 4.



1.3. THE DIRAC EQUATION IN CLs 41

— differential operators, potentials, addition and multiplication, values of
the wave, space and time — will be put into the same algebraic-geometrical
structure. Next we shall change the wave equation itself by simplifying the
Lagrangian density from whence the equation comes.

1.3 The Dirac equation in Clj

Instead the initial formalism of Dirac matrices which forms a 16-dimensional
linear space on C, and hence a 32-dimensional linear space on R, instead
the Cl; 3 space-time algebra, a 16-dimensional linear space on R promoted
by D. Hestenes [78]-[82] it is possible to find a simpler formalism, cheaper
in dimension: we use now the Cl3 algebra, a 8-dimensional linear space on
R.E The form used as early as 1928 for the relativistic invariance that we
just studied, is the first reason for our choice. This invariance uses only a
subgroup of C13, the multiplicative group of Cl3. Second, the Dirac wave
of the electron has value only in Cl3, not in the full space-time algebra.
Third, which is the main reason, the use of Cl3 was discovered by one of the
present authors as sufficient for the description of the entire Dirac theory
[14, 15]. It will allow us to obtain the link between left and right spinors
in the simplest way, Finally and above all, Cl3 is the perfect framework to
describe the left wave and the right wave and all the chiral quantities that
are obtained from them, like the energy-momentum tensors.

For the expression of the Dirac wave in Cls, it is enough to replace
the column matrices & and 7 by 2 x 2 matrices with a null column. This
changes nothing concerning the calculation because the product of matrices
is a row-to-column multiplication which operates separately on each row of
the left matrix and on each column of the right matrix in any product. For
an easier calculation of tensor densities we use a /2 factor and let:

R! ::\@(5% 0>; 7t ::\/5<77i 0>,

55 0 ny 0
¢:=R' + L' =v2(¢' 7)) =Vv2 @ _n?%) : (1.69)

We note that the complex conjugate of z is either Z, which is the usual
notation in mathematics, or z*, which is usual in the Dirac theory. We
have:

s=va(l ) =va(n @)
1
— Va(e! 0); Bt = dr 203 =v2(n' 0). (1.70)

15. The use of Cl3 was first promoted by W. Baylis [3].
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The link between ¢, R' and L! is independent of the reference frame used
because transformations in (1.62)) are equivalentm to:

¢ = ¢'(x) = Mg = Mo(x); ¢ = ¢'(x) = Mé = M(x).  (L71)
The system (1.11) (equivalent to the Dirac equation) is then expressed as:
]. + 0'3

0:(V+iqA)ng51 5 4 ime

A1+0'3

(1.72)

0= (V +igA)

Applying the parity operator P : M — M ['"] to the second equation, we
get the equivalent system:

1 1

0= (V +igA)¢ 203 +img 4'2037 (1.73)
1 1

0=(V—igA)d 2"3 —imé 2"3

This system is itself equivalent to the single equation via addition:
0= Vg/b\—l— qu/i)\Z'O'g + maoios, (1.74)

because each line of the system ((1.73)) is obtained by applying on (|1.74) a
projector on the right and left wave, that is, in the Pauli algebra the multi-

plication on the right side by (14 03)/2. We will finish the simplification of
the Dirac equation by multiplying the right side with —io3 = 091 = 0907
The Dirac equation is hence equivalent to:

0= Voo + gAd + mao, (1.75)

and, using the parlty transformation P, is equivalent to: Since ng V2(n! 5 ),
we can consider (;5 as COIan‘lSlIlg two left waves: n' and fl And, by the

transformation parity, is equivalent to:
0 = Voo + qAd + mao. (1.76)

Once again and despite the very different look these equations are ex-
actly the Dirac equation. The gauge invariance now has the form:

¢}_> QS/ _ ¢eia03 : A A = A— lva (177)
q

16. This equivalence is not trivial and comes from the fact that o2 is imaginary while
o1 and o3 are real matrices. The result is, for any ¢, that the P transformation M — M
exchanges £ and 7.

17. P is, from the mathematical point of view, the main automorphism in Cl3 changing
i into —4 and o; into —o;. From the physical point of view P stands for “parity” which
exchanges right and left waves.



1.3. THE DIRAC EQUATION IN CLs 43

When quantum physics becomes relativistic, the multiplication by the imag-
inary number i, the generator of the electric gauge, that commutes with all,
is replaced by a multiplication by the right side by i3 = i03. This i3 is,
from the geometrical point of view, a bivector or 2-vector, which means an
oriented area (a cross product). The i which commutes with all other terms,
in Cl3, is the 3-vector i = 010203 which is an oriented volume. This other
1 is the one used for instance in the expression for the electromagnetic field
as a sum of an electric field and a magnetic field: F' = E +iH. For any-
one used to a single i, this is a major and difficult change, because the non
commutativity of the multiplication is much less easy than the commutative
product of complex numbers. However changing the status of 4 is absolutely
necessary from the geometric point of view: a 2-vector is an oriented area,
while a 3-vector is an oriented volume, and an area is not a volume.

All objects present in the wave equation are now in the same algebra.
Calculations using 2 x 2 matrices are much simpler than using 4 x 4 Dirac
matrices. Even if we should have no better reason, this simplicity would
be enough to justify our new form of the Dirac equation. But we have
other reasons, for instance the fact that, in Cl3 the co-matrices giving the
inverse of a matrix are reduced to numbers, or the particular properties of
the exponential function, seen in

1.3.1 Plane wave

This section uses the simplest case where the interaction with the exte-
rior and interior electromagnetic field is supposed negligible@. We thus let
A = 0. The Dirac equation in the Cl3 algebra is reduced to

Vo1 +me = 0. (1.78)
We consider a plane wave with a phase ¢ such that:
¢ = goe¥7 ;@ =mv,xM. (1.79)
We use the space-time vector called the reduced velocity:
v =o"v,, (1.80)
and ¢g is a fixed term which gives
V(Eagl = a“@u(aoe“’”?l)agl = —mva. (1.81)
Therefore the Dirac equation is equivalent to

¢ =vo. (1.82)

18. We may be doubtful of the possibility of ignoring the charge of the electron and
the electromagnetic field issued from its charge. All calculations made from plane waves
must be considered only as a mathematical exercise, with the only aim to justify Fourier
analysis
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By using the P conjugation this is equivalent to

~

P =vo. (1.83)
Then combining the two previous equalities we have:
¢ =v(Vp) = (W)¢ = (v-v)¢. (1.84)
If ¢ is invertible we then get:
l=v-v=vw=v2-7? (1.85)
v2=147%; vo=+V1+7? (1.86)

with a priori two possibilities for the sign. The minus sign implied a negative
energy for the particle — this was at the beginning a serious dissatisfaction
for Dirac. He hoped to get rid of the nonphysical negative quantities that
came from the Klein-Gordon equation which was the relativistic version of
the Schrodinger equation. And it was impossible to suppress these neg-
ative energiesﬁ. They were necessary for the Fourier transformation, or
for getting a small enough wave packet. Six years later the discovery of
the positron, a particle which had the same mass as the electron yet an
opposite charge, completely changed the problem: these plane waves with
negative energies were associated to the positron. And this association was
considered as the triumph of the Dirac theory. Nevertheless these waves
with negative energies induced formidable problems when their effects on
the emission or absorption of light were calculated. Moreover positrons
seemed to have the same proper mass, not a mass opposite to the proper
mass of the electron (we will see this later).

The calculation that we present here is much simpler than the cal-
culation made in relativistic quantum physics books using complex 4 x 4
matrices. This is a sufficient reason, among many others, to prefer the Cl3
algebra to the Dirac algebra.

1.3.2 Tensor densities without a derivative

The J = J¥o,, current is one of the tensor quantities of the Dirac theory
such that the definition J# = ¥y* of the four components is made from
the spinor wave without a partial derivative. We may first remark with L.

de Broglie [56] about the very strange character of these tensor densities

19. Plane waves, even if they are calculated here much more simply, are not the panacea
often presented. De Broglie warned us against the abuse made with these waves: a wave
unlimited in space or in time does not exist in nature. In an electronic microscope a train
of waves is always limited in space and in time. We saw in @ how Fock made use of an
electromagnetic wavefront. Moreover this calculation neglects the charge term, as if we
were able to remove or restore a charge at will. Hence plane waves are much too virtual
and unreal to be very interesting from the physical point of view.
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which had no true equivalent in physics before quantum theory. Several
other similar quantities were quickly noted [56], first a scalar one:

D =9 =1y =(n'T ¢, (1.87)
where M is the adjoint matrix (transposed conjugate). Next the six:
S = iy, (1.88)

are considered as the components of an anti-symmetric tensor of rank two.

The four K*:
- , I, 0
Kf =iytysp s 5 = —ivonveys = <02 —IQ> , (1.89)

are considered the components of a pseudovector in space-time, theoretically
linked to an antisymmetric tensor of rank three, even if this link is never
used. Finally:

Qy = —its0, (1.90)

is a relativistic invariant and allows us to define the main invariant p and
the Yvon-Takabayasi 5 angle:

O =pcosf; Qo =psinf; Qi +iQy = pe’. (1.91)
With the Weyl spinors (left and right waves) we get:

O =€Mpt 4 ptfel s Qy = d(ety! — pifeh),
pe'® = Qu +iQ = 2'TE = 21l + 3 E3), (1.92)
pe” " =0y —iQs = 28t = 2(n{&l" + p&3").

Very soon these tensor densities were intensively studied because physicists
were eager to link these quantities to classical physics, where all studied
quantities are vectors and tensors (but they are not tensor densities). Ac-
tually these 16 tensor densities that we previously detailed know nothing of
the phase of the wave: they contain the product of ) = ¥~y by 1 and are
then gauge-invariant under the electric gaugem. Thus we cannot substitute
the dynamics of these densities for the dynamics of the ¢ wave itself. Back

20. It is the same for any quantity of the kind ), which are thus not general, despite
the opinion of many physicists [72]. The preferred argument, based on the dimension of
the linear space of Dirac matrices, with dimension 16 on the complex field, has no reason
to apply here since the tensor densities are real ones. This 16 is actually a difference
between triangular numbers (36 — 10 — 10, where 36 = 9 x 8/2, 10 = 5 x 4/2). The
numerous studies based on these only 16 densities [I0][99][I11] miss an essential point:
the electron is also able of weak interactions. Moreover, the tensor densities without
derivatives are not the only important densities in the Dirac theory. Some others with
derivatives are used, while others were still misunderstood [53]. Worse yet, the list of
the tensor densities which exist from the electron wave is infinite [I5]. Hence we cannot
know everything about these tensor densities.
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to Cls we can get a true simplification and a great generalization. First
Q4 and Q5 are together linked, very simply if we identify real numbers and
scalar matrices, by:

6= 0" det(¢) = ¢ = dp = U + i = pe'”. (1.93)

So p is the modulus and the Yvon-Takabayasi 5 is an argument of the deter-
minant of ¢ = ¢(x); hence they depend on x. Moreover, ¢(x) is an invertible
element in the ring Cl3 if and only if p # 0. The detailed calculation of J,,

and K, (see|A.4.2) using ¢! and n' gives
J=Jto, = doop’ = dpp' ; K =K'o, = ¢asp'. (1.94)

Attention, please, as this is a major change in the Dirac theory,
first obtained by D. Hestenes [79], we immediately see that these two space-
time vectors, which were known to be orthogonal and with opposite scalar
squares, are now part of a (Dg, D1, Da, D3) list, formed by four space-time
vectors:

Do=J; Di=¢o1¢' ; Dy=¢o2¢'; D3=K. (1.95)

The components of D; and D5 (since not gauge-invariant) cannot be linear
combinations of the 16 densities known through the old formalism of 4 x
4 complex matrices. We must then consider this formalism as seriously
incomplete, weak, misleading. On the contrary, and still more helpful than
just the simplification of calculations, the shift to Cls allows us to discover
new quantities which will prove very useful in the next chapters.

For any similitude R defined by a dilator M, the four vectors D,, trans-
form similarly:

D, = ¢'0,¢" = (M@)o, (M¢)T = Mgo,¢'MT = MD,MT.  (1.96)

We recall that in relativistic physics the tensors are defined and classed by
the way that they transform in a Lorentz transformation. We then have no
reason to be concerned by Dy and D3, and no reason to deny the possibility
of the existence of Dy and Dj. The four D, vectors transform like the space-
time vector x. We then say they are contravariant. They are also vectors
of the same length. Moreover, they are orthogonal to each other and form
a mobile basis of space-time because we have:

2D,,-D, = D,D, +D,D,, = 60,6'66,6 + ¢0,6'05,6
= ¢o,.pe” PG, + ¢aupeﬂ'53u$ = peiiﬁgb(a;ﬁ,, +0,0,)¢9 = peﬂﬂfb%,wa
= 26,,pe” P = 28,,pe"Ppe’?; D, D, = 8,0 (1.97)

Of course since here we use the pseudo-metric in space-time of special rela-
tivity with the choice of a + sign for time, we have:

500:1; 5112522:533:—1; (5“,/:0,/1,751/. (198)
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Among these ten relations (|1.97), only three were known from the old for-
malism:

J-J=p*; K- K=-p?; J-K=0. (1.99)
Now for the tensor densities S*”, we let:
S := 5?01 + Sy + S1205 + S0y + %0y + S0, (1.100)
And we proved (see details in that:
Ss = ¢pos. (1.101)
We can see immediately that Sj3 is one of the four:
S, = ¢oup, p=0,1,2,3. (1.102)
So now we have met Sy, which will be called a1, since we have (see :
a1 = Sp = pood = 6P = pei® = det(¢). (1.103)

With the four contravariant vectors D, which each have four components,
together with Sy which has two, and the three S;, j = 1, 2, 3 which each have
six components, we count 36 tensor densities without a derivative. This is
much more than the 16 known from the old Dirac theory, and is evident
proof of the incomplete character of the old formalism. We may notice that
this 36 is, like 16, a square, but this is a numerical coincidence because 36
is actually a triangular number: in Clifford algebras the triangular numbers
n(n—1)/2 often appear. Since the right and left spinors forming the electron
wave are the fundamental quantities (and we will see this by the study of
weak interactions in the following chapter), the true counting is as follows:
with each spinor, the right one R' and the left one IL'in , we obtain
4x5/2 = 10 = 44-6 densities (this 4 is the number of the numerical functions
of each spinor). Four of them form a space-time vector, the 6 = 3 x 4/2
others form a space-time bivector. With the right spinor, the vector DL
and the bivector S}, satisfy [29]:

DL .= R'RY; 8L = R'oR . (1.104)

With the left spinor of the electron, the vector D} and the bivector S}
satisfy

D} := L'L' = (n*Totnto,; St = Llalfl. (1.105)
In his theory of the magnetic monopole, G. Lochak was the first to notice the

fundamental role of the left and right currents [90, 9T} 92} 93] 94 95} 96, [97].
These currents have a zero scalar square; they are on the light cone because,
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with (T.104) and (T.105):

0= RF — TR - R - R,

0=IL'T' =T'L' = ['I' = T'T,
DL . DL = DLDL = RYR'RYHE =0, (1.106)
D!.D! =D!D! = LYT'IHT =0.

Hence in the wave with spin 1/2 some of the quantities always have prop-
erties of light, even at small velocity, and also for an electron at rest. For
this reason the approximation which suppresses the relativistic invari-
ance is nonsense from the point of view of high-energy physics. Moreover
a complex number, however small its modulus may be, may be written in
trigonometric form with an argument which can be the phase of a wave.
Only zero has no argument.

To build his theory of the leptonic magnetic monopole, Lochak under-
stood that the J and the K current were respectively the sum and the
difference of the left and right currents. Now we may extend this to the
bivectors, since S; and S are also combinations of Sk and S}, with (1.104)

and ((1.105)):
J=Dg=DL+Dj; K=D3=DL D}, (1.107)
Sy +iSy = 2SE; S —iSy = 257 (1.108)

We derived in [47] the following relation, which will be generalized in the
subsequent chapters:

p* =aja; = 2Dy - D}. (1.109)
Because we have

J-J=(Dr+Dy)- (Dk +Dy)

=D} - Dk + 2Dk - D} + D} - D} = 2D} - D}, (1.110)
R = 0 DR =
and also
oD}, - D! =DLD! + DIDL = R'R'I'T + L'L'R'R (1.111)

1405 1— o5
- Rlaf7203Ll +Llaj—"R

= aT(lel + Llﬁl) =ala; = p°.

Besides tensor densities coming from one of the two spinors, we have 16
densities that come from the two spinors, the right one and the left one.



1.3. THE DIRAC EQUATION IN CLs 49

This 16 = 2* was the (wrong) maximum number of tensor densities allowed
by the old Dirac formalism with complex matrices. Here comes the well
known 2% = 144 +6+4+1 of Pascal’s triangle. The 1-+1 of the extremities
gives a1, the 4+4 gives the vectors D; and D, and the 6 is the number of
components of Ss:
171 1p! 171 151
a1=5=RL +L'R; Ss=RL —LR,
D; 4 iDy = 2R'01Ly; Dy —iDy = 2L'01 Ry. (1.112)

The use of Cl3 is absolutely necessary because the construction of the tensor
densities may be generalized only from Cl3, and we will do this in the next
chapter.lﬂ We will see the importance of the (Dg, D1, Da, D3) orthogonal
basis in Chapter 4. Many other densities may also be useful in the Dirac
theory, for instance the densities with first derivatives used in the study of
the energy—momentum.

1.3.3 Relativistic transformation of the densities

We already explained how the D,, vectors transform: they are contravari-
ant vectors (D’ = M DMT). Moreover, these formulas of transformation are
automatically induced by the transformation of the ¢ wave. Next, in the
similitude R induced by any fixed dilator M, the four S,, quantities become

S, = ¢'0,¢ = Moo, Mé= Moo, é M = MS,M. (1.113)

Since physics characterizes the tensors by their transformation under a
change of reference frame, we see no necessity in distinguishing the different
D,, vectors which transform similarly whether or not they are invariant in
the electric gauge. The same situation happens for the different S, quanti-
ties. For instance we get:

ple? = Sh = MSoM = Mpe'® M = pe’® MM = pe'Pre®,
p=rp; B =B8+6 mod2r. (1.114)

If we restrict the similitudes to only be Lorentz transformations then p is
invariant, not 3. Even in the case where det(M) = 1 we may have 8’ = S+

Numerous relations exist between the 36 tensor densities that are de-
pendent on the only eight real parameters of the ¢ wave (see . The
number 36 is also the result of restrictions for any other possibility: products
like R'R' or R' R' cannot transform relativistically, because the multiplica-
tion by MT on the right side is not available. And several products cancel,
for instance R'L'T.

21. Otherwise R. Boudet and D. Hestenes made too much use of the mobile orthonormal
basis (eg, e1, ez, e3) such as D, = pe, [5] [(9]. Consequently they have not seen the
similarity between the four D, and the four Sj.
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The equalities in are entirely new in the physics of tensors,
completely different from the relations for the transformation of antisym-
metric tensors of rank 2, which should give: $'”7 = Rf,R7S"”. Since R, is
quadratic in M and multiplies each space-time length by r, the presence of
two R factors implies a multiplication by 2, while is quadratic in M
and thus multiplies the lengths only by r. Moreover, the J and K currents
are perfectly similar since they are simply the sum and difference of the left
D} and right D}, currents. But the old formalism of 4 x 4 complex matrices
considers J as a space-time vector and K as a pseudovector in space-time,
which is wholly inconsistent: D} and D} have of course the same geometric
status, they are both contravariant vectors. J and K are also contravariant
vectors, necessarily. We may say the same for Sy et S3. Therefore the left
and the new framework, the old based on complex 4 x 4 matrices, and the
new using Clz, cannot be equivalent for space-time geometry. Only the
Cl3 algebra is fully satisfying. This is a sufficient reason to only use the
framework of the Clifford algebra Cl3.

1.4 The invariant form of the Dirac equation

The form invariance of the wave equation of the electron uses the dif-
ferential operator V.= MV'M. Since ¢’ = M¢ implies ¢’ = ¢ M, the
factor M on the left side indicates a possible multiplication of the wave
equation on the left side by ¢. When and where p # 0 (and only in this
case), ¢ = ¢(x) is invertible. Hence by multiplying on the left side by ¢ the
Dirac equation is equivalent to

0= p(V)oa1 + dgAd + mpo. (1.115)

We consider this equation as the true Dirac equation and we now explain
why this form is the invariant form of the Dirac equation: In a Lorentz
similitude R defined by a dilator M in Clj3 satisfying , we get
and , which imply that if we conserve the gauge invariance we have:

$(V¢A>)021 = ¢(MV/Z/W\$)U21 = 5'(V’$’)021, (1.116)
bqAd = Mg AMo=¢'q A'¢. (1.117)

The two left terms of (1.115)) are then form-invariant, and the mass term is
also invariant if we have:

mep =m'¢'¢ =m' ¢ MM¢ = re'm/ ¢, (1.118)

which requires:

Om’s |\m| = r|m/|. (1.119)

Of course if we restrict M to det(M) = 1 we have m = m/. But we must
take caution: For the extended invariance the proper mass is no longer in-
variant. This is an important change in our habits: it is well known that the

m = re
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quantum wave is necessarily invariant under the Poincaré group formed by
all transformations of the complete Lorentz group, plus space-time transla-
tions. But the Dirac equation is form-invariant only under these translations
and transformations of the restricted Lorentz group, which do not change
the orientation of space nor the orientation of time. The similitude group
also does not change the orientation of space and the orientation of time.
Thus this group does not contain the totality of the Poincaré group, and
theorems based on properties of the full Poincaré group cannot apply here.
But of course the proper mass remains invariant so long as the transforma-
tion belongs to the Poincaré group (r = 1). Yet no longer is the proper mass
invariant when the transformation does not belong to this group (r # 1).
The mass term reads:

moop = m + imSs, (1.120)

and is hence the sum of a scalar and a pseudoscalar. The second term
of the invariant Dirac equation (1.115) shows another peculiarity: it is a
space-time vector that we have calculated in (B.38]):

$Ap = A,Dlo" =V,0"; V, = A, DI, = A-D,,. (1.121)

This also gives:
$0"h =Dl (1.122)

Only the first term of (1.115) is a general term in Cl3, but we can also
obtain some properties with

3(V9) = 5[6(Y8) + (GV)3) + 5[6(V8) - (G0)3],  (1.123)
SIB(V0) + (69)3) = 30,(30°3) = 22, (Do) = 5(8,DL)o"
= %(V -D,)o" =v=w,0"; 20, =V-D,, (1.124)
%[aw) — (BV)¢] = iw = iw,0", (1.125)
where v and w are two space-time vectors since vI = v and (iw)" = —iw.
This gives:

— ~

¢(V¢)O’21 = (U + Z"LU)JQl
= (vg + v1i0! + V02 4 v30° 4 dwg + wiic! + waic? + wsic®)(ic®)

= —w3 +v90t —v10% — w0 +i(v? + weot —wio? +veo?).  (1.126)

Hence the decomposition of the invariant form (|1.115)) of the Dirac equation

in the basis (1,01,02,03,i,i0%,i02,i0®) of Cl3 yields this system of eight
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real equations:

0= —w3+ qA-Dg+ mfy, (1.127)
02%V~D2+qA~D1, (1.128)
0:73V~D1 + qA - Da, (1.129)
0 =wo + qA - D, (1.130)
0= %V-Dg-i-mﬂz, (1.131)
0=—ws, (1.132)
0=wy, (1.133)
0= %V~Do. (1.134)

The first equation is exactly the equation of the Lagrangian density £ =0
because of the following (the detailed calculation is in [B.1.4)):

L= % [(%“(ﬂ'aﬂ + qA)Y) + (P (—id, + qu)iﬁ)q + myp

We know that by varying the Lagrangian density £ we obtain the Dirac
wave equation. Moreover the fact that the Dirac equation is homogeneous
implies that £ = 0 when the wave equation is satisfied. Here we have exactly
the reciprocal situation; the equation £ = 0 is one of the eight real equations
equivalent to the wave equation, and the Lagrangian formalism is an
automatic consequence of the wave equation.

It is known that varying the Lagrangian density £, this gives the Dirac
equation itself. Moreover the homogeneous character of the wave equation@
implies that £ = 0 when the wave equation is satisfied. Here we have exactly
the reciprocal logical proposition: the equation £ = 0 is one of the eight
numerical equations, and the Lagrangian formalism is thus an automatic
consequence of the wave equation.

22. The wave equations of quantum mechanics are linear. Particularly they are addi-
tive, which means that if ¢1 and ¢2 are two solutions of the wave equation then ¢; + ¢2
is also a solution. And they are homogeneous, which means that if ¢ is a solution of
the equation and if z is any fixed complex number, then z¢ is also a solution of the
equation. The word homogeneous is used with its mathematical meaning, it has nothing
to do with the concept of physical dimension. Additivity and homogeneity together form
the linearity of the wave equation.

But attention please! the homogeneity of the Dirac equation written in the space-time
algebra only says that a¢ is solution for a real a, not with a complex a. This is another
reason to separate the first Dirac equation, Hamiltonian and completely belonging to
quantum mechanics with complex values, and the relativistic Cliffordian Dirac equation,
equivalent to the equation with value in Cl3. The problem comes from the generator of
the electric gauge, 0102 which does not commute with anything, while i commutes with
anything.



1.4. THE INVARIANT FORM OF THE DIRAC EQUATION 53

Any law of movement, in classical mechanics and in electromagnetism,
may be obtained from a Lagrangian formalism. We now know that this
results from the Lagrangian form and the universality of quantum mechan-
ics. But where does it come from that quantum mechanics has a Lagrangian
form? Here we see that this is completely automatic because the Lagrangian
density is the scalar part of the wave equation, and because this Lagrangian
density yields anew the whole wave equation. We will detail in Chapter 2
how the single equation of the scalar part gives once again the seven other
real equations, not from a physical principle above the differential laws but
simply as a consequence of the algebraic structure due to the geometry of
space-time. Moreover the four real equations containing the symmetric part

v of a(ng) are with the D,, of (see :

0=V-Dy, (1.136)
0=V-Ds+ 2my, (1.137)
0=V-D; —2¢A- Dy, (1.138)
0=V -Dy+2¢A-Dy. (1.139)

The equation which is known as the law of conservation of the
probability current, is now exactly one of the eight real equations equivalent
to the Dirac equation. Next (T.137) is known as Uhlenbeck-Laporte relation.
The real equations ((1.138)) and (|1.139) show that the space-time vectors
D; and D, are not gauge-invariant; the gauge transformation operates a
rotation in the plane of D; Do that Boudet named plane of the spin [5].

1.4.1 Charge conjugation

Many years after the discovery of the electron, the positron in turn was
discovered. The only difference between electron and positron is the charge
sign: negative for the electron, positive for the positron. From the Dirac
wave of the particle (where the wave of the electron is denoted as 1),
and the wave of the positron is denoted as 1/,,), quantum mechanics derives
the wave equation of the antiparticle as follows. The complex conjugation
is used on the Dirac equation:

0= " (9, — iqA,.) — im]u;. (1.140)

Since ([1.4) gives yoy** = —y*vy9, u = 0,1,2,3, by multiplying (1.140) by
i72 on the left side, we get:

0= —[y"(9u — igAy) + imliv29y. (1.141)
Then up to an arbitrary phase, quantum mechanics supposes@:
Vp = 729, (1.142)

23. Quantum mechanics uses 2 because it is the only Dirac matrix with imaginary
terms while the three other 7, matrices are real, given (L.4). Moreover the relation
(1.142) is, by (1.7), independent from the choice of the 7, matrices.
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which gives
0= [v"(0u —iqA,) + im]iy. (1.143)

This equation is exactly the same as the equation of the electron up to the
change of the sign of the electric charge. We automatically obtain the equal-
ity between the mass of the particle and the mass of the antiparticle. Using
the decomposition of ¥ with left and right waves, and assigning e indices
for the electron and p indices for the positron, the link between the
electron wave and the positron wave reads:

&ip 0 0 0 1 5’1*"6
AR —
n2p 1 0 0 0/ \n
That gives:
§1p = Mer &2p = —Miei Mp = —S2e5 M2p = &l (1.145)

Now the same calculation in space algebra, and always with e indices for
the electron and p indices for the positron, uses:

Q/Z;e — \/5 (7716 _E;e) : ggp _ \/5 (77117 _£;p> ) (1146)

7726 fike 7721) gikp
Then (|1.142f), which is equivalent to (|1.145)), is also equivalent to
Op = Ge01i by = — P01 (1.147)

Once again we must recall that the charge conjugation described here is
completely equivalent to the charge conjugation described by all textbooks
of quantum physics. Only the style of writing is changed.

1.5 Improved invariant equation

We now come to our main departure from the Dirac theory which un-
derlies all the relativistic components of the Standard Model. This change
is also the main difference from Hestenes’ work. He always used the linear
Dirac equation, and only changed the mathematical framework and the pre-
sentation of this equation. Here we simplify the wave equation itself.
It can be seen from equations in that the invariant form of the Dirac

equation (1.115)) is given by
0= G(V)aar + daAd +mpcos(B). (1.148)

The improvement that we introduced in [I2] to that equation was the dele-
tion of cos(8) and now we add the replacement of the scalar mass term m
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by a matrix term m [43] [44]:

— o - o~ 1 0
0=9¢(Ve)oa1 + ¢gAd + mp; m = <0 r) (1.149)
where 1 is the left mass term and r is the right mass term. The existence
of two possibly different masses will be corroborated by their consequences.
This improved equation is equivalent to the system of real equations:

1

0= —ws+ qA-Dg+mgp; my := —|2—r (1.150)
1

O=§V'D2+(JA'D1, (1151)

1
O:*§V'D1+C]A'D2, (1152)
1—

0=wy+qA -Ds+dp; d:= a (1.153)
1

0=V -Ds, (1.154)

0= —ws, (1.155)

0=mwi, (1.156)
1

0=V -Do. (1.157)

This is actually a simplification since three of the eight equations equivalent
to the Dirac equation are simplified: In the first line the invariant mQ; =
mpcos(B) is simply replaced by mgp (where m, is the arithmetic mean).
The fourth equation now has a dp term and becomes very similar to
the first equation. This new and apparently slight modification to the Dirac
theory does not change five of the eight equations. Nevertheless this slight
simplification improves many things: the last change, in 7 means the
existence of a second conservative current, the K = D3 current. Since J
and K currents are now both conservative, their sum and difference are also
conservativef?]: the D}, and D} chiral currents are conservative. This will
be generalized in the next chapters for the electroweak domain. Moreover
the eight equations come two by two. This is a mere consequence of the
left—right structure of the wave.

24. The conservation of the left and right currents was obtained as early as 1983 by
Lochak in his theory of the leptonic magnetic monopole [90]-[97], the theory from which
comes our mass term in a particular case, where the Dirac equation is the linear approx-
imation of our equation. Our equation is nevertheless another, distinct wave equation,
because we conserved the electric gauge term of the wave equation of the electron. This
gauge term is different from the gauge term of Lochak’s monopole. In his theory of the
monopole, the invariance of the electric gauge is only global (weaker) and it is the chiral
gauge that is local (stronger). On the contrary, for our improved equation the electric
gauge is local and the chiral gauge is only global. Since Noether’s theorem requires only
global invariance, our equation, like Lochak’s, has the same conserved currents.
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For a comparison between our new improved equation and the Dirac

equation it is enough to multiply (1.149) by 571 on the left side, which
gives:

0= Vooa +qAd+ pp  m. (1.158)
We implicitly suppose, when multiplying on the left side by 5717 that ¢(x)

is invertible, which means p # 0. Then (see [A.3.8) a unique element M
exists in Cls, defined mod2im, satisfying:

d=eM: M =a+ib+ N; N = 2101 + 2209 + 2303. (1.159)
We let:
p=e> B=2b My:=e". (1.160)
That gives:
, , 1
¢ = /pe't My = e*HOHN; = n;”); b= g (1.161)

My is an element of SL(2,C), because we have:
det(My) = det(eN) = ") =¥ =1 = MyMy; My = MJto (1.162)

The existence of this M, element of SL(2,C) was obtained by G. Lochak
as early as 1956 [98] and was obtained independently by Hestenes ten years
later [77]. This M, was also the starting point of the work of R. Boudet
[5][6]. Nome of these physicists knew the difference between the field of
dilators ¢ (similar to M in 1.1.2) and the field of the induced similitudes
(like R). They thus called this My Lorentz transformation. That forbids
them to understand that the ¢ wave is a field of dilators. We then get:

b= eM = ettibe=N. @71 = e~ (atib) N, p$71 =e Py, (1.163)

Then when we compare with the former Dirac equation, the improved equa-
tion appears not with a term less, but with an additional term e~**:

0= Voo + qAd + e P om. (1.164)

The usual Dirac equation is thus the linear approximation of our im-
proved equation when the Yvon-Takabayasi 8 angle is null or negli-
gible and when the difference d between left and right mass terms is null. In
the succeeding chapters, only the improved equation will present an ability
to generalization. The properties of the improved equation are often simpler
than those of the usual Dirac equation, and are closer to physical reality.
This is what we explain here.
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1.5.1 Uncrossed form of the wave equation
We incorporate in the left and right waves defined in :
0=V(L'+ R")(—ios) + A(L' + R") + e P (R' + LY)Ym  (1.165)
= (=iVL' + qAL' +1e P R") 4 (iVR' + AR +re P LY).
In this last line, the left bracketed quantity is a matrix with two zeros in its

second column, while the second bracketed quantity is a matrix with two
zeros in its first column. This equation is hence equivalent to the system:

0= —iVL' + qAL' +1e "R,
0=4VR' + qAR" + re L', (1.166)
We consider :

d 11— 1
J=J+—K; d= Ia; Mg = +r,
Mg 2 2

m m
J=¢¢' =Dp +Dp; K=6os¢' =D —Dp; J =Dy +Dp

pe ¥ =gpt = L'R' + R'L". (1.168)

(1.167)

We now consider the vector vP5 such that:

[H
\[Dl \/>DR _ \/TR B'I! 40,
Rt =2 <§01 %) <n; 8) - <%1 8>% ar = pe'”, (1.170)

1+ o - s |1 1,
R'R'L' = R'a} J;U"za’{Rl; leze_lﬁ\[rRI:e_zﬁRl.

Mg

\fLL1 \[RRlRl fLLRl
1 15171 1 _ 715 1
== TL RIL = L L
p
YR' = eiﬁ\/ffl. (1.171)

25. The notation for a vector in space-time is in Roman typeset when using Cl3 and
in bold letters when using Cl; 3.

We then get:

Similarly, we have:
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Thus the system (1.166]) is equivalent to the (seemingly) uncrossed system:

0= —i(V +igA +imyv)L',
0 = —i(V + igA + im,v)R". (1.172)
It is to be noted that this system is not completely uncrossed because v

is dependent on both the left and right parts of the wave. This system is
equivalent to the equation:

0= Voo + (¢A + mgv)a. (1.173)

If we write this term using the Yvon-Takabayasi  angle and using the right
spinor ¢! and the left spinor 1!, (1.166|) reads:

0=—i(V+igA)n' +1eP¢,

0= —i(V +igA)¢" +re’n'. (1.174)
We can use either form since they are equivalent. As to the Dirac equation

itself, the (L.11]) system, if we replace m par my and with (1.170)) and (1.171)
identities, becomes:

0= (—iV + gA + myePv)nt,

0= (—iV + gA + mye F7)el. (1.175)
Since v just as 8 depend on £ and 7, we must remark that the uncrossing of
the Dirac equation is only seeming. We also may consider the Dirac equa-
tion as non linear, and even less linear than the improved equation, since
identities (1.170) and (1.171)) are sufficient to linearise the wave equation.
We may notice that only one mass term appears, which is the geometric
mean of the two masses.

1.5.2 Gauge invariance

Since the differential term and the gauge term do not change when we
shift from the usual Dirac equation to the improved equation, and since the
mass term is gauge-invariant, the improved equation is also invariant under
the electric gauge. This gauge is expressed in the Cl3 algebra as:

, 1
¢'_> (b/ — ¢€1a0'3 : A,_)A/ — A_ gva (1176)

With the usual Dirac equation, the conservative current linked to the electric
gauge invariance by Noether’s theorem is the J = Dy probability current.
The first difference introduced by our improved Dirac equation is the status
of this conservation law, which is now one of the eight real equations equiv-
alent to the wave equation in invariant form. The second difference is the
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existence, among these eight equations, of another conservation law
for the K = D3 current. This current comes from Lochak’s theory of the
magnetic monopole [90]-[97], at the origin of our improved wave equation.
This second conservation law is linked to the global gauge invariance (chiral
gauge):

pr> ¢ =G b g =€p; dua=0, (1.177)

which gives:

pew _ Q% — p’eiﬁ’ _ ¢/$/ _ e%“gz% _ pei(B—&-Qa),
pr=p =p; BB =B+ 2a. (1.178)

We name this invariance the “chiral gauge” since the generator of the gauge
group is the ¢ which orients space@. We will encounter this chiral gauge
again in the study of weak interactions. It is also the gauge of Lochak’s
magnetic monopole. Since the chiral gauge multiplies ¢ by e, therefore ¢
is multiplied by e~%, the ¢ spinor that is the left column of ¢ is multiplied
by €@, and n which is the left column of ¢ is multiplied by e~** [92]. Lochak
thus remarked that the difference between the electric gauge and the chiral
gauge is as following: with both gauge transformations the left and right
spinors turn with the same angle. They turn in the same direction for the
electric gauge, and in contrary direction for the chiral gauge. The improved
equation has lost the linearity of the usual Dirac equation because p depends
on ¢, and because the determinant which defines p and S is not linear in
¢. The sum ¢1 + ¢2 of two solutions of is not necessarily a solution
of , but may be a solution. Now, since the equation is homogeneous
and invariant on the chiral gauge, if ¢ is a solution and if z is any complex
number then z¢ is also a solution of . This property, common to
the Schrédinger, Klein-Gordon and Pauli equations, and also for the first
Hamiltonian version of the Dirac equation, is not true for the relativistic
Dirac equation (hence these two versions cannot be equivalent) with the i
which is a 3-vector in Cl3. As we will see with the Pauli principle, this com-
pletely obscures the nonlinearity of the invariant wave equation, and then
induces a false necessity for linearity in relativistic quantum physics. When
an electronic wave interferes everything happens as if only one electron is
at play. Moreover, the calculation of interferences with Young’s slits, for
instance, are not made with a single relativistic electron (the slits should be
much narrower). Thus we are in the case where the approximation by the
Pauli equation used by Gondran [I00] is perfectly legitimate.

Indeed the Dirac equation in space algebra contains both ¢ and g/i)\ And if
we multiply by ¢ we must not forget that i = —i. The multiplication by the i
commutative of C is different from the multiplication by the i commutative
in Cl3. Consequently the isomorphism existing between Cls and M>(C) is

26. In Cls, for any orthonormal (u, v, w) basis, this basis is direct if and only if uvw = i,
and is inverse if and only if uvw = —i (see[A.3.1).
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only an isomorphism of algebras on the real field, not on the complex field.
In fact, the multiplication by 7 in Cls, a pseudoscalar term, does not match
the multiplication by i into M5(C). In Cl3 instead, this multiplication by i
matches the multiplication on the right side by io3 = 0102, a term which
is a 2-vector (an oriented area), not a 3-vector (an oriented volume). Since
Cl3 is isomorphic to leg this io3 becomes in space-time algebra the ;72
2-vector used by Hestenes [(8]. With Cl3 we must not forget that D= —i.
This explains why we get three conjugations, when only one exists with the
usual formalism of quantum mechanics.

The restricted isomorphism between the old formalism and relativistic
Cliffordian formalism, as we previously explained, is also the reason for
the discordance between the earlier form of the Dirac equation, using «y
and B matrices, and the relativistic Dirac equation.m The Hamiltonian
formalism that we get with these matrices acts on a wave equation that is
not relativistic, and moreover that is indeed equivalent to the Dirac equation
expressed in My (C) (with the unique i of quantum mechanics), but it cannot
be equivalent to the Dirac equation expressed in Cl3 or Clj 3, where the
unique i is replaced by a 2-vector. This equation can indeed be multiplied
by the i unique of quantum mechanics, which is also the i of the i1, matrix
of My(C). But also this il does not belong to the matrix formulation of
the space-time algebra Cl; 3. The unique i of the Dirac theory, commuting
with everything, is proof of the fact that the theory is expressed not in
Cly,3 or Cls; but in My(C) which is isomorphic to the Clifford algebras
Cly3, or Clyy or Clys. Hence it is the algebra of a space-time with a
supplementary dimension. This dimension is a supplementary dimension
of time with Clz 3, or of space with Cly 1, or without ability to distinguish
time from space with Cly 5. So it is very tempting to use this supplementary
dimension to unify gravitation and electromagnetism, following Kaluza and
many other physicists, among them Einstein and de Broglie. But these
many attempts never prove their utility.

1.5.3 Plane wave

We take again (with the same reservations) the calculation made in m
for the usual Dirac equation. Our improved equation is now reduced, for
A=0,to

Vé + e P mory = 0. (1.179)
We consider the same plane wave with the ¢ phase satisfying

b= o™ p=mgve s v=otv,, (1.180)

27. The 75 matrix does not belong to the Cly 3 Clifford algebra generated by o, 71,
Y2, V3-
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where v is a fixed reduced velocity (vv = 1) and ¢y is also a constant factor,
and hence we get

Vo = U“@u((goe“""m) = —mqu%lg. (1.181)
Then (|1.164]) is equivalent to
0= (—mgvo + e Pom)ory; om = myeve, (1.182)
Vém = mgew?wg = mgeiﬁq/g, (1.183)
Conjugating we get
vom = mge P, (1.184)
which implies
¢ =ePyg L. G = e*lﬂ%;s— (1.185)
My
We then have: o R
b= P ( g ) — g (1.186)
Mg/ Mg my
Therefore if ¢g is invertible we must take:
m_?] =mm = (mgy + dos)(m, — doz) = m2 —d* =1r,
my = VIr. (1.187)

Thus the mass term my is the geometrlc mean of the left and right mass
terms (my < m, if 1 # r). Multiplying (1.183) by o' on the right side we
obtain:

Yome' = mye®pot, (1.188)
F(ID}, +rD}) = mye®pe?, (1.189)
JADL + rD}) = myp® = VIrJJ. (1.190)
Dividing by J this implies:

ID}, + rD} = Vir(D}, + D}), (1.191)

J Dl D}
=R L 1.192
Vie ot 1 (1.192)
IDY +rD = Vir(DY 4 D) = Virpv®. (1.193)

Since DY = €12 4+ €3] > 0, DI = |} + 932 > 0, VIr > 0 and p > 0
we obtain:
1>0; r>0; v/ > 0. (1.194)
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We thus have, as in the case where 1 = r:
1=vw= -9 +7) = (V") -, (1.195)
v0 =142 (1.196)
Thus we solve here in the simplest manner the old problem of unphysical
negative energy: the plane wave of the electron may only have positive
energy and positive proper mass (we will see later the question of charge
conjugation). The improved wave equation is thus much better than
the linear Dirac equation: the non-existence of negative energies, never

observed in particle physics, does not need second quantization to find an
explanation.

1.5.4 Extended invariance

We start from the invariant form (1.149). The similitude R induced by
the dilator M with ratio r = | det(M)| satisfies:

x' = R(x) = MxM" | det(M) =re" | ¢/ = Mo,
vV =MV'M i A= Mq’A’]/W\. (1.197)
We also have:
p'e? = det(¢) = det(M¢) = det(M) det(¢) = re? pe’® = rpe’P+0),
o =rp; B =B+60 mod 2m. (1.198)
And we obtain:
0= 3(Vo)on + gAd+mp = ¢ MV Mooy + ¢ M A'Mé+mp
=0/ (V'¢)ou +0'q¢ A'¢ + mp. (1.199)

The improved equation is form-invariant under C13, which is the multiplica-
tive group of the invertible elements of Cl3, if and only if:

mp =m’'p’; mp =m'rp. (1.200)

We then obtain the form invariance of the wave equation under C13, a group
isomorphic to GL(2,C), if and only if:

m=m'r; 1=1r; v =r1'r; mqg =myr; mg=myr; d=d'r.  (1.201)
These equalities are simpler than the m = m’re’® that the usual Dirac
equation gives — and this is a powerful argument for our improved equation.

What is the meaning of these equalities for physics? If the true invariance
group of the electromagnetic laws is not only the Lorentz group, not even
its covering group, but the more binding C3 group, similar things must
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happen as when Galilean physics was replaced by relativistic physics, which
put together mass and momentum, or electric field and magnetic field. The
proper mass mg and the density p = ||J|| are both invariant under Lorentz
transformations. Under the similitude induced by any dilator M, we see a
similar grouping: we find that m and p are no longer separately invariant,
and only their product mp remains invariant:

mp =m'rp=m’p,
dp=d'rp=dyp. (1.202)

Hence only the product of a reduced mass and a ratio of similitude is fully
invariant. And the reduced mass m = mgc/h is proportional to the inverse of
length in space-time, which means a frequency. Let us consider an analogy:
the fact that gravitational acceleration is proportional to the acceleration
due to inertia results in a constant ratio between gravitational mass and
inertial mass (and so this ratio may be put equal to one). This is historically
the starting point of Einstein’s gravitation. Now since, when the scale
parameter r changes arbitrarily, the ratio between p and 1/m = h/mgc
is constant. This needs the existence of a constant, which is the Planck
constant. We may then say that the existence of the Planck constant
is a consequence of the invariance under the CIj group, which is
a more binding group than the local invariance group of either special or
general relativity. We will see in the next chapter how the quantization of
the action is linked to this invariance under Cl3. From this point of view we
may also say this: the existence of the Planck constant has not been fully
understood. The consideration of a greater invariance group will allow us
to see things differently, and will later allow us in chapter 2 to understand
why the kinetic momentum is quantized with the value 7/2.

1.5.5 Normalization of the wave

We start from the improved wave equation with the system in (1.174),
and we use:

J =D} + Dk = pv; Jj:pQ; DlL“ =nttornt D}%" = ¢liaret. (1.203)

We may express the Lagrangian density of the improved wave equation as:

L= %LL + %ER; Ly =R (—iV + qA+mgv)nl],  (1.204)
Lr=RET (=i + A +mgD)EY,

where k is a constant which is further explained. As for the Dirac equation,

the Lagrangian density becomes:

L= %EL + %LZR; L =R (—=iV + gA +mgePv)nt],  (1.205)

Lr = R[ET(=iV + gA + mye F9)¢Y,
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because we have, with (1.170) and (1.171]), next with (1.92) :
%n”mgvnl—ym € mgvf R —iB ”fl—i—m englT 1
= 2 —e “8,06“3—6— 5 —2e%pe™ = mgp. (1.206)

Similarly, for the Dirac equation, we have:

Mg i Mg —iBs
Senttmge vt 4+ M e 0Tl = man'te! 4+ magl Ty

With the covariant derivatives
dy == =10, + qA, +mgv,, (1.208)
for the improved equation, and with:
dy, : = —i0, + qA, + mgycos Bv,,, (1.209)

for the Dirac equation, we can read the Lagrangian density as:
— R - Hotd Tord,E)). 121
£=%| —i(Tpnttordat + T 5", (1.210)

The invariance of the Lagrangian density under the translations in space-
time, like in the linear Dirac theory, implies the existence of a conserved
tensor density of energy-impulse, This tensor is known as Tétrode’s tensor.
Since the wave equation is homogeneous, the Lagrangian density is exactly
null for any solution of the wave equation, and the Tétrode’s tensor reads:

TH — §R[ - z( Zpttotd,! + :f”&“d,,glﬂ _onL
- §R[ - i(%n”o”dﬂ)l + %g”aﬂdygl)] (1.211)
For a wave with an energy E satisfying

E 1 . 1 E 1
—n; —id, = — 1.212
3 ? 05 hcg ) ( )

~idon’ = he

we get

Ty = %{_Z( r 7 don' :glfdogl)]
E 3

_ Ma 1t 1 &11‘1): il 1.21
h(klnnJrk&é Pt (1.213)
J:="ap! —“Dl_a]
ol g DR T Y
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The condition for normalization of the wave function:

[[[ -1 121
E = /// dv Ty). (1.215)

The left term of this sum is the total energy E of the electron, which de
Broglie conceived of as a very small clock with frequency E = hv, while
the right term is the sum of the local energy density of the electron. We
will see that this local density is linked to inertia through the Lorentz force.
Hence it is not because we must have a probability that the wave must be
normalized. The physical wave is normalized, always, because the inertial
mass-energy acted on by all forces (electromagnetic, weak, ...) is equal to
the absolute value of the gravitational mass-energy. So this energy has a
determined value, not an arbitrary one. The normalization of the electron
wave that is a law in quantum mechanics is hence only the consequence of the
equivalence between gravitational mass and inertial mass,@ the principle
at the basis of general relativity. The existence of a probability density, for
any electron wave and in any possible case, is not a principle on which any
physical theory must be built: It is simply the necessary equality between
inertial mass and gravitational mass. And this is the same whether for the
usual Dirac equation, or for the improved equation which the usual Dirac
equation linearly approximates [21].

Since T# must have the dimension of an energy density, M L2T~2/L3,
and since J has the dimension he/L?® = M/T?, we see that kJ which has
the dimension of Dy, and Dg, has also the dimension: dim(k)M/T?. And
the dimension of Dy and Dpg is the dimension of ¢¢f. Then ¢ is without
physical dimension if and only if k£ has dimension 7?/M, that means that
khc has dimension L3. The only length which has an intrinsic physical
meaning being the Planck length, it is possible that:

is hence equivalent to:

Gh
khe =1%; 1p = = (1.216)
After normalization, the numerical value of each current does not depend
on the choice of the k value.

Normalization obviously applies to the solutions for the hydrogen atom

28. This normalization is so important that it was included among the postulates im-
posed on any quantum wave. In fact normalization is allowed by the wave equations but
is not deduced from them. It is the cause of great difficulties, like the collapse of the 1 or
Schrédinger’s dead-living cat. The issue of normalization also precipitated the setback
of de Broglie’s pilot—wave and afterward Bohm’s. Consequently de Broglie elaborated his
theory of the double solution.
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that we study in Appendix Clﬂ. Moreover, since the |1|? of the Schrédinger
wave is a particular case of the approximation of the Dirac wave by a part
of its components, the need for normalizing the wave function of an elec-
tron — which is part of the principles of nonrelativistic quantum theory —
follows as in the relativistic case from the equivalence principle. This is
very important for the unification of all interactions, because until now the
existence of probabilities in quantum mechanics was thought of as a meta-
physical principle governing any present and future theory, while in fact this
is only the consequence of the equality between gravitational and inertial
mass. At the same time we understand better why Bohr was able to rebut
all of Einstein’s arguments against Born’s probabilistic interpretation: The
existence of a probability density comes from gravitation.

The probabilities that Einstein was thinking of derive from thermody-
namics, in which case there is not only one particle, but myriads of particles
moving in all directions. Furthermore we used the expression “probability
density” and we carefully avoided the expression “probability of presence.”
The first expression makes sense because the theory of probabilities, like in-
tegral calculus, was developed from the same mathematics, measure theory.
The second expression cannot make sense for the electron because any ex-
perimental verification of the probability of presence of the electron-particle,
for instance a probability of 0.1 in a domain D of space, supposes that we
can attain the convergence of statistical frequency at 0.1. And though it
is possible to obtain the statistics from the myriads of photons moving on
a single light wave, it is absolutely impossible to obtain statistics from the
single electron that can occupy an electron wave. It is possible to obtain
statistics from electrons only if we have a great number of them and each
one necessarily has its own particular wave. We can say that the probability
of the domain D is 0.1 if the sum over D of the probability density is 0.1,
and this is all that may be said about the wave of an electron. For a sys-
tem of electrons it is necessary to use the Pauli principle that we will study
later. Now we can see why any scientific discussion about probabilities in
quantum physics needs very careful phrasing. A general theoretical discus-
sion about probabilities has little meaning: properties of electrons, each one
being alone on its wave, are radically different from properties of photons
which can move on the same wave. For instance the violation of Bell’s in-
equalities was experimentally observed only for photons. For electrons this
remains unproved. Entanglement needs at least two waves.

29. We must recall that the density J° is not equal to the relativistic invariant p.
Instead it is the time component of a contravariant space-time vector. We also recall
that T(g) is a component of a nonsymmetric tensor. It is well known that the integration
of the spin 1/2 into relativistic gravitation is only possible with a nonzero torsion [95]
(see also Chapter 4).
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Scalar product

The current which is normalized is

%Z: 5 (Dg niDB) 7;( ;n +€TT§) (1.217)

The scalar product hence satisfies:

(6lo) - /// dv— /// 5}), (1.218)
(¢le) // gf/), (1.219)

This scalar product is identical to the Hermitian scalar product of quantum
mechanics.

1.5.6 Charge conjugation

We again begin with ¢, = —¢.01, the link between the wave of the
particle and the wave of the antiparticle in relativistic quantum mechanics.
The improved wave equation ([1.164) reads for the particle:

Voo + qAde + e Pepom = 0. (1.220)
We also have ' _
pe€Pe = pob,. (1.221)
This then gives:
7 = 6B, = bp(—01)(dpo1)| = —6,0, = —ppe’P. (1.222)

Therefore takes the form:
Vapalazl + qA(Zpal + (—e77)(—¢po1m) = 0. (1.223)
Multiplying on the right side by oy, this is equivalent to
0= —Vﬁgpazl + qA;b\p +e Prg,m,
0= Vo,091 — qAd, — e Pr,mm. (1.224)

Next, multiplying on the left side by ap, we get the invariant wave equation
of the positron:

= ¢ v(15;17021 + (1¢ A¢p + mpp7
= ¢pV¢pazl - qupAcbp —mp, (1.225)
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The first equation means that the lone differential term of the wave equation
changes sign. This was the reason for Feynman [73] to interpret charge con-
jugation as parity—time (PT) symmetry. The second equation means that
the charge term is seen changing sign, and that the mass term is changed
in a way that the arithmetic average m = (r +1)/2 changes sign while the
difference d = (1 — r)/2 remains unchanged, so we can say that the role of
left and right parts are exchanged. Next we are able to recast the previous
equations as:

0= Vo012 + qAd, + e Prp,m. (1.226)

Plane waves

The improved wave equation is reduced, if A = 0, to:
0=V, +e Pro,mos. (1.227)
We consider a solution such as:
Op 1= Pe¥P2; ), 1= mgvp, Xt v, = —v. (1.228)
We obtain the same results as in [[.5.3]:

my = Vir; v0 = /1472, (1.229)

vp=—/14+72 (1.230)

Hence we again obtain plane wave solutions with a negative time coefficient,
necessary for Fourier transformation and for very small wave packets, but
with a positive mass-energy, in accordance with experiment. Created with
the same energy, the electron and positron are moving with opposite velocity
vectors, which is also in full accordance with experiment.

We thus have:

Numeric equations

Multiplying on the left side by 51) we get the invariant wave equation:

-~ - 0
0=0,Vpo12 + 4, Ad, + Mp,; M= <g 1> . (1.231)

Nonrelativistic quantum mechanics, using a single i, could not truly under-
stand charge conjugation, which simply changes the sign of the o7 = 0903
term into 12 = 0102 and the sign of the difference d. The first change of
sign is thus only a change of direction in the series of oy, which is also a
change of space orientation, the left wave becoming right and conversely,
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and changing also the sign of d. Instead of the system of the eight equa-
tions of the particle, we now have the same system, albeit one where the
components of all 9, and d change sign:

0 = w3+ qA-Dg + mgp, (1.232)
0:—%V-D2+qA-D1, (1.233)
0:+%V-D1 +qA-Dg, (1.234)
0= —wo+qA-Ds—dp, (1.235)
0= f%v D, (1.236)
0= ws, (1.237)
0= —w, (1.238)
0= —%v - Dy. (1.239)

Charge conjugation changes the sign of the charge and the sign of chiral
masses, because we cannot change the arrow of time nor the orientation of
space [62]. Actually, only the differential terms of the wave equations and
d change sign. The electric gauge invariance is now obtained as:

Gp > B, = Ppe’7?, (1.240)
A+—>A’:A—1(7Va) :A—LVa.
q —q

Thus the positron seems to have a charge opposite to that of the electron.
But in fact it is not g but J,a that changes sign. And so only 0, v,, w,
and d change sign. With the covariant derivatives

dy, =10, + qA, +mgv,, (1.241)
we can express the Lagrangian density as:
— m = m —
L= @R(Hn;faudun; + Hgyd#aﬂg;). (1.242)

The normalization of the wave always given a stationary state, is thus equiv-

alent to:
// dvTy = —E. (1.243)

The mass-energy m,/c?, positive, of the positron is exactly the opposite
of the negative energy-coefficient of the stationary wave. The improved
wave equation thus resolves the problem of the energy sign in a
way that is much easier to understand than second quantization:
we indeed have the negative coefficients —| E| necessary to obtain the Fourier
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transformation, but the true energy density is the 7 component of the
energy—momentum that remains positive. Since the wave equation of the
antiparticle is obtained from that of the particle simply by changing 9,, into
—0,, and d into —d, which also results from the PT transformation, the C'PT
theorem of quantum field theory is trivially satisfied. Therefore, charge
conjugation is the purely quantum and purely relativistic phenomenon of
a wave which in a sense sees space-time upside down. This was the point
of view of Feynman [73]. And since the usual Dirac equation is the linear
approximation of our improved equation, we derive the Dirac equation of the
positron from the improved equation of the positron by changing the mass
term: we must account for the fact that 8, = 8. + 7 and that ;. = —Qy,.
The linear approximation of the improved wave equation of the positron
satisfies m = 1 = r = m,, which implies:

0 = _gpvapoél + quA(lAsp - mQ]p, (1244)
0= *vg/ﬁ\pgzl + qA(;b?p — quP,
0 = Vo001 + (—q)Ady + mo,. (1.245)

This is precisely the Dirac equation of the positron, with the charge appear-
ing with a changed sign. We have, for the sign of E and of T, the same
results as with the improved equation: E is negative while T3 is positive.

1.6 The hydrogen atom

Early quantum mechanics obtained the quantization of the energy levels
by solving the Schrédinger equation in the case of the hydrogen atom, an
electron “revolving” around a proton. Obtaining the quantization was a bril-
liant result. Moreover the Hamiltonian formulation of quantum mechanics
allowed physicists to extend the understanding to the electron systems, so
important to chemistry. But the other results were not as satisfying. For
instance the energy levels were not very precise. And the total number of
quantum states for the principal quantum number n was thought to be n?
when the actual number should be 2n? states.

The detailed calculation using our improved equation is presented in Ap-
pendix C. This resolution is quite different from the one used in the early
years of quantum mechanics. At that time the theory of proper values and
proper vectors in Hermitian spaces was developed mainly for application to
the angular momentum operators. Bohr understood the Mendeleev periodic
table by counting all possible values of the angular momentum of atomic
electron-particles. That gave Bohr the expected energy levels k/n?, but not
the expected number of states. Next Sommerfeld looked into relativistic
dynamics of particles to obtain more states, as well as the fine structure of
atomic spectral lines. Those models of electrons as particles could not ex-
plain the half-odd numbers that nevertheless were necessary to understand
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the emission and absorption spectra of atoms. Quantum mechanics replaced
this counting with the calculation of solutions of the electron wave equation,
which were proper vectors of operators with the same algebraic properties
as classical angular momentum. Using the Schrédinger wave equation, only
Bohr’s model was reproduced. The relativistic Klein-Gordon equation was
able to obtain the second quantum number introduced by Sommerfeld, but
not with the correct values, because integer numbers (0, 1, 2, ...), which
are the only possible values with angular momentum operators, must be
replaced by half-integer values (1/2, 3/2, 5/2, ...) to account for spectro-
scopic lines. This profound divergence between theory and experiments on
light led to the hypothesis of the spin of the electron, a set of operators
having the same algebraic properties as angular momentum operators, with
only two proper values, +% and f%. Next Pauli got a wave equation for an
electron with spin.

That equation uses the 2 x 2 complex matrices of (1.4) which are the
generators of the Cl3 algebra. This algebra contains the Lie algebra of
the SU(2) group, and also of the SO(3) group. The representations of the
SU(2) group are characterized by a number which has 0, 1/2, 1, 3/2, 2, 5/2,
3, ... values. So the half-odd numbers are possible, but that do not explain
the absence of the 0, 1, 2, 3, ... values, which are precisely those linked
to the representations of SU(2) which are also representations of SO(3).
Consequently, and because the Pauli equation is nonrelativistic, this wave
equation cannot be the true wave equation of the electron [56].

Therefore Dirac looked for and quickly found a better equation, which
immediately was improved to respect the invariance rules of restricted rela-
tivity. Only the Dirac equation was able to get the true quantum numbers
and the true energy levels in the case of the Hydrogen atom. The set of ad-
equate solutions was obtained by C.G. Darwin [I1], using operators issued
from the Pauli equation. That resolution, despite its excellent precision,
showed two defects: it did not explain why it was necessary that the elec-
tron states must be proper vectors of operators constructed from the Pauli
wave equation. It also did not explain why these solutions were the only
ones possible, notably when was wrongly refused the existence of states
with both a ¥ < 0 number and constant radial polynomials. Finally and
above all, de Broglie [87] thought that the linearity of the Dirac equation did
not allowed us to explain the spatial limitation of wave trains. The linear
equation could only be the linear approximation of the true wave equation.

As for us, we use a completely different method obtained by H. Kriiger
[86], a marvelous classical one from the mathematical point of view, sepa-
rating the variables in spherical coordinates (r, 6, ¢). In the present edition,
we completely solved the improved equation, accounting for left and right
mass terms. This resolution computes in an exact manner (not only ap-
proximating) all possible solutions with separated variables, in the case of
the Coulombian potential [26]. We show that these solutions are the only
ones possible, from our hypotheses: the wave is a function of space-time
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with value in the C!; Lie group, solution of the improved wave equation,
such that its energy is the sum on the whole space of the density energy
of the electron wave. The wave must thus be normalized. The principal
quantum number n remains a sum: n = |x| + n [1006]; ~ is introduced in
the separation between the variables x° = ¢t and ¢ on one side, from the
variables # and radial r on the other side. The study of functions of 8 links
the necessary normalization of the wave to conditions governing |«| and n
constants: |k| must be a nonzero integer number and n is the degree of the
polynomial functions included in the series expansion of radial functions.
The mere necessity of normalizing the solution of the wave equation allows
us the existence of a probability density, hence gives the || and n integers,
and thus the n number. The last quantum number, here called A (to avoid
a possible confusion with the mass), is obtained from the sole condition that
the wave must be a well-defined function in space-time, with unique value
in Clz. There is absolutely no need for operators of angular momentum,
since we obtain all quantum numbers without any need of the [ number in
non relativistic quantum mechanics. And if the A numbers are integers, not
half-odd numbers, that only results of the use of a moving frame when the
calculation works in spherical coordinates. This moving frame is generated
by a S = e~ Tlag 5z rotator, with half-angles that are thus purely geomet-
rical. The number of turns (A + %)% being necessarily an integer number,
for each part of the wave, A may be only the half of an odd relative integer.

Let us see how, without any integer angular momentum [, the various
states are obtained. We consider for instance the case n = 5. The degree
n of the radial polynomials, integer number, is n — |x| and the smallest
value of |«| is 1. The n degree may hence be only 4, 3, 2, 1 or 0. And the
number A is restricted by the |A| < || condition. The calculation of the
radial functions contains two arbitrary a and b constants which cannot be
both non zero : Should the contrary occur, a value of the r variable exists
in the equatorial plane where the wave does not take value in C13. It is thus
the necessity to take value in Cl35 which is the true reason of the success of
the wave equation, giving the true number of solutions and the uniqueness
of these solutions.

1. If n = 4 then || = 1, thus we get 4 states: A\ = —1/2 and a9 = 0,
A=-1/2and by =0, A =1/2 and a9 = 0, A = 1/2 and by = 0.

2. If n = 3 then |k| = 2, thus we get 8 states: A = —3/2 and a9 = 0,
A=-3/2and by =0, A\=—1/2and ap =0, A= —1/2and by =0, A =1/2
and ag =0, A\=1/2 and by =0, A =3/2 and a9 = 0, A = 3/2 and by = 0.

3. If n = 2 then |x| = 3, thus we get 12 stats: A = —5/2 and ag = 0,
A= —-5/2and bg = 0, A = —=3/2 and a9 = 0, A = —3/2 and by = O,
A=-1/2and ap =0, A=—1/2and by =0, A=1/2 and ag =0, A =1/2
and bp =0, A =3/2 and ap =0, A =3/2 and by = 0, A = 5/2 and ag = 0,
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A =5/2 and by = 0.

4. If n = 1 then || = 4, thus we get 16 states: A\ = —7/2 and a9 = 0
A= -7/2and by = 0, A = —=5/2 and a9 = 0, A = —=5/2 and by = 0
A= -3/2and ap = 0, A = =3/2 and by = 0, A = —1/2 and a¢ = 0,
A=-1/2and by =0, A\ =1/2 and ag =0, A =1/2 and by = 0, A = 3/
and ap =0, A\=3/2 and by =0, A =5/2 and ag =0, A = 5/2 and by = 0.
A=7/2and ag =0, A =7/2 and by = 0.

)

5. If n =0 then |k| = 5, but in this case the radial polynomial are reduced
to constants, and in this case neither ag nor by can cancel. The solutions
depend on a single constant, its modulus is fixed by the normalization of the
wave. We hence have here only 10 states: A = —9/2, —7/2, —5/2, —3/2,
—1/2,1/2,3/2,5/2,7/2,9/2.

That finally gives 4 + 8 + 12 + 16 + 10 = 50 = 2 x 52 (and more genrally
2n?) states, two by two orthogonal (what de Broglie yet explained in a
detailed manner in 1934 [56]). The argument of signs given by Darwin to
suppress half of the solutions with n = 0 was not the correct explanation,
this was known from the separation of variables [I3]. We put at the end
of the Chapter C the detailed calculation of all solutions with a principal
quantum number n = 1 and n = 2. Among the 50 states with total quantum
number n = 5, let us consider the state characterized by n = 2, |k| = 3,
A =3/2 and by = 0. The value of the wave satisfies:

. 1 ® 6
= QXe(%“’_EXO)”’; Q= e 2%em 22, 1.246
¢ rv/sin 0 ( )

) LU= U0); V=V 0),

cv DU
A= A(r); B=DB(r); C=C(r); D= D(r), (1.247)

¥ <AU —-BV

where U and V are functions with real value, A, B, C' and D are functions
with complex value. Each of these functions are calculated in Chapter C.
We then get:

d=2 (Zl ?) ;€= coS g; S :=sin g, (1.248)
2 1
AU - CsV

m = eile=Ex"). £ — DeU — B§Ve—1i(so—EX°)
rv/2sin 6 ’ rv2sin 6 ’

_ Mei(&pflfxg). & _Me%(wﬁfxo)
12 rv/2sin 6 ’ rv/2sin 6 ’

Clearly it appears that the phase-wave which was the starting idea of L. de
Broglie is, for the electron, a wave with twice two phases: a part of the

(1.249)
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wave spins %1 + % = 1 turn when another part spins % + % = 2 turns. One
part spins in a direction while the other part spins in the contrary direction.
Similarly, for a state with spin 7/2, we get two components spining 3 turns,
in contrary directions, while the two other components spin exactly 4 turns,
in contrary direction. That gives indeed a mean of 7/2 turns, but none
rotation has a half-turn. So with the spin 7/2 there are four phases spining
respectivelevy 3, —3, 4 and —4 turns. When the sign of the magnetic
quantum number is changed which means for the spin —7/2, all numbers
change sign: —3, 3, —4 and 4 turns. To say that the spin of the electron can
only take two values, +1/2 or —1/2, is certainly false, since A may be 7/2
or —9/2. But there are truly only two possibilities: the quantum number A
may be only positive or negative!

Pauli’s explanation of the 2n? states from the n? coming from the
Schrodinger equation, plus the two values of the spin (up — down) is now
only a children’s story. Luckily for Pauli and chemistry, and unfortunately
for the understanding of physics, this children’s story is still popular. It is
even sufficient, due to the parting of all electron states into two sets exactly
symmetric, according to the sign of A (see C.1.2).

The study of the solutions of the improved wave equation hence shows
that a family of solutions exists (that is absolutely not trivial for a nonlinear
wave equation). These solutions are very close to the solutions of the linear
Dirac equation previously obtained [I3], such as the Yvon-Takabayasi angle
is everywhere defined and small. More, if ¢; and ¢, are two solutions in
that family, then e*®¢; and e¢s, a and b constant, are also solutions of
the improved equation, since it is both homogeneous and globally invariant
under the chiral gauge (multiplication by ¢). But the sum ¢ + ¢ has
no reason to be a solution of the wave equation, since it is non additive.
The solutions labeled by the quantum numbers n, |s|, A, n and by the two
possible cancellation, either a or b, thus give the only possible solutions for
the stationary states of the hydrogen atom, and of the other atom with an
alone electron. That explain simply why an electron in a hydrogen atom
usually lie in one of those labeled states, never in a linear combination of
such states. That is experimentally well satisfied, resulting into well defined
spectral lines. And it is a reality that the theory based on Hilbert spaces
and linear operators on these Hilbert spaces never explained.

Moreover, in the case of the linear Dirac equation, the set of all solutions
for a particular state defined by a precise set of quantum numbers n, x,n, A,
forms if n > 0 a 2-dimensional Hilbert space. Experimentally we know that
these states are however non degenerate. Now, if we suppose that the wave
has value in the Lie group C!3, for each set n, x,n, A only one function may
be associated. The improved equation thus seems nearer physical reality
than its linear approximation, which is the Dirac equation. The improved
equation is then, as far as we know, the only nonlinear wave equation such
that the quantized energy levels exist, without degeneracy, with exactly the
true energy levels, with exactly all properties needed to explain the different
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1.6.1 Lamb effect

It is well known that the Dirac equation was perfect for the electron,
yet nevertheless two properties were not obtained: the anomalous magnetic
moment and the Lamb shift. The Lamb shift is about a small difference in
the electron energy observed between levels that the Dirac equation predicts
as strictly equal, like the 2s;/, and 2p, /2 €nergy levels. The shift is max-
imal for the 1s;/, states, a shift between the energy level calculated from
the Dirac equation and the level calculated from quantum fields theory [76].
The Dirac equation did not allow a difference between the energy levels of
the four 2s;/, states, which were moreover presented as two 2s;,, states
and two 2p, , states. The detailed calculation in Chapter C allows us to
question the calculation made from quantum fields theory. It accounts for
several effects, adding and subtracting the contributions: void polarization,
size of the proton, and also the behavior at the origin of the different radial
functions. But when we effectively compute the normalization of the wave
(a calculation that the Darwin’s resolution is not able to end), none differ-
ence exists for the behavior at the origin between the different states. Since
the Lamb effect has the same order of magnitude that the hyperfine struc-
ture of the hydrogen spectrum, it will be necessary to exactly calculate the
electronic states by accounting for the proton wave, and by accounting for
the relative movement of electron and proton to hope a correct calculation
of the Lamb effect. This movement being a rotation, it will be also neces-
sary to integrate to the calculation the contribution coming from relativistic
gravitation.

However, with the improved equation, a difference appears between the
four states when by or ag cancels. In the first case the normalization gives:

13ma(2Am)2s+1
_ [ pMaltAm)TT 1.2
[ao] \/ 271ST (25 + 1) (1.250)

while in the second case the normalization gives:

13,mg (2Am)2s+1
Ibol = \/ orrS[(2s + 1) (1.251)

It is then possible that all or a part of the shift can come from the difference
between 1 and r.

1.6.2 About probability

The wave equation of the electron is a wave equation for a single object:
the Pauli exclusion principle forbids to place more than one electron on a
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single electron state. When the physical theory needs to calculate the prob-
ability of emission or absorption of a photon, as a function of time, most
often not an alone electron is considered, but a great number of electrons,
each with its own wave. So there is a priori no link between those prob-
abilities functions of time and the density of probability J°/Ac (function
of space). If a link exists between these probabilities of a different nature,
that link must be proved from a theoretical standpoint, and experimentally
validated by appropriate statistics. Nothing, in the previous paragraphs,
necessitates the existence of an essential probabilism, different from the
probabilities coming from chaotic phenomenons. Nevertheless a quantity
always exists, that is the ratio between the local density of energy divided
by the total energy, which is a positive real number such as the total sum
is always 1. Hence this ratio may always be called probability, in the sense
of the mathematical measure theory.

1.7 Three generations

When, in the 1930s, physicists understood that other particles exist be-
sides electrons, photons and protons, one of the first newly discovered par-
ticles was the muon (1936), a discovery completely unexpected. The muon
look just like an electron: same charge, same spin, same properties in elec-
tromagnetic and weak interactions, same lack of strong interactions. But
the proper mass of the muon is much greater than that of the electron:
105, 6583755(23)MeV /c2.  Later physicists understood that fundamental
particles could be put into three similar “generations”. And the particle
corresponding to the electron in the third generation, the tau (or tauon)
was discovered only forty years later. It is still heavier: 1776, 86(12)MeV /c2.
Muons and tau are unstable particles, with a half-life 2.1969811(22) x 1075
for the muon, and only 2.903(5) x 107135 for the tau, thus much more dif-
ficult to study.

It is thus necessary to explain why these three generations, why such
differences on the proper masses, why only the electron is stable. Since all
three have very similar properties, it is supposed that they follow a same
kind of wave equation, where only the mass term changes. An empiric
formula was found by Yoshio Koide in 1981 [85] :

me + My + My 2

(Ve + /i + Jmn )2 3

where the mass m. of the electron (0,51099895069(16)MeV /c?) and the

mass of the muon (105, 6583755(23)MeV /c?) are known with a much higher

precision than the tau mass. With the experimental precise values men-

tioned above, we get not exactly % But the last experimental results on

the tau proper mass are upper the first published values, and they are per-
2

fectly compatible with the exact value 5. So we shall consider exact the

(1.252)
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Koide formula.

Koide himself, several physicists working on the subject, among them
O. Rousselle (private communication), sought to justify this equality from
a symmetry breaking by the Higgs boson. Rousselle’s relation reads:

2r(3 —k)

k=1,23.
3 b

1 2
mi = — + SiIl(@k)> ; 0, =0p +

2
C%yF”<¢§

AL 1 sin ; = 2yrv
VE _\/5—1— Or); K /5 (1.253)

with as approximate values:

2
b= —G +e=0p - T~ 4278 > —45°,

2
0, =0r+ % ~ 197.27° 0, = Op ~ T7.27°, (1.254)

The Z* angles are those that draw the numbers 1, j = ¢/ and j? (the three
cubic roots of 1) in the complex plane. That induces a comparison to the
similar drawing formed by the roots of the Lie algebra of SU(3), drawing
at the origin of the quark hypothesis. We hence study:

ab = ch sk = R0y — 01,2, ¢, = —g te, (1.255)

Ve = VE@ + ) i = VE@ +s}); i = VE(+53), (1.256)

where § and e are real number that we can calculate rather precisely the
value, by using the mass value of the electron and the muon. With

rj=0+sjy, j=0,1,2. (1.257)
ap = c§ + isy = et = eilc= ) (1.258)
a1 = cl +isl = % = 10— F) = 24, (1.259)
ay = ¢k +ish = e = 0t F) = jg,. (1.260)
We then have:
Me .
ro = =4 + sin(f,), 1.261
o= 0. (1.261)
m 1 3
ry = \/7: =0+sin(f,) =0 — 3 sin(6,) — g cos(f.), (1.262)
My : 1. 3
ro = \/T% =0 +sin(f,) =9 — 3 sin(6.) + g cos(f.), (1.263)
cosfp = 21, (1.264)

&
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And since 1 +j+j2=0and j3 =1:

sin(f.) + sin(6,,) + sin(6,) = 0, (1.265)
ch=ch sh=sb ch+ci+dh=0; s’§+8’f+sl§:0, (1.266)
Ve + \/fity + /1
30 =rg+7r +12 = \/Fﬂ (1.267)
That gives:
ro — 711 = V30088 T+ 19 =28 —sinb, (1.268)
2 2 1
= §(T0 +7r1+rg) —sinb,; sinf, = 370~ §(T1 +r9),
2y re+r 2 /me — 2(ym w1 /M
tan, = 3— m(; 2) _ /33 3l r) (1.269)
e NN
2\/Me — /Ty — /7
6, = Arctan[ } (1.270)
\f(\/ mr mu)
From the identity 1 = cos? 0, + sin® 6. we then get:
o —T1\2 2 1 2
= () (G S
7 + 370 3(7“1 +72)
LTI S S Sy 1.271
= gl 1 B or1 + r1ire + r2r0)], (1.271)
9
1= 12 412 4+ 12 — (rory + rire + T270)
= (7"0 +ry+ 7‘2)2 — 3(7‘07‘1 +rire + TQT‘o)
= 952 73(7’07’1 +riro +T27’0), (1272)
3
rory+rira 4 rarg = 30% — 7, (1.273)
902 = (ro + 71 +12)*> =718 + 77 + 735 + 2(ror1 + 1172 + T270)
3
=75+ s+ 667 - 3, (1.274)

We hence have:

1

i g =3(s%+ 5), (1.275)
ré+ 1?41} :352+%:1+§ (1.276)
(T0+T1 +T2)2 9(52 3 ’ '

2 2 2

ro+ry+ry 2 1 1
012 ol =280=—. 1.277
(T0+T1 +T2)2 3 262 \/5 ( )

To put exactly % in the Koide’s formula is thus equivalent to put the value

% in the formula (1.253)). We then deduce the values of m, and of the €
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angle:
m, ~ 1776,969028(39)MeV /c?; e ~ 2,23761847(51)° (1.278)

The value obtained for the tau mass is perfectly in adequacy with the last
measures of this proper mass. The approximate value of the 6. angle is also
very precise. As for the value of the Koide’s ratio, so near % that this value
is considered exact, the value of € satisfies:

fo=—"+e= f% —0,22222204711 ~ — (1.279)

4

==
NeJl )

Now look at what comes when the fractional numbers % and —% are exact
values.B% We then have:

s T 2 27

o= —te=—o—=_ 2 1.2

4+€ 575 3 (1.280)
T 7 2 27 us 2 T 2
=2y 2 T g =T 2 1.281
‘“CIt2T9 T3 Ty 6 9 (1.281)
Thus we get:

Jm —\/E[iﬂin(—z—g—kiﬁ)} k=0,1,2 (1.282)

- ﬁ 6 9 3 ) - ) ) ) M
Me = Mo; My = M1; My = My, (1.283)

3 3
ror1 + T17T2 + Torg = 362 - Z = Za (1284)
—me—kn;(,f—ka — 24l =3; K:—m””;““LmT, (1.285)
VK
m,; = 3K — me —my; SW = \/Me + /My + /M7 (1.286)
Hence we obtain:
T 2 Ve 1 .
sin 6 :sin(———7>; ro = = — +sinéb,, 1.287
e 6 9 0 \/I? \/5 ( )
VE = — YT~ 9505419727 (1.288)
75 —sin (5 +§)

\/nT:\/E{i+1sin(g+E)—écos(ngz)} (1.289)

g 2 2MM\g )T 2 96/l '
m,, ~ 105, 6594144827 (1.290)

11 2 my V3 2 7

T = VE[ s+ gsin (G4 5) + Seos (G4 0] 1.291
vm \F\@—i—zsm 9+6 + 5 cos 9+6 (1.291)
m, ~ 1776,984971 (1.292)

30. That has then as first advantage the reduction by two units instead one of the
number of free parameters of the standard model.
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The value obtained for the proper mass of the muon happens to be com-
pletely outside the confidence interval accepted today. But this value is com-
pletely in accordance with what was published a half-century ago (105.659
MeV/c?). Is the muon mass known with an experimental accuracy directly
coming from new experiments, or is the accuracy coming from an improve-
ment of the theory interpreting these experiments ? If the experimental
accuracy is truly better than fifty years ago, it will be necessary to consider
the 2/9 value as a first approximation. If the accuracy on the proper mass
comes only from a better calculation of this value, It will be interessant
to know why the 2/3 and 2/9 ratios give, with an extraordinary precision,
these mass ratios.

1.8 The invariant — dimension (invdim)

The invariant — dimension of a physical quantity is defined as the power
of /r where r = |det(M)]| in the transformation of that quantity by the
similitude R generated by any dilator M in CI3. It is abbreviated into the
acronym invdim.

1. Since ¢ becomes ¢/ = M¢$ and M = /re’’ P, where P belongs to
SL(2,C), the invdim of ¢ is 1.
The invdim of ¢, ¢ = ¢ and ¢ is also 1. The invdim of ¢~ ! is —1.

2. Any contravariant vector such as x or J = Dy = ¢¢', which transforms
into J' = MJMT, has an invdim equal to 2.

3. Any covariant vector as V = MV’ M has an invdim equal to —2.

4. Since we have m = m/r and p’ = rp, we can say that p has an invdim 2
and m has an invdim —2.

5. Since time and space change in the same manner, any velocity has a null
invdim.

6. Since an acceleration is the derivative of a velocity its invdim is —1.

7. The electromagnetic potential A, in the second-order equation, is linked
to the J current in a scalar product. This vector must be, like J, a contravari-
ant vector. We may also use the fact that the electromagnetic potential is
linked to its sources, which are the particles having an electric charge (or
other charges: magnetic, strong and so on). Hence A must have an invdim
+2 and must satisfy

A= MAMT. (1.293)

8. So that the gauge invariance may be compatible with relativistic invari-
ance, gA must transform like a covariant vector while A is contravariant.
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We thus have:
qA = Mg AM = Mg MAMTM = ¢'re'® Are= = 724 A,
q=q7% ¢ =g (1.294)
The invdim of ¢ is thus —4. We may remark that m and ¢ do not have
the same invdim. This is an important difference between mass and charge
which have the same status in relativistic invariance but not in the extended

invariance under Cl;. That is why a synthesis between gravitation and
gauge theories was so hard until now.

9. Next, we have:

2

q= % :qe = % =a=d¢e; qe=qr’e=q¢. (1.295)
e =re. (1.296)

An electric (or magnetic) charge thus has an invdim +4, which is also the
invdim of a surface.

10. We thus have:

2 2 4.2
a= % = % = rh/ec o €2 e = herte. (1.297)
B = r*h. (1.298)

The “Planck constant” is thus a variable when the ratio of similitude is not
reduced to 1 and the invdim of the action is 8 — this is the invdim of a
space-time volume (this is convenient for relativistic thermodynamics). We
also remark that it is not consistent to give to J° a status of probability
density, but it is consistent for J°/Ac which has the expected invdim —6.

11. For a proper mass mg we have

moc ., omge  mge  mgc
o S METM ST =T =g (1.299)
And this gives
my = r3my. (1.300)

A proper mass thus has an invdim +6; this is the invdim of a volume. Both
a charge or a proper mass are no longer invariant, and this requires a change
in our habits. Among the bad habits needing a quick change is taking & = 1.
This is nonsense here since & is variable with r, as shown in . All
these variations do not contradict relativistic invariance in the restricted
sense, which is the particular case where r = 1: the concept of invdim is
not pertinent in this case@.

31. The variation of r changing mo and % has no consequence on measurements of
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12. Pressure, with dimension ML™'T~2 thus has a null invdim.

13.  We now consider the classical part F' = VA of the electromagnetic
field. We have:

F=MV'MA,
MFM™' = MMV'MAM ™" = re"®V'MAM ™ (1.301)
= V' MAre® M~ =V MAMMM ' =V'A = F. (1.302)

Since M brings /7 and since M ~* brings a 1/+/r factor, the electromagnetic
field has an invdim 0 (and this is necessarily the same for the other gauge
fields). All these results are consistent with the laws of mechanics and of
electromagnetism: mass, energy and momentum have the same invdim +6.
A mechanical or electromagnetic force has an invdim 4: this is consistent
with the force exerted on a charge since the invdim of a charge is 4 and the
invdim of a field is 0.

The fact that the invdim of gauge fields is null, and the fact that they
transform following the F/ = M FM ~! law is very important, as this implies
that an F} F5 product of two such fields again satisfies the same rule:

FlFy=MEM *MFP,M™ = MFyF, M~ (1.303)

This is why products of photon fields may be added together and may
follow Bose-Einstein statistics (actually found in the thesis of L. de Broglie
[55]). For the fields of second quantization which act as operators on the
wave itself, this also allows us the definition of creation and annihilation
operators.

1.9 Invariant space-time

When we presented this double space-time in the book with the same
name [21], we implicitly worked with p on an equal footing with r. This
is natural since p’ = rp. More generally there is no difference of structure
between a dilator M defining the similitude R, and ¢(x), which are both
complex 2 x 2 matrices, which means two elements of the Cl3 algebra. More
precisely ¢ is a function of space-time with value in Cl3. Therefore ¢, like

mass, which are always measurements of the ratio between two masses. When physics
went from classical mechanics into relativistic mechanics, where masses are no longer
invariant, there was no need to change the mass unit: any measurement of mass is
obtained at zero velocity in the laboratory. It is the same here, because any proper mass
and any action varies with the same ratio (7"3 for a proper mass, ¢ for an action), in
the laboratory at the time when the measurement is made. The variation of h, which
remains relativistically invariant, is thus perfectly compatible with the replacement of the
standard mass by a standard action, more accurate and more stable than the previous
International Prototype Kilogram (IPK).
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M, allows us to define a similitude D, with ratio p = p(x), by:
Dy: X —x=0¢Xo. (1.304)

And the components D}, of the four vectors D, are the terms of the matrix
of this similitude D, because we have:

x =xto, = X 0,¢0' = X po,6" = XD, = X"Dlo, ; x'=DIX".
(1.305)
There is no difference between the M’ M product giving the composition
R'oR of the similitudes, and the product M ¢ which gives the transformation
of the wave under a similitude, and which also induces a composition of the
similitudes D/, = R o Dy, since:

X = MxM' = M¢X¢TMT = (M@) X (M)t = ¢/ X ¢/ (1.306)

This implies that the X introduced in does not change when seen by
the observer at x or by the observer at x’. It is independent of the observer.
We may also remark that the invdim of X is null, because the invdim of x
is 2 while the invdim of ¢ and of ¢ are 1. We may then name the set of X
the invariant space-time.

1.10 Energy—momentum, Lorentz force

The calculation of the Lorentz force may be done in space-time algebra;
this needs the use of the method of calculation explained in [83] and [89].
Since the wave of the electron only has value in the even subalgebra and
since this even subalgebra is isomorphic to the Cls algebra, we are able to
calculate the Lorentz force easier using Cl3. First question: what energy—
momentum density may be attached to the Dirac wave? Quantum field
theory derives this density from the Lagrangian density, and the invariance
of the Lagrangian density under space-time translation allows us to define
a tensor density of energy—momentum from Noether’s theorem. But the
Lagrangian density is also a problem: several textbooks, old [2][I12] or new
like Wikipedia, give this Lagrangian density as:

L = ipOp — maip. (1.307)

Besides the error in sign, because they wrongly indicate a negative energy
density, these authors are apparently unaware of the complex character of
this Lagrangian density. Some other authors are more precise [102] and give
the Lagrangian density as:

L = R(—ihdy) + mapnp. (1.308)

that is better, even if the term of electromagnetic interaction is missing,
hence that is about an electron without its electric charge! We must also
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recall that passing from this form to the improved equation replaces 1) =
pcos(B) with p and needs to account for the two proper masses. It is in-
teresting to see why the absence of rigor in this part of the theory has no
impact on the studies that came after and hence remains unnoticed. We
have obtained this Lagrangian density in as the real part of the
wave (because the real field is conventionally included in any real Clifford
algebras). Since we work in the Pauli algebra, this is the real part (in the
complex field) of the trace of the matrix. This trace also has an imaginary
part which gives the conservation of the probability current (9,J# = 0).
This explains why the Lagrangian density of the seemingly complex form
(1.308) is nevertheless correct, the imaginary part being automatically null.
Moreover the formula is shorter, hence more convenient for an introduction.
The physical reason explaining why the two formulas for £ give the same
result is the invariance under the electric gauge, associated with the conser-
vation of the probability current by Noether’s theorem. We may then begin
all calculations from , using complex variables to calculate densities
which will nevertheless all be real as a result of the electric gauge invariance.

We saw in that the Lagrangian density is sum of a right part
and a left part. Therefore the energy—momentum tensor 7" linked to that
Lagrangian density is also the sum of a left part depending only on the left
wave 7 and of a right part depending only on the right wave £ (but with
together, in each part of the sum, the vector v and the angle 8 which depend
on both £ and 7 waves). We will again see in Chapter 2 this important
partition between right and left waves, a partition which is invariant under
Cl3, thus relativistic invariant. The notion that these left and right waves
are the fundamental fields was obtained and used by G. Lochak [90]-[96].
That was his starting point for his theory of the magnetic monopole. This
partition is actually important for all tensor densities that we obtain from
the spinors. The existence of an energy—momentum tensor Tr for the right
waves and another tensor 77, for the left waves implies the existence of two
tensors of energy—momentum, the tensor T' = Txg + T, and the tensor
V = TL, — Tg noted by O. Costa de Beauregard [53] as not yet classically
interpreted. This tensor V is simply the difference between the right and
left tensors.@. For the Dirac equation we have:

Dagu yp=Daqp  Dagu (1.309)

m
b @
g kr v kl kr

v kl Tgl/ +

32. To derive the dynamics of the electron Hestenes started from a different tensor [79]
containing only the differential terms. Yet he added the electromagnetic part, his tensor
is thus identical to ours. Hestenes’ calculation is complicated by failing to distinguish the
right and left parts of the wave. It is only with a convenient choice of the 7, matrices
that we can easily see the tensors as sums of a left and a right part. But Hestenes, since
he uses only the space-time algebra Cly 3, strict sub-algebra of the algebra M4(C) of
Dirac matrices, never uses the facilities of matrix calculus.
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Ty = %[n”a“( —i0, + qA, + mgewv,j)nl} =R(n'otd,n"),
dLl = —i0, + qA, + mg cos Bv,, (1.310)
Th, = R[5 (= i0, + A, +mge™ v, )€1 = (MG dle").

With the improved equation we always have ((1.309)). The T}, and Tk tensors
simplify with:

Tf, = R[ —into (9, + igA, +imgv, )n']. (1.311)

Th, = R| = i€"15" (9, + igA, +imgv, )€'|. (1.312)

In space-time algebra, the energy—momentum tensor T'(u) = T'(u, x) is inter-
preted by Hestenes [79] as the flux of energy—momentum through a hyper-
surface with normal vector u at the space-time point x. It is a vectorial
function of a vectorial variable[}

T(u) =T(uu0") = u,T(c"). (1.313)
Hence this tensor is completely defined by the four vectors:
T" =T(c"), (1.314)

which satisfy:
T =Tko" ; T =T". 0,. (1.315)

We then get with the improved equation:

0,T" =(0,T)o", (1.316)
aquu =33u[—77”0’“3u771 =+ (8u77”)0#771} + 8u[(qu/ + mgvy)D}fL],

2
? ~ ~
OuThy, =50u[-€115"0,6" + (,E1)5"€"] + Oul(g Ay + myv, DY,

where partial derivatives commute, and the J current is conservative. We
then have:

Oul(qA, + mng)DlL#] = (¢0, Ay + mgauVV)DlL# + (¢4, + mgvu)auDlLu

= (qdu Ay +mgy0,v,)D (1.317)
ullqAy + mgvl,)D}%”] = (90, Ay + mgauVV)D}zN + (qAs + mgv,,)[“)#D}%”
= (¢0u A, +my0,v, ) D (1.318)

33. For GR this is an important point that comes from quantum physics: vectors are
the only useful tensors.
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That gives:
i
0T, =5 [=(Vu")'oun" =00, (V') + 0,(Vn") ' + 0" TV']
+ (g8, A, +mgd,v, D}, (1.319)
: ~ ~ ~ ~
0Ty, =51=(VENT0,6" = n'10,(VE) + 0,(VENTE! + 0,61V
+ (g0, Ay +mgd,v, D (1.320)

Then we use the wave equations of ' and ¢! which are equivalent to the
system:

V' = —i(gA+mgv)n'; (V') =in'T(gA +myv),
Vel = —i(qA +mg9)eh; (VEHT =i (gA + m,9). (1.321)
We then get:
OuTr, = a0, Ay — 0, Ay) + my (v, — 0,v,) D},
0uTh, = [9(0u Ay — 0, AL) +mg(Duv, — 0,v,,) DR, (1.322)

k0, TV = q(8,A, — 0,A,) (%DILM n %D};) + a9 (g v, — By, JM.

The electromagnetic field F' and the gravitational field G come here with:

Fo=0,A, —0,A,; Gu :=0,v, —0,v,. (1.323)
We then get:
R (1.324)
m m
J=4 1+ HD}%. (1.325)
If m =~ 1~ r and with the total field:
F:=F+ %G, (1.326)
we have: m
0, T" =~ (Fl + ;G,w)qJMUV =Fuqlto”. (1.327)

We then get the Lorentz force for a space-time vector j (charge density —
electric current density) on the relativistic form:

4

k (Di + D}-{‘,)v auTM = FuujMUV~ (1328)

j=q¢)=
Hence with:
F=FE+iH
j=aql=pe+j f=fo+f, (1.329)
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where E i s the electric field, H is the magnetic field, p. is the electric char e
density, J is the density of electric current f is the density of force,
is equivalent to:

f=pE+ixH; fy=E-j. (1.330)
This is obviously very important to unify the laws of physics: except the
Lorentz force that we simply obtained as a consequence of the Dirac equa-
tion, linear or improved, only the gravitational field is able to yield the
gravitational force as a consequence of field equations. We can even say
that relativistic quantum mechanics outperforms general relativity, since
this result is obtained with a quantized charge, finite, when the gravita-
tional force is obtained as a limit case for an infinitesimal mass. This means
that the Standard Model, in the fully relativistic manner used here, is at
least as suitable as general relativity to obtain the motion of field sources
from the evolution law of the field.

1.11 Electromagnetic field

The laws of electromagnetism, when we account for the existence of
magnetic charges (magnetic monopoles) are reducible to two simple laws (a
detailed calculation is in A.3.10):

F=VA+iB; VF =j— ik, (1.331)

where F is the electromagnetic field (bivector in space-time), A is the elec-
tromagnetic potential and j the density of electric current, ¢ B the pseudo-
vector magnetic-weak potential and k the density of magnetic current. A,
B, j et k are space-time vectors, for instance j bring together a space vec-
tor j and a time component which is the density of electric charge. When
accounting for magnetic charges, the two laws of electromagnetism change

only by the addition of iB to A and of —ik to j. Since F' = —F and
F=-F t, we have at the second order:
OA+iB = (VV)A+iB = V(VA+iB) = VF =] + ik (1.332)

F=F,+F,; F.,:= Vﬁ; F, = V(i/E); OA=j; OB=-k (1.333)

Since J is the sum of the chiral currents, we study the left and right fields
such as:

1 —~1
Fp :=ViD,; Fg = ViDj. (1.334)
The left field F, satisfies :
Fr = EL + iﬁL = (—Z)((?o — 5)(D}JO — f)i)
= —id,D}" 4+ i(9oD} + dDI) + & x D} . (1.335)
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We thus get:
0=9,D;" (1.336)
ﬁL = a()f)i + 5]:)}10; EL = 5>< f)}/ (1337)

The right field Fr similarly satisfies:

0=209,D (1.338)
Hp = 8,Dk + dDY; Er = 8 x Dk, (1.339)

We read the covariant derivatives of ([1.208]), for the improved wave equation,
as follows:

dy = =10, + su; sy = qAL +mgv,,. (1.340)
The wave equations of ' and ¢! are expressed in the form:

oot = —iots,m’', (1.341)
ot = —iots,E. (1.342)

The tensor densities of energy-momentum left and right read with (1.204),
for the Dirac equation as for the improved equation:

T8, = = [ntiot(—idn' + s,n') + (i0,n' + sun”)o“ﬂl}
—n'tota,n' + (5u77”)0“771} + s,n' oty (1.343)

T8, = S [e154(=id, &' + s5,€") + (10,6 + syg”)aﬂgl}

DO = N =N = N =

- €151 0,61 + (0,651 | + s eMarel, (1.344)
The improved equation implies for the left wave:
Aot 4 o101t = 020om" + 0303n" —i(so + 510" + 5207 + 530°)nt, (1.345)
Multiplying on the left side by n'To! we get:
n'Totdon' +n'ton!
= intTa30unt —in'To20sn' —in'T(soot + s1 — io3sy +io%s3)nt. (1.346)
Taking the adjoint, next adding, we get:
d(n'To'n') + o1 (n'To"n')
= intTo®dont — (8.0 1)o3nt — 2s0n Tyt + 2s3n' oyt
—in*To20sn* +i(9sn' ) ont. (1.347)
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It must be noted that the present calculation is completely dependent on the
dimension three of space. It is linked to the existence of the cross product
and to the mixed product, through the dimension 1+ 3 + 3 4+ 1 of the Cl3
algebra, which gives g10203 = 7, etc. These equalities are nearly hidden
when only the Clifford algebra of space-time is used. We also get:

oD+ 01D}° = —2T3, + 2T%,,
Hj =2(T?; - T3,). (1.348)
By circular permutation of the indices we habe:
Hi = 2(TL23 - T22)7
HE = 2(T}, —T}), (1.349)
Hj = 2Ty, — Tth),
Starting now of ([1.346)) and subtracting we get:
it oldent — (Bontotnt + 2isentolnt
+ 7t e%ant — (019N nt + 2is1n' o0t (1.350)
= ida(n'1o®n") —ids(n'To’n").
Dividing by ¢ and permuting the indices, we get:
By =2(Tgo + T11),
B} = 2(T%, + T0,), (1.351)
B}, =2(Ty +T1y).
The strong link obtained here between the electromagnetic field and the
energy—momentum tensor of the electron is thus proper to the space of
dimension three. It is a sufficient reason to follow Baylis [2] and to prefer
Cl3 to Cly 3, the space-time algebra previously used by many physicists,
like Hestenes, Boudet, Lasenby. Neither of them got the relations (|1.351]),

because the space-time algebra cannot be the best tool to separate right
and left waves. The Dirac equation gives for the right waves:

8051 + 0'1(9151 = 0'28251 + 0'38351 — i(SQ + $101 + S209 + 830’3)51. (1352)
Multiplying on the left side by o, we get:
E151 06! + €100, €" + i€ 50 0ng! — i€ 06"

= —i(soD} + 51D} +isoD — is3DE). (1.353)
Next we use the adjoint, we add and that gives:
doDY + DY = 2T5, — 2T2, (1.354)
Hp, = 2(Ths — Thy),
H% =2(T3, — Ths), (1.355)

H?% = Q(Tllzz - T1221)'
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While subtracting, we get:
Ep = 2Ty + Thy),
B} = 2T} + Thy). (1.356)
E??, = 2(T1?§t0 + ngcs)'

Now we consider the complete electromagnetic field, with a left and a right
part:

F=FE+iH= %FL + 2 Fr, (1.357)
=4 mg = meg = T a Mg =
E=—F —Fp; H= H —H 1.
] L+ oy R il L+ op R (1.358)
that gives:
m m
Hl — JHI JHl
LT gy MR
2myg 2myg

:W(Tm Tiy) + == T (Ths — Tia)

mq
= 2T T TR) — 2( T+ T )

=2(TF - T3). (1.359)
And similarly:
El — Ma 1 @El
kLTE ke R
Qma Mg
= (Tho +Trh) + W(T}zo +Th)
= 2( G Tho+ 1 Tho) + 2( 31 Th + 0T
= 2(T0 +17). (1.360)
Hence if we suppose:
B = —J = —DL + —DR, F=FE+iH= VzB (1.361)

k1 kr

then we get:
H' =213 - 13); B' = 2(T; +17),
H? = 2(T3 —T3); E? =2(T¢ + 1Y), (1.362)
H3 =2(Ty —T?); E>=2(T3 +1T9).

The components of the electromagnetic field are thus sum and difference

of the components of the energy—momentum tensor of the electron wave,
named Tétrode’s tensor, T. This electromagnetic field is exactly a bivector
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field (F = E + iH), without scalar nor pseudo-scalar part: (F = a + E +
iH + ib with @ = 0 and b = 0). That comes from the fact that F is the
gradient of a pseudo-vector in space-time (thus without pseudo-scalar part),
and with a null divergence in space-time thus without scalar part. And this
also comes from the conservation of the left and right currents Dy, and Dpg.
We saw in 1.8 that the F' field has a null invdim, since it is transformed
under the similitude induced by a dilator M in Cl3 as: F — F' = MFM~!.
The potential A is not only a mathematical tool for the calculation of the
electromagnetic field, it has a kind of physical reality; this was claimed by
O. Costa de Beauregard [54], following L. de Broglie [57] [58]. Still more
important, the potential A is not exterior to the wave, but totally dependent
on the wave, which is necessary in any true theory of fields. The potential A
present in the wave equation is considered as “exterior” because the potential
1B is a pseudo-vector, not a vector in space-time. We have:

O(A+iB) =q(j —ik); OA=gqj; OB = —¢k. (1.363)

And consequently the A potential is non proportional to J but depends on
this current through the Dalembertian:

A=0"1ed), (1.364)

which induces the calculation via the advanced or retarded Green functions.

The electromagnetic field has none proper Lagrangian density nor as-
sociated energy-momentum tensor, because the electromagnetic field is
itself that energy-momentum. In light, that is directly linked to the
existence of energy-momentum quanta, as Einstein [67] understood, quanta
today called photons.

1.12 The Pauli exclusion principle

The calculation of the energy levels in the case of the ion He™ was
considered as a big success of Bohr’s model, where the electron is a charged
point particle moving in the electric field created by the double charge of
the nucleus. Later the quantum wave of the electron was discovered, then
the calculation became much more difficult, especially since it was necessary
to justify why two electrons in a neutral helium atom cannot occupy the
same state. This impossibility was moreover generalized by Pauli : each
list of quantum numbers characterizing each state is necessarily different
for each electron in an electron cloud (exclusion principle), in any atom.
This principle has been accounted for supposing that the wave of a system
of two electrons was the anti-symmetric product ¥ = ¥1199 — 19)1 of the
wave of each electron [59]. Even in the non relativistic case that induces
difficulties, since the v wave becomes a function of seven variables, the three
spatial coordinates of each particle, plus the time. And for an atom with n
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electrons the wave becomes a function of 3n+ 1 variables. Even if the use of
a configuration space is usual in Hamiltonian mechanics, that is inevitably
strange compared to the gravitation field, which does not change its nature
when a thing is broken into two separated parts.

And the difficulties grow considerably up with the spin, because with the
spin 1/2 the wave of each electron has value in C? with the Pauli equation,
and in C* with the Dirac equation. Since C* has none internal multiplica-
tion, a tensor product is used to antisymmetrise the wave. That falls back
on the difficulty of the change of nature for the wave with the number of
particles, which gets away any unitary field including gravitation.

Non relativistic quantum mechanics uses a linear wave equation, that
accounts for the addition and subtraction of waves and hence allows a simple
explanation of interference phenomenons. Therefore it is the multiplication
that is used to justify the exclusion principle. For a two electrons system,
the supposition is:

P12 = Y192 — hathy = —1Pa1; P11 = 0. (1.365)

But we now have a non linear wave equation, for our improved equation the
sum of two wave functions that are solutions of the equation has no reason
to be, allowing possible exception, a solution of the wave equation. And the
first version of the exclusion principle simply says: for electrons in atoms
and for each list of quantum numbers, only one electron may be
present. If an electron is an electron wave and nothing more, the exclusion
is automatically realized if the two following conditions are satisfied:

1- For each list of quantum numbers, a single solution exists for the wave
equation. We explain in Chapter C why, with our improved equation, this
rule is always satisfied.

2- The sum of a wave function with itself is impossible. And that is also
the situation if the wave is normalized and if the addition of the wave also
adds the currents, because that gives:

(b1 4 d2|d1 + d2) = (D1]01) + (P2]|d2) =1+ 1 =2,
(¢ + oo+ @) =4olgp) =4 #2, (1.366)

And this normalization comes from the identity between the mass-energy of
the wave frequency and the sum on the whole space of the energy density of
the wave. The impossibility to get two electrons in the same state can hence
follow from the fact that the left and right currents of the two electrons add
together (addition of the electromagnetic potentials) and from the addition
of the energy densities, time component of the Tétrode’s tensor (addition of
the electromagnetic fields). Moreover mechanical laws include the addition
of angular momentum, this is traduced in relativistic quantum mechanics
by adding the magnetic quantum numbers A. Since these quantum numbers
may be negative, this addition of the angular momenta may be traduced by
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a subtraction of the |A| numbers. The general form of the solutions of our
improved equation, in spherical coordinaters, is (see Chapter C):

(Ap—ExO)is. X:(AU CV) q o(—0/2)is o(—0/2)ia

¢ =0Xe '3 ;

BV DU ) T rv/sin 6 7
U - sii@U =—krV; V'+ ﬁv = rU. (1.367)

where k is a nonzero integer number, and where A may be any half-integer
value from —k + % until k — % A, B, C and D functions are functions of
the radial variable r with complex values, solutions of the radial system:

(E
(E
(&

(E n g)C 0 —ifA_re B =0,
T T

+ g)D D —i%B1ema =,
T T
n O‘)BHB’H@DHJ”C:Q
T T
+ )A—&-iA’—i—iEC—re_"lD:Q (1.368)

r

where 71 is any real number. Since A may be positive or negative, and
since to subtract is equivalent to add the opposite, it is possible to consider
only the addition of the quantum number A. For two electron waves, when
the electrons add their magnetic quantum numbers \; and Ao, their wave
cannot have as magnetic quantum number A + Ao, which cannot be a half-
odd number, but an integer number. That should make the wave function
¢ undefined. The wave of the system is hence necessarily the sum of a wave
with a magnetic quantum number\; + Ao + % and a wave with a magnetic
quantum number \; + Ay — % For the x numbers, which are positive, s
becomes k1 + ko — 1, that adds the j; = k1 — 1/2, jo = ko — 1/2, or kK1 — Ko
that subtracts jo from j; which is possible only if k1 > ko.

¢ =01+ d2 = g2+ o1, (1.369)
_ (M- Aat3)o—(Br+E2)x"]. _ (AU O
» = QXqe 2 ;o Xh = <B1V1 DU, ) (1.370)
M+ A2+ 3
U{ — SszUl = _(/{1 + Ko — ]-)Vl, (1371)
A4 A2+ %
W4 S V= (e = )0
_ (atra—de—(Br+ B, y, _ (A2lU2 —CalVh
P2 = QXqe 2 ; Xo= (Bsz DUy (1.372)
A+ A2 — 3
Uj — #Uz = — (k1 + K2 — 1) V3, (1.373)
M+ —3
Vy + MVQ = (k1 + K2 — 1)Us.

sin 6
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That is the commutativity of the sum which gives the indistinguishability
of the two electrons: it is impossible to know which is which. Notice also
that the participation to a system of electrons do not suppress the existence
of each electron, with its own list of quantum numbers. That simply adds
to these individual waves the wave (or waves if there are more than two
electrons) of systems adding phases and quantum numbers. Accounting for
the fact that the mass (approximately) and the charge (exactly) are doubled,
the radial functions are no more those of alone electrons, and satisfy the
radial system:

I€1+I€2

A .
(El + E2 + j D1 - ZD/ Bl + le"lAl = 0,
r

(E1+E2+f

By +iBj + 7D1 +1e"1Cy =0,
T T

1 _
R T Lo eminp, —0,  (1.374)

)
) K1+ Ko —
)

(E1+E2+7 A1+ZAI
T

/ﬁ—l—:‘ig—l

7 -
(El + Ey + —Q)Cl Cl Al —re "By = 0.
T

where Z is the number of protons contributing to the electric potential, and
ry is any real number,

I€1+I€2

(E1 + B+ —)Dz — D} — LBy 4164, — 0,

I{1+I€2 1

(E1 + Ey+ — )Ba +iBy + Dy +1e"Cy =0,

1 ,
Gt = Lo peminp,—0,  (1.375)

H1—|—K22—1

)
(E1 Ty —)Az AL+
) Ay —1e™ By =0,

(E1+E2+7 CQ—ZCQ

where 75 is any real number. We remark that, in the particular case where
k1 = ko = 1 and where the possible magnetic quantum numbers \; = %
and Ay = —% are occupied, those quantum numbers do not change, since
K1+ Ky —1=1, )\1-‘1-)\24—%:%311(1)\14-)\2—%:—%.

In the case of a system with three electron with ¢1, ¢ and ¢3 waves,
what prededes applies to each of the three pairs constituted of the 1 and 2
electron, the 2 and 3 electrons, 1 and 3 electrons, plus a wave formed by

the three electrons. And so on for a n electrons system.

1.13 Iterative form of the improved equation

We calculate jgb : R . o
Jp = 9o = ppe’”. (1.376)
Using the P conjugation we then get

I = pe B, P = %5. (1.377)
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With (1.109)) and (1.110]), we define the unit vector:

T 2
o _J_ _A_JJ_p_l' “
v=vto, = v.v=vw=—5=—5=1 v=v .

p p

(1.378)

Similarly we obtain the mass term:

~ 1 0 r 0 . Ir 0 o 2
w00 D05 Dent oo

This allows us to express the improved wave equation as follows[47][49]:

~

6= (Vo + qAd)— (1.380)

m2’
Conjugating, this gives the recursive functional equation:

m

¢ = f(9); (6) = —v(Vooa1 + qAd) —. (1.381)

mg
We then get by iterating:
o= f(f(8); ¢=f(f(f(2)),- (1.382)
To get only multiplication by the left side, we use the uncrossed form :
iVt = qAn' + ' V' =prn'; pri=gA+ 1,
iVE = At +19¢"; iVE' = Pret; Pr = qA +1v. (1.383)
This gives at the second order:
iVt = V(prnt); iVVEL = V(pred). (1.384)

Iterating the wave equation once, we obtain second derivatives, and we then
use the d’Alembert operator:

O0=VV=VV=0,—8, — 02— 0% (1.385)
We indeed get:

i{On' = (Vpp)nt + 2p4 ' — 5LV,

i0¢! = (V(PR)EY) + 200,61 — prVEL. (1.386)
We let: R
F :=VA; F,:=Vpy; F,.:=VDg. (1.387)
This gives
W0 —pr-pL)nt = Fingt + 2pldun’*, (1.388)

i(O—pr-pr)€" = F¢" +2p50,8" (1.389)
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We indeed get:

iOn* = (Vpo)n* + 2040, — V',

i0¢! = (V(PR)EY) + 20%0,6" — prVEL. (1.390)
We let: R
F:=VA; F,:=Vpy; F, :=VDg. (1.391)
This gives
W0 —pr,-po)nt = Bt +2p40,m", (1.392)
i(0—pr-pr)€" = F.&" + 2p50,8" (1.393)

These equations are more similar on the left side, but this is only because
the d’Alembert operator suppresses the difference between VV and VV.
Two remarks: as in the linear Dirac equation case, these equations do not
be Klein-Gordon equations, because we also have A9, term. (This fact is
rather well concealed in many books where the second-order wave equation is
given for an electron without electromagnetic interaction, and thus without
real physical existence.) Next, the electromagnetic field is introduced as two
chiral fields F; and F;.. We have:

Pj Pj —1
p2) (J J) 2 (1.394)
These fields satisfy

Fy=qF +1G; F,. =qF +rG. (1.395)



Chapter 2

Weak Interactions
(Lepton case)

We use the Clifford algebra Cli; 3 for the waves of all fermions
and antifermions of the first generation. This includes a mag-
netic monopole that is also the complete neutrino, with both left
and right waves. We study the new tensor densities that come
from the extension of the electron wave. We transpose to Clifford
algebra the covariant derivative of the electroweak gauge group.
This covariant derivative is compatible with the mass term of
the improved wave equation of the electron. We generalize to
the lepton wave the Lagrangian density of the electron as well
as its double link with the wave equations. The recursion of the
wave equations allows us to obtain the properties of the gauge
bosons. The lepton wave equation is form-invariant under the CI3
group. The gauge invariance group is the U(1) x SU(2) group of
the electroweak interactions. We also obtain the value of each
charge of particle and antiparticle. The constraints imposed by
this gauge group allow us to calculate the gauge potentials and to
simplify the wave equation. The particular case of the electron
fixes the value of the Weinberg—Salam angle to 30°. We study the
energy—momentum tensor density. We obtain the Lorentz force.
We derive the dynamics of the magnetic monopole. We study
the kinetic momentum tensor density and we derive the quanti-
zation of the kinetic momentum from the form-invariance of the
kinetic momentum under CI;. We present a soliton solution for
the self-interacting electron.

97
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2.1 From the electron wave to the complete
wave

In the first chapter we ascribed an invdim 1 to the wave of the electron,
and we saw that the electromagnetic field had an invdim of 0. Thus some
quantities have an invdim while others do not. The origin of the concept
of an invdim is relativistic quantum physics. Since QFT replaces the elec-
tromagnetic field with a field of creator and annihilator operators, we thus
postulate this fermion field as a field of operators:

U h s de, de = W(9); ¥ € End(Cly); x = ¢ X e (2.1)

where X belongs to the self-adjoint part of Cls, and ¢, is the wave of the
electron. This is the fourth major change that we introduce: space-time
is not a starting point, but the consequence of the fermion field
value. This will be essential to incorporating gravitation into the Theory
of Everything (see Chapter 4). The x = x*0,, € Cl3 is the general lin-
ear element of space-time in special relativity, and the general element of
any tangent space-time in general relativity. Time is the fourth component:
x0 = ct. We need the absence of any additional dimension for the space-time
manifold. For the first generation of fundamental fermions the SM accounts
for 16 fermions: eight particles and their corresponding antiparticles. We
just studied the case of the electron and its antiparticle the positron. These
objects are not the only ones in the Standard Model. They are only exam-
ples of what are called fermions. In ordinary matter other fermions exist
within the atoms, whose nuclei are made of protons and neutrons that are
themselves composed of colored quarks. Besides an electron and its neutrino
and their anti-particles, this ordinary matter forms what is called the “first
generation.” Each generation includes two quarks with three color states
each. Thus we get eight waves similar to the electron wave ¢.. We label
these waves from one to eight. Each one of these eight waves so labeled has
a left part and a right part (including the neutrino). Here we study the gen-
eral case, while in [28] we simplified the study by neglecting the right waves
of the quarks. In [50] we summarized the scene in the following picture:
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The quarks of the first generation are called the up (v) and down (d) quarks,
and the couple d — u is similar to n — e in electroweak interactions, but with
differences since the electric charge of the u quark will be %\e\, while the
charge of the d quark will be —% le]. For the lepton sector of each generation,
the charges of the antiparticles appear opposite to the charges of particles.
As we saw in Chapter 1, neither the charges nor the mass actually change.
But the wave equations change because all partial derivatives change sign,
and the right and left parts of the waves are exchanged. Without this
identity between the wave of the particle and the wave of the antiparticle
we should count not only 64 parameters but 128, and End(C!3) offers only
64 dimensions. The three “color charges” are called 7, g, b (red, green,
blue). The lepton wave that we study in this chapter is the white one
at the center of the diagram. The quark waves are placed at the colored
perimeter of the diagram; we will study them in the next chapter. This
diagram indicates two symmetries that are both left-right symmetries: we
placed the left waves on the left side and the right waves on the right side.
We recall that the invariance group acts differently on right R™ and left
L™ waves — it is precisely the source of that symmetry. The CI3 invariance
group is also the source of the second symmetry between the upper part of
the diagram, on which the action is a multiplication on the left side, while
the action on the lower part is a multiplication on the right sideE|. This
second symmetry exchanges, for instance, the four red cases: those of the
upper part containing the waves L? and R? of the d quark with color 7, and
those of the lower part containing the waves L® and R® of the u quark with
color r. This double symmetry is well known in the framework of Lie groups
and Lie algebras: the GL(n,C) groups have four kinds of representations.
In these symmetries quarks and leptons are highly similar.

For each quarter of the diagram we have one white box and three col-
ored boxes; thus the whole wave of the first generation, including leptons
and quarks, also comes from a single mathematical object linked to Clg
since it takes value in the algebra of all endomorphisms on this linear space:
End(Cl3). It also happens that this ring is the Clifford algebra Cls 3 (we
study this algebra in [B.2). This algebra is a 64-dimensional linear space on
the R field. Therefore we will use the function ¥, with value in Cl3 3, as
quantum wave of second quantization. This algebra contains eight supple-
mentary linear spaces similar to Cls. So we will use these eight linear spaces
to obtain eight waves linearly similar to the wave of the electron studied in

Chapter 1. With (B.94) we have:

U+, U, + \I/g) (29)

U="() = <\1/T—\Ifg U, — i,

1. This symmetry that inverts the order of all products is called reversion in Clifford

algebra (see ,
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U +i0, U, +V

3,3 _ l b r g

= (\1: -V, U - wb) ’ (2.3)
U, =P —iTy = V' =a+ A+ (i—i(g + ci), (2.4)

_ ¢e 0 . _ 0 (bn . _ ¢e _Z¢IL
= 5 )im=(a §)e= ()

iW, =Py +ily = (Z%” Zgy) , (2.5)

iy =Ps+ils = (Z%dg Zg:g ) ; (2.6)
ug g

iUy =Py +ily = (Z%”’b ig;;) : (2.7)

The ¥ term is hence composed of two different kinds of terms: W; which
is a single term, and V¥,, ¥, and ¥, which are three similar terms, all
different from ;. The distinction between a lepton part ¥; and a quark
part (U, ¥y, ¥;) does not need to be postulated, it directly comes from
the mathematical nature of the whole quantum wave.

In this chapter we study the ¥; wave, which is a function of space-time
in Clz ;. And since i is the 3-vector term of Cls, which commutes with
any term in Cl3, when we restrict ¥; to its first row containing the 1 and
8 indices we may consider a function with value in Cl3; as a function in
Cl3 X Cl3:

U = (¢ —igl) € Cly x Cls. (2.8)

To get the ¥ wave of Chapter 1, with value in Cl; 3, we associate to ¥; the
U wave function linking Cls x Cl3 to Cly 3 by:
1 8t
U= (g —idh) = (o' ¢°1) = (‘% qil> : (2.9)
¢ 9

The ¥; wave is made of two similar waves, ¢, = ¢! which is, in the picture of
second quantization, the electron wave. The electron wave thus plays a dual
and special role, being included both in Cl3 and End(Cl3) by and .
So we may say that the electron is both an example of a fermion and the
quintessential fermion. The wave i¢, = ¢° is the wave of the neutrino, and
also the wave of Lochak’s magnetic monopole when it has both a left part
and a right part. That are observations on presumed magnetic monopoles
[105] [51] [52] which induced the hypothesis of a different proper mass for
each part, left or right, of the wave. We previously placed the waves of
antiparticles on the second row of each matrix in (2.4) to [49, [50].
With the charge conjugation studied in the second row is determined
by the first row of the matrix, and we can use ad libitum the complete matrix

element of Cls; or the first row allowing us to work with Cls x Cl;. We
shall thus employ the convenience of these algebras previously used in [50].
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We also saw this essential property of the electron wave: the wave is
double, with a right spinor and a left spinor (see ) The mathematical
origin of this dualism is the existence of two nonequivalent homomorphisms
from the SL(2,C) group into the proper Lorentz group [10I]. We also
know that not only electrons exist: The g radioactivity that emits electrons
also emits another particle nowadays called the electron antineutrino. The
electron neutrino and antineutrino induce the existence of another pair of
spinors, a left one and a right one. In a theory that unifies all interac-
tions, and since gravitation and the geometry of space-time are strongly
linked, the origin of this quartet of spinors which together constitute the
lepton wave is necessarily geometric. And the whole of electromagnetism,
including the electron wave, is form-invariant under the greater geometric
group C13. This group is isomorphic to the GL(2,C) group which includes
SL(2,C) as a subgroup. The GL(n,C) groups are well known to be the sim-
plest Lie groups: their Lie algebra is the matrix algebra M, (C). Also well
known are the four kinds (not only two) of nonequivalent representations.
Our hypothesis is: these four kinds of representations are the origin of the
existence of the four kinds of spinors forming the lepton wave (and also for
the complete wave where the 16 spinors are divided into four parts of four
spinors, that we will study in the next chapter dealing with the quarks.

The Standard Model first considered a neutrino reduced to its left wave
only, and without proper mass. Modern experiments on neutrinos show that
they must have a proper mass, which is very small indeed yet nonetheless
still nonzero, and thus a right neutrino wave must also exist. The Standard
Model actually has none objection against the existence of this right wave;
it is simply considered useless. Yet the fact that the neutrino travels in
space with the speed of light, or in any case with a velocity extraordinarily
near light speed, justifies a null proper mass. With the Dirac wave equation
for the neutrino, there is thus a problem, which is derived from the mass
connection between left and right waves. We will see in this chapter how
the improved equation, nonlinear, easily solves all these difficulties.

The starting point of this work was Lochak’s theory of the leptonic mag-
netic monopole [90]-[97], where the wave of the monopole is also a function
of space-time with value in Cl3. Whether for the electron—positron pair or
for the electron—neutrino pair or for the electron—-monopole pair we obtain
in each case four waves with a spinor value, with two left spinors and two
right spinors. Moreover, as a particular case, we must again end up with
only the electron or only the left electron — left neutrino pair. And we
saw in the first chapter that the charge conjugation is simply the change
of oy1 into 015 in the wave equation of the electron. Hence the two pairs
of spinors may be able to account for both leptons and antileptons, or to
descrbe foth the electron and the magnetic monopole. This leads us to
think that these two objects, the neutrino with proper mass and
the magnetic monopole, are one and the same particle.

An extension of the Dirac equation for the electroweak interactions [114]
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was studied by Hestenes [81] and by Boudet [5] [6] in the framework of the
Cly 3 algebra. The extension of the gauge invariance with the improved
Dirac equation necessarily leads to the gauge invariance under U (1) x SU(2),
already obtained in [12]. This comes from the existence of four independent
generators with square —1 in the Cl3 algebra: i = 010503, 101, i02 and i03.
They are also the generators of the Lie algebra of U(1) x SU(2). Since the
form invariance is always governed by the Cl3 group, and since Cl3 x Cl3
is a Cl3 left modulus, we may express everything in Cls: all complex 4 x 4
matrices of the Dirac theory may be calculated by blocks made of 2 x 2
matrices.

Under the similitude D generated by any dilator M in CI3 we recall that
we have: x = X' = D(x) = MxMT, V = MV'M and det(M) = re?, and
also

R'v R = MR'; T' — L' = ML
The R® and L® waves use the two other representations with a reversion:
R®+— R'® = RSM; R'® = MR®, (2.10)
I8 I8 = I8N, T'® = MT",
The duality between a charged lepton and another lepton without electric
charge is reproduced for each one of the three generations, through the

simple generalization of Section[I.6] For the four spinors we use the following
expressions:

n __ 6? LN 77? e R _ﬁg L en _7££L
5‘(gs)’"‘(ng)’"‘<n?>’£‘<f?>’ @11)

o' = R' 4 L' = V3 (¢! ﬁl);RI\fQG} 0);L1\@(0 —q%>7

& 0 0 m
B 71 aY. m_ s (0 &Y. 71 s (m O
peman=vi(y @) m=va(y f)e-va(y) )
- - . - 8 - 8
Fomeiovae )R- )T =va (o).

We saw that the wave equations of the right and left parts of the electron
wave satisfy a first-order partial differential equation, with only two other
terms: a gauge term and a mass term. The gauge term is from the geometric
point of view a covariant vector, and the mass term is the product of the
reduced mass by a unitary vector v. This vector is the local reduced velocity
of the relativistic fluid. The invdim of the different terms allows us to
understand why no other term is possible in a first-order wave equation (see
thus we can only generalize these equations. We may hence suppose a

2. Here we use the usual notation for the complex conjugate.
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similar wave equation for the four parts of the wave:

iVt =1'nt, (2.12)
Ve = plet, (2.13)
iVn® = 158, (2.14)
iVES =788 (2.15)

In this chapter, the M in CI3 which allows us to get the form invariance
of the wave equations is constant. Moreover we have V = V and the
four differential operators are reduced to V and V. The [" and r" are
four covariant space-time vectors, and we will see their connection with
the potentials of the electroweak gauge group, as well as with the reduced
proper mass generalizing the proper mass of the electron.

Let us first see how, when ¢® is zero, the two equations may
be the wave equations of the electron. Since n' is, when multiplied by v/2,
the left column of ¢! while £! gives the right column, these equations, when
multiplied by v/2, and using the P conjugation on read as follows:

- -~ 140
Zv¢6pr = ll(z)epr; Pr = 9 2
— ~ 1—-o
—iVoepr = Gepi; p1 = 5 3 (2.16)

Adding these equations we get:

ll+7’1A 1171"1’\
70+ ——b.0u. (2.17)

nggeog =

If we let:
Mi=gA+1v; rti=gA +rv (2.18)
we then obtain the improved wave equation of the electronﬂ :

Volors = gAd' + vo'm, (2.19)

because the v vector is equal to the J/p in Chapter 1. We also use in
Chapter 1 the following vectors, that it will be necessary to generalize:

1 d
gl Emiof0e kg em
1 d
o Foi (-t e

3. It is well known that the energy—momentum of the electron is the sum of a matter
term and an electromagnetic term. This duality is again obtained here with the tensor
densities.
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2.1.1 New tensor densities

In the case of a single electron we used four currents D, = q&aﬂqﬂ,
particularly the J = Dy = ¢¢f. This current is the sum of two chiral
currents DL = R'R' and DI =1L 171, Moreover these currents are now
similar to two other chiral currents:

D3, := R®R®; D§ := L°L%. (2.22)

And these currents, like those of the electron, have a null scalar square in
space-time:

D§, - D, = DyDY = RS(RR)R® = 0,
DS . DS =DSD = L8(L8L°)L® =0, (2.23)

because the bracketed quantities are both zero. The natural generalization
of the probability current of the electron is the lepton current J; such that:

rll3 al + Za‘? 1 lllzl33 a‘% + iafli (2 24)
V3 al +ia} “V om \ad+iad )’ '

83 873 8 4 ;.8
s _  [rlp (af +ia; s _  [Plp (a5 +iag
&= 2m <a +ia§ > “V oom \ad+idd )’ (2.25)
Dl 1 DS DS
3= Dy, Dr ) 2.2
A G R T (2.26)
This current generalizes indeed the J current since we have:
0_ ™M 12 12 mo12 12
! —ﬁﬂfﬂ + &2 )“‘m(‘nﬂ + |m2]7)
mo 82 82 mo o812 82 2.97
+ s (S 181 + g (™ + Ina ), (2.27)

The norm and the associated scalar product generalizing those of the single
electron case becomes:

= /[ dv(§<a}>2 @), (229

(0| // dv Zaa +aSa® ) (2.29)

This probability density is the generalization of the probability density of the
electron in Chapter 1. The time component J{ is now one of 17x16/2 = 136
tensor densities that we may define without derivatives from our four spinors
with four real components each (16, thus (16+1)16/2 densities). We are now
far ahead of the mere 16 tensor densities coming from the M4(C) algebra
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generated by the Dirac matrices, yet presented in most course booksﬁ as
the only possible tensor densities! With (2.23)) we have:

3, 3, =33
_m?/D} DL D% D%\, Dk D D% D
“ et T et ) (T e T
_m? (D1 Lpl, DI!D! D$DS, DSDS
k2 \ plpl 1 r8rs 1818
DLD! + DIDL  DLDS +D%DL  DLDS 4+ D8DL
111 + 1,8 + 118
ril rir ril
D;D% +D%D; | DpD] + D7D} DyDj + DiDj
118 1B 818
_2w? (D} Di D Dy Dy D
T2\l rl 8 rl 13
D D8 D! D D% DS
R R e ) (2:30)

We saw that 2D1 DL = aja] where a; = 3 + {22, a sum obtained from
the two relat1v1st1c invariants Q7 and €9 of the electron wave. With four
spinors we form 6 = 4 x 3/2 pairs, each giving a term similar to a;. Thus we
now have 12 invariant densities which give the 6 following complex terms:

= 27} + &) = R'L' + L'R,

az = 2(niny —nimy) = L'o L} -1t o L,

as = 2(&175 + &75) = R'L* + LSE
= 2(&7) + &§mh) = BT + L' R, (2.31)
=2(¢65 - §¢F) = Roy R' —R'o/R®,

ag = 257} + 575) = R°L® + L8R,

In the similitude D generated by any dilator M in Cl5 we have for j =
1,2,...,6:
a = Ma;M = MMa; = re”aj, (2.32)

pork 0 =il ok 2k
aja’; =reazre”""a; = r-aja;. (2.33)

4. It is thus surprising and disturbing that this significant mistake concerning the
number of tensor densities built from the electron wave in the Dirac theory, pointed out
since nearly thirty years ago [15] by one of the present authors, is not yet corrected. This
proves that the control of errors by the same “science community” which propagated these
errors, is imperfect, inefficient, self-assured [38], and much too conservative. Nevertheless
this control may perhaps be the least bad of all possible control systems.
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We may then generalize the invariant p of the wave of the electron into p;
such that:

2 of@1a] | aza3  a3ay | a4G) G505 | QeGg
pr=me e pl18 - 18 rlp® 818 } (2.34)
which satisfies as p previously:
2
P =712pt; p = rp; m'pp = mp. (2.35)

Both a; and p; thus have an invdim of 1 and m has an invdim of —1 (See.
In weak interactions the neutrino appears without a mass term. However
it is necessary to add a mass term when physicists try to understand the
behavior of neutrinos changing generation. And we may remark that mp; is
null when p; is null, and this precisely happens in the case where the neutrino
only has a left wave. The currents thus satisfy J; = D§ and D§ -D§ = 0, and
hence mp; = 0: the alone left neutrino appears without mass. The
mass term again appears as soon as R® is not null and as soon as the wave
of the electron is not null. The behavior of this mass which appears and
disappears ad libitum is not so mysterious if we consider that we are able
to see a neutrino only when it interacts with a charged lepton or a quark.
The mass term comes back as soon as R® does not cancel or as soon as the
electron wave is non zero. For the electron we have p? = aja} = 2Dk - DL,
Similarly we obtain:

ayai = 2D% - D}, (2.36)
asai = 2D}, - DY, (2.37)

since we have:

oD}, - DS, = DLDS + DEDL, = R'R'R R® + R*R*R'R,

5158 0 —ag . 8Pl 0 a;
pre - (0 ) (0 %), .
oL, DY =R (0 TS B (0 B) R
R 0 O 0 O
= (Esalﬁl — R'o1R®)a = asal. (2.39)

We can likewise establish:
2D}, - D% = agzaj; 2D} - D% = aqaj,
2D} - DY = aqal; 2D% - DY = agay. (2.40)

We then derive from these equations and from (2.30)), (2.32]) and (2.34]) that
we have, with the signature + — — — of space-time:

Ji-Ji=pf; |3l = pr. (2.41)
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As for the single electron we may define a unitary vector v as

7JZ7M B N
v=—=vlo,; vww=vw=1 v=v .
Pl

(2.42)

We retain the same notation v as for the case of the electron because this
vector is exactly that of Chapter 1 when the wave of the neutrino is null.
The natural generalization of the Lagrangian density of the electron is thus
able to contain the same mass terms, and the wave equation is able to
contain the same v in mass terms.

We must never forget that the previous tensors are only a small part
of the many tensor densities that we are able to construct from the spinor
wave. The differentiation of these tensors indeed yields new ones, which in
turn give others by deriving again, ad infinitum [I5]. We will also use some
of these other tensor densities, for instance the energy—momentum tensors.

2.1.2 The electroweak gauge invariance

We begin with the case of the electron following [70]. We modify noth-
ing to the wave of the electron which we denote as ¢! in the usual Dirac
formalism and ¢! in Cl3. T he wave of the electron neutrino is denoted as P8
in the Dirac formalism and ¢® in Cl3. The wave of the positron is denoted
as ¢, in the Dirac formalism and the wave of the electron antineutrino is
denoted as 1,. The link between the particle and antiparticle wave remains
the previous link seen in We start with the particle waves. The right
spinors are denoted ¢" and the left spinors are denoted n™:

1 8
o= (5) e = (5). (243
We again use the notation of which gives us
o' =V2(e i) B =VE(n @), (2.44)
F=V2(Ee )P =V2(p @) (2.45)

With the link that the Standard Model makes between the particle and the
antiparticle wave, using Cly 3 and the left modulus Cl3 x Cl3, we use:

1 8 "
vl = (ZS §1> - (¢1 ¢8). (2.46)

And the internal multiplication in Cl; 3 becomes in Cl3 x Cls:

(4 B)(C D)= (4Cc+BD AD+BC). (2.47)
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So the order in the multiplications is conserved and it is necessary to use
the operator parity P : M — M which is the main automorphism in Cly 3.
Moreover the differential operator 0 = "0, becomes, with the modulus
CZ3 X Clg:

o= (g Z) =0 V); V=09, (2.48)
ou = (0 V) (¢! o) = (VP V). (2.49)

The Weinberg-Salam model uses &', n' and ® and supposes €8 = 0. We use
here the complete wave for Lochak’s magnetic monopole while the neutrino
itself has no right wave. So we consider the magnetic monopole as a complete
neutrino with a left and right wave and we consider the neutrino of the SM
as a monopole in which the right wave is absent For the separation of ¢!,

n' and n® the Weinberg-Salam model uses the 5(1£5) projectors that can
be presented as follows, with our choice of Dirac matrices:

e )()-() o
aeamen=( ()-() oo

Thus for the particles the left waves are n waves and the right waves are £
waves. This is invariant under Cl3 and therefore relativistically invariant,
since under a similitude D generated by a dilator M such that D : x — x' =
MxMT, we have @b & = ME, ' = Mn. So we use

R =VE(e 0)=vI(E 7)1+ ay)
L=vVE0 7)=v3(E )50 -0s) (2.52)

And we get similar formulas for R8 and L8. We now define two projectors
P and four operators Py, P, P>, P53 acting as follows on ¥ € Cl3 x Cl3 as:

1 . .
PL(V) = 5(\11 +iUv91) ;5 i=(i 0); v21 = (012 0), (2.53)
Thus we get:

PL(1) = <L1 ES) . P_(1)) = (Rl ES) . (2.54)
So Py is the projector on the left part of the wave and P_ is the projector
on the right part of the wave. We let:

Po(W) = Uya1 + (1 = p) P (V)i + piP_ (), (2.55)

P (V) =iP; (V)37 ( )

Py(W) = iPy (¥)(—ivs), (2.57)

P3(¥) = Py (¥)(—i). (2.58)
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We introduce here a number p which is linked to the charge of the magnetic
monopole and which acts only on the right wave of the neutrino, which
is unknown in the Standard Model. Noting P,P,(¥) = P,[P,(¥)], they
satisfy:

PiPy =Py =—PyP1; PPy =P =—P3P; P3Py =Py=—-P P, (2.59)

P} =P} =P} =-P.; PhPj=PjPy=—iP;, j=1, 2, 3.

The Weinberg-Salam model replaces the J,, derivatives with the covariant
derivatives:

Y . ;
D, =0, - 19153;1 —ig2TyW}, (2.60)

with T; = 7;/2 for a doublet of left particles and T; = 0 for a singlet of
rightﬁ particles. Y is the weak hypercharge, with Y;, = —1, Yz = —2 for
the electron. For transposing this to Cl3 x Cl3 we let:

D =0"Dy; B=0"B,; W/ =W, j=1,2,3, (2.61)
D =+"Dy; B=9"B,; W/ =W}, j=1,2,3; 8 =7"0,.  (2.62)
We now replace (2.60) by:

D=9+ %BPO + %Q(WlPl + W2P, + W3P). (2.63)
First we have
v, = (—vas val) : (2.64)
DY, = (-D§’ D). (2.65)
And we get:
Po(W;) = i (2R1 L' 2pRS - E8) . (2.66)

From the form of these P, we may see that the Weinberg—Salam model of
weak interactions using only R!, L' and L® does not depend on the value
of p that may be any number. We will later see how this value is linked to
the charge of the magnetic monopole. We next obtain:

BPy (V) = (z‘B(QpRS ~I% iB(—2R'+ El)) : (2.67)
Next we have
P (0)) = (iis iLl); WP (¥)) = (—inil —z’Wlfg), (2.68)

Py(w) = (I8 —L')s W2P(w)) = (—w2D1 w2L®). (2.69)

5. If R® = 0, what we work is part of the Standard Model. If R® = 0, what we get is
considered, probably wrongly, as beyond the Standard Model.

6. This preference for the left waves is presupposed and not explained in the Weinberg—
Salam model. We will explain the origin of this preference in @
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We get for j = 3:

Py(wy) = (~iL! iL%); WeR(W) = (=W T®  aweD).  (270)
Therefore is equivalent to the system:

D§' =Vl — z‘%B(Qﬁl —IYH - i%[(Wl +iW) I — WELY,

D§ =Vé — TBEpR —T17) - Z{W' —iW*)L' + WL (2.71)

The gauge term of the electron contains the left part L® of the neutrino
wave, while the gauge term of the left part L® contains the left part L! ot
the electron wave. We hence see how weak interactions mix the left waves
of the electron and its neutrino. Since ' is the left column of R', and £ is
the left column of R®, while n' is the left column of L', and n® is the left

column of " (not forgetting a v/2 factor), this system gives for the particles

(electrons and neutrinos) and using the main automorphism P : M +— M
for the right waves:

DR' = VR' +ig, BR,
DI' = VI +iﬂBE1 92 2w+ WL — WL, (2.72)
DI =VI® + @BL - %[(W — W)L+ WAL,
DR® = VR® + ipg1 BR®.

For the waves of the positron and the antineutrino we similarly obtain
DL'=VL'—ig,BL",
DR = VR! — %ERT ZgQ (W' — iW?) R + W3R, (2.73)
DR® =VR® — i%éﬁg - i%[(ﬁ?l +iW?)R" — W?R®],
DI® = VL' — igipBT".

The system ([2.72)) is equivalent to:

Dugl — 8}151 +ingM§1a (274)

Dyn' = dun' +’%1B ' - *[(Wl +iWHn® — Win'l, (2.75)
g

Dun® = O + % Bun® — 2 (W) — W2y + Wi, (276)

D#fs = 8“58 + iglpBuf , 0=10,1,2,3, (2'77)
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for the particle waves (2.73) is likewise equivalent to:
g g 40 g .92 . T g
Dy€® = 06" — i Bu€® — i (W +aWieh — Wieh),

(2.78)

D/,Lng = a,ung - iglpB/Lnga (2 7 )

Dynt = 0un' —igiBun', p=0,1,2,3, (2.80)
T T .91 T .92 . g T

D;Lfl = 8#51 - lEB,ugl - Z?[(Wﬁ - ZVV;%)Ss + VV,% 1]7 (2 8 )

3
for the antiparticles waves. For the doublet ¢ = (21) of weak isospin

Y = —1 the operators in (2.75)) and (2.76]) give

.Y . ;
Dypr, = 0utbr, —iga EB;A#L - l%WﬂTijv
T1L =% 5 T2 = 7123 ; T3 = 75- (2-82)

Only the operator in is not accounted for the Weinberg—Salam model
because this model does not use the right wave of the electron neutrino
(due to the mass term of the Dirac equation). We hence success from our
improved wave equation, precisely to the same result as the Weinberg-Salam
model when the right neutrino wave is null. Next the operator in is
interpreted as a singlet under SU(2): ¢ = ¢! with weak isospin Y = —2:

.Y
D,LLQ;Z}R = 8,u7/1R — g1 §Bu'¢)R- (283)

Finally we get here all aspects of the weak interactions in the case electron—
neutrino: a doublet of left waves, a right wave which is a singlet, a right
neutrino unable to interact, a charge conjugation exchanging right and left
waves, all this is obtained here from simple hypotheses:

1 - The wave of all components of the lepton sector (electron, positron,
electron neutrino and its antineutrino) is the function (??) of space and
time with values in the Clifford algebra of space-time.

2 - Four operators Py, P;, P; and Ps are defined in (2.55)) to (2.58).
3 - A covariant derivative is defined in (2.63).

For the antiparticles, in the case where the wave of the magnetic monopole
is reduced to the neutrino wave, we have a singulet of left wave and a doublet
of right waves. By letting:

_ 8
Y = 771; Yg = <§1> 3 T1= =705 T2 = 7123} T3 = 75, (2.84)
we get
.Y
D,y = 8,u7/)f —ig1—5 By, (2.85)

2
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with a weak isospin ¥ = 2, in accordance with the usual rule changing
charge signs. For the doublet of right waves we get:

Yy .
SBubr+iZWiT g (2.86)

D/ﬂl)ﬁ = 6/L1/)§ - igl 9

The rule of the change of signs for all charges is equivalent to the change of
sign for g1Y and go. But these rules are not sufficient; another change of
sign concerns 71 = —7y. This calls for two remarks: First, the SU(2) gauge
group thought of by quantum theory as an “internal symmetry” is indeed a
geometrical invariance group. This is lost from sight when the explanation
passes from (]T?gl), where equations contain space-time vectors, to (2.74])—
(2.81)) where equations only have components of tensors: these tensors are
no longer constrained by invariance under Cl; but only by invariance under
the Lorentz group. The relativistic invariance works there classically: the
Lorentz transformation R defines a 4 x 4 real RY matrix which changes
the x* into x* = RKx", and changes the electromagnetic field F),, into
F,, = RORYF,,. And on the contrary, relativistic invariance works with
quantum mechanics rules for spinor waves: a dilator M induces a similitude
R which changes F into F/ = MFM~!. Indeed the two points of view
cannot be equivalent. We establish hence here a strong new link between
the fermion wave of the electron and of its neutrino with the tensor densities
of the quantum wave. That allows us to build a unified synthesis of the
different parts of relativistic physics, a synthesis impossible from the old
tensor—based theory.

With charge conjugation simply acting like PT" symmetry, space changes
orientation. Thus the three 7; rotate inversely from the 7;, as is shown by
the sign change of 7.

2.2 Retaining mass terms

The first improvement that Cls brings to quantum mechanics being
restricted to Dirac matrices, is the possibility of also using the right R®
spinor that we associate with the magnetic monopole. A second and major
improvement: we no longer need to suppress mass terms in wave equations.
This deletion was necessary when using the linear Dirac equation, because
mass terms link the left and the right wave, while £ and 1 change in very
different ways under the gauge transformations of the electroweak group [39]
[40] [41] [44]. The mass suppression was also an acceptable lesser evil, from
the experimental point of view, because proper massesm of the electron
and, still more, proper masses of the electron neutrino are very small in
comparison with the mass-energy of the W and Z° bosons. Nevertheless this

7. The improved wave equation in Chapter 1 tolerates two different mass terms for
the electron: r! for the right wave and 1' for the left wave of the electron. The origin of
this hypothesis is the experimental study of neutrinos—monopoles [52].
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deletion is necessarily an approximation since the electron has mass-energy,
and since the wave equation of the neutrino probably also has mass terms.
Since it was impossible to account for both proper mass and electroweak
gauge, a mechanism of spontaneous symmetry breaking was constructed.
The Higgs boson (which was thought of as able to reintroduce masses into
wave equations) was finally observed at very high energy (=~ 126 GeV).
However, this still does not transform the electroweak gauge into a theory
compatible with mass and gravitation. The existence of such a scalar field
with high mass was suspected as early as the 30,s by de Broglie’s theory of
the photon [57, B8].

What we will establish restore the compatibility of the covariant elec-
troweak derivation that we just studied with equations to . The
improved wave equation of the electron, non linear, may be recast into a
form that seems uncrossed and acting on each chiral spinor. This is easily
generalized. Maintaining mass terms in the wave equation will allow us in
Chapter 4 to directly put together gravitation and other forces in the wave
equations. It is thus an important improvement towards the unification
of all interactions. The form of mass terms v¢'m of the improved wave
equation is conserved:

0=—iDL' +1'vL'; 0 = —iDR' + r'vR",
0=—iDL"> +13vL"; 0= —iDR® + r’R®. (2.87)

We do not suppose that the 1, r, m; and m, coefficients have particular
properties. The unitary vector v remains defined from the four spinors of
the lepton wave by . We simplify the following study by considering
at first only the wave of the electron and of the neutrino-monopole, as a
beginning. We will derive the properties of the positron and antineutrino—
monopole by changing the sign of the differential terms of the wave equa-
tion, and exchanging n and £ terms. With the form obtained in for
the derivation with gauge terms, the wave equation becomes:

0= VR' +ig BR' + ir'VR', (2.88)
0=VL'+ i%BEl - fz%[(wl FiW I - WAL +illvD!,  (2.89)
0=VL"+ i%Bfg - i%[(Wl — WL+ WAL VIS, (2.90)
0=VR®+igipBR® + ir®VR®. (2.91)

We may remark that the coefficients of B are the same only for L' and L8.
So left waves, turning in the same manner in the chiral gauge, can be mixed
in the SU(2) gauge group. Comparing with potential terms we may see
that these equations are indeed wave equations with two different spinors.
We now see how it is possible to use the invariance of each wave equation.
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2.3 Extended invariance

With the similitude induced by any dilator non zero M in Cl3 such as
det(M) = re®, we have:
~ 1 — — _
DL = R'R" = MR'MR = MR'R'M = MD M,
J=MJM; g =rp; m=m'r; (m=1"1"151%), (2.92)

., mJ, mMLIM M =
mvo= o r rp 70 pe—i0 =mM M,
Mm/'v'L'"" = mvM 'ML" = mvL', (2.93)

we simplify the wave equations (2.88)—(2.91)) with:
pi = g—ZlB—l—llvzb—l—llV; wl = %Wj, 7 =1,2,3,
pri=gB+rlv=2b+r'v; p} = %IB +18v =b + By, (2.94)
p% = g1pB + v = 2pb + riv.

To obtain the relativistic invariance of the equation of L', for instance, we
must have for the gauge potentials the same variance as the differential
term. And this term is covariant which means it satisfies V.= MV'M. It
must be the same with p, b and w’ which are also covariant vectors because
these vectors incorporate the g; and go coefficients. We have:

0=VR!+ipLR' = M[V'R" + ippR'""], (2.95)
0=VI'+iplL! —i[(w! +iw?) I — w3L1)]

- M[viﬂ Fap LT —(wt +iw?) T - w’SE’l]}; (2.96)
0=VL + ipifg —i[(wh — WL + W3ZS)];

- M[Vﬁ +ap)T® —i[(w — iw?)I + w/SZS]}; (2.97)
0=VR®+iphR® = M[V'R® +ipsR"®). (2.98)

This provides the form invariance of the wave equations, as in the case of
the lone electron that we studied in Chapter 1.

The gauge transformations are generated by Py, P;, P> and P3;. This
gives to us a group with four parameters a°, a!, a? and a®. We recall the
definition of the exponential function:

. (aVPy)" ) ad a'Py + a?Py + a®Ps)"
exp(@Py) = 3 T epaipy = 30 Lt )
n=0 ’ n=0 :

(2.99)
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Since these operators were defined in Cl3 x Cl3 and since they are different
for right and left waves we will study them with the form (see|B.1.3):

V=m0 w0 =0 ) w=(0 1Y),
(2.100)
With Py we have:

Po(¥}) = 2pWhra; exp(a’Py) (V%) = U exp[2pa’ya],
Po(Pg) = 2Wga1; exp(a’ o) (Pg) = W exp[2aya1], (2.101)
Py(¥p) = TUpyer; exp(aOPo)(\I'L) ="y exp[aofygl].

Next we let:

Ou = 0(s1 Py + 5Py + 53Ps); u = s7 + 55+ 55 =1,

S
U:=e¢* =e, (2.102)

and we have:

Vi =UVg = Vg U =UT5 =03,
L =0V =cos()V, + sin(0)u(Vy),
w(Wr) =51V y3i+ 50V y3 + 530 (i), (2.103)
Uy, =U ') = cos(A)¥) —sin(f)u(¥h)
= cos(0)¥, — sin(0)[s1 W) v3i + s2W) v3 + 53 (—i)].

Since Py commutes with s we get :
exp(S) = exp(a’Py)e® = e exp(a’Py); exp(—S) = exp(S)~'.  (2.104)

The set of the exp(S) is a U(1) x.SU(2) Lie group. The gauge transformation
uses the derivative of the exponential function and satisfies

U’ = [exp(S)](¥) ; D=0"D, ; D' =0d"D,, (2.105)

and so D,V is replaced by D; ¥’ such that:

(0 DY = (0 V)W + G'(¥) = exp(S)[(0 V)T + G(¥)], (2.106)
G'(') = exp(S)(X +Y); X = [0 V)[exp(=S)]|(¥); ¥ = G(¥).
(2.107)

The transformation of the gauge potentials thus has two parts: a part that
comes from the derivative of the exponential function and another that
comes from the non-commutation of exp(S) with P;.
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2.3.1 The U(1) gauge group generated by Py

Since Py commutes with s, the relation between w'® = b’ and w® = b is
reduced to only the part coming from the derivative, and we get:

b, = b, — 8,a°. (2.108)

The different space-time vectors that we may form from the wave with spin
1/2 to obtain the gauge potentials w’, where j = 0, 1,2, 3, must behave in
a similitude like J; which is the sum of DL, D%, D} and D§. In addition to
these four vectors we may consider the following vectors:

DL, =Dy = R'o1L' + L'0yR"; dk;, = Dy = i(R'o1 L' — L'oy RY),
D} = L'L® + L°LY; df* = i(L'L® — L°LY),
1S = R'oyL® + L3, RY; d¥, =i(R'o L® — L3 RY), (2.109)
i =R'R*+ R°R'; dif =i(R'R® — R°R"),
8 = RS0 L'+ L'o1R%; d%; = i(R3c,L' + L'y R®),
D%, = R%01 L% + L% R®; d%;, = i(R%0,L® — L%, R®).

All these D vectors transform, like J;, in a the similitude defined by a dilator
M into D’ = MDM. With (2.101)) we have:

8 — efiaOZEB; R — 2ipa°§8_ L't — 7ia0L1; R — e2z‘aOR17 (2.110)
RS = eiaoég; /8 — o—2ipa® Ls R _ cia RT; T = o2’ T
This gives:
R0y = 3ia0R10_ El; R'lo L8 = 63n‘¢z°R1(_“LB7
L'L® = L'L8; RBo I = e'H20)e" R85 T (2.111)
RIR® — eQ'L(l—p)a RlRS; ngdlL/g _ e¢(1+2p)a°§801L8_
We then have:
DA = R'R" = ¢?“"R'e %" R! = R'R' = D}, (2.112)
and similarly:
DE=D%; D} =D}; DF=D%; DE=D%; Jj=J; v =v. (2113)
We hence get:
VR = 6( 2ia” Ry = ¢%9° 2i(Va®) R! + VR
¥’ [2i(Va®) R — i(2b + r'¥)R!]
= i[2e%" (Va® — b) — r'¥e¥@’|R! = —i(2D' + r'9)R",  (2.114)
b =b—Va (2.115)

The gauge invariance with Py of the other parts of the leptonic wave acts
in the same way; this is the case with (2.115]) as well as for \I/%, \Il};z or W7},
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2.3.2 The SU(2) gauge group

This gauge group acts differently on the left and right parts of the waves.
For the left parts we only need to think about ¥, = W} + 8. The gauge
transformation reads:

L =UUL) =cos(0)¥y +sin(0)[s1Vy3 + 2V y3(—i) + s3¥p (—i)].
(2.116)
The gauge invariance means that with:

D=0 D)=8+G;8=(0 V); (0 D)=D"=8+G/, (2.117)
we must have:
D'V, = U(DV,), (2.118)
which needs:
G/(Wy) = U(X) +U(Y); X = [0 D) ¥ = G(¥,)  (2.119)
X = 9(cos0)V', — [8(s1sin0)V v3 + O(s28in 0) W v3(—1)
+ 9(s3sin )V (—1)].
We thus get:

wl =0 w'); j=1,2,3, (2.120)
UX) = —[5:00 + Smé?e)asl + 5in?(0) (52055 — $3052)] W),

15290 + wa@ + sin?(0)(s3Ds, — 51053)] W, 75 (—i) (2.121)
15300 + SRC9 o b in?(0) (5185 — $:050)]| W, (—1).

2
U(Y) = cos(20) w1 Wh g + W2 g (—i) + WU ()] +sin(26) (2.122)
X [(52wW® — s3w?) U3 + (53w — s1w”) W y3(—i)
+ (s1w? — sow )W (—i)]
+ 25in?(0) (51w + soW? + 53w [51 0] 43 + 52U y5(—1) + 5307 (—i)].
Finally we thus have:

sin(26)

w'l = —[5,00 + 051 + sin?(0) (52053 — 53052)] (2.123)

+ cos(20)w! + sin(20)(sow> — s3w?) + 2sin?(0)s1 (51w + sow? + s3w?),

sin(26)

w2 = —[5000 + 05y + sin?(0) (53051 — 51053)] (2.124)

+ cos(20)w? + sin(20)(ssw! — s;w>) + 2sin?(0)s2(s1w! + sow? + s3w?),
sin(26)

w'? = —[5300 + 053 + sin?(0) (51052 — 52051 )] (2.125)

+ cos(20)w> + sin(20)(s;w? — sow!) + 2sin?()s3(s1w! + sow? + s3w?).
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We may note the three-fold symmetry of these equalities: SU(2) is a 3-
dimensional Lie group. This symmetry is no longer an “internal” symmetry
but an invariance under a geometrical group emerging from the properties
of multiplication in the Cl3 algebra.

Gauge generated by P;

We arrive at the one-parameter group generated by Ps with a® = 51 =
s =0 and s3 = 1. We thus get:

S=s= 9F’37
U’ = [exp(S)](V) = P_(¥) + cos(0) Py () + sin(0) P5(P) (2.126)
_ (Rl L0l RS 4 esz) '
So we have:
R/l — Rl, EIB — ES’ L/l — e*ieLl; Z/S —_ eiQES; J; —_ Jl,
LT =1L L®=I% R" =¢"R"; R® = ¢"R". (2.127)

We also have w9

w = wg, which means b’ = b. The equations (2.124]) become

w'l = cos(20)w! — sin(20)w?,
w'? = cos(20)w? + sin(260)w!,
w? = —iVl + w®. (2.128)
And we have:
DES _ ’Ldlng — 2L/1L/8 — 2677;9[/1672'0[/8 — 6721.9(Di8 _ ZdiB)
= c0s(20)D1® — sin(260)d}® — i[sin(20)D1® + cos(20)d}],
D® = cos(260)DE® — sin(260)d}8, (2.129)
d}® = sin(20)D}® + cos(20)d;®.
This is compatible with:
(O +miy)W! =D (O+miy)W? = difs (O+miy)w' = 2D,
(O +miy)w? = Ldifs W= (@ +miy)'DIY W2 = O+ mpy) " dj,
(2.130)
where [0 is the Dalembertian operator (0 = 9y0y — 0101 — 0202 — 9303).

The g coefficient named “coupling constant” is necessary to transform the
contravariant vector W7 into a covariant vector w; (see[1.7).
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Gauge generated by P;

We now have a® = s5 = s3 =0 and s; = 1. We then have:
S=s5= 9P1,
U = [exp(S)](¥) = P_(¥) + cos(0) Py (V) + sin(0) P, (V) (2.131)

= (R1 + cos(0)L! +isin(0)L8 RS+ cos(6)L® + isin(@)Ll) .
So we get:
R'=R' R®=RS L't = LT; LS = Lg,
L' = cos(A)L' + isin(0)L%; R = cos(§)R' + isin(0)RS,  (2.132)
L'® = cos(0)L® + isin(0)L'; R® = cos(0)R® + isin(0)R".
Hence we have:
][cos( )L' — isin(0)L®]

D} = LI = [cos(A) L' + isin(f)L®

J(LSL' — L'L®) 4 sin®(0) L3 L®,
L
(L*

(
= cos®(§)L'L" + isin(f) cos(f
DP = L'8L"® = [cos(0)L® + isin(0)
= sin?(0) L' L' — i sin(6) cos(0)

1][cos( )LE —isin(@)L']  (2.133)
— L'L®) + cos?(0) L8 LS.

We deduce the following:

D} 4+ DR =DL+D8; J=J; pi=p;; vV =v. (2.134)

The mass term is thus invariant under the gauge transformation. We also
derive from (2.133)):

D¥ — D! = cos(20)(D} — D) + sin(20)d;®. (2.135)

Next we have:
20 L8 = D% —id!® (2.136)
= 2[cos(0) L' + i sin(0)L¥][cos(A) L® — isin(6)L"]
=D}® —i[cos(20)d;® — sin(260) (DY — D1})].
Equations (2.124)) become:
w'? = cos(20)w? — sin(20)w?,
w’® = cos(20)w® + sin(20)w?,
=V +w (2.137)
All that is thus compatible with:

(O+m¥)W3 = (D§ —DL); W3 = (@O +m¥,) 1(D§ —DL).  (2.138)
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Gauge generated by P,

We now have a® = s; = s3 = 0 and sy = 1. We then get:
U, = (L1 58) L Py(Wp) = Uy = (ES —Ll) , (2.139)
S=s5= 9P2,

U = [exp(S)](¥) = P_ (V) + cos() P () + sin(0) Py (¥)  (2.140)
= (B* + cos(0)L" +sin(0)L® R + cos(6) L — sin(6)L*) .
Hence we have:
R'=R'; R®=R® Dj=Df; Df=Dj; L'=L% L®=1L%
L' = cos()L' +sin()L®; R = cos(e)Rl - sin(9)§8, (2.141)
L' = cos(9)L® — sin(A)L"; RS = cos(6)R® + sin(A)R".

We may notice that the changes of sign when we pass from the wave of the
particle to the wave of the antiparticle are the origin of what we saw in
212} the charge conjugation changes the rotation of the matrix indices for
the doublet of right waves. We then get:

D/} = LI = [cos(A) L + sin(6) L®][cos() L' + sin(8)L®]
= cos?(0) L' L + sin(6) cos(0)(L3L' + L'L?) + sin?(0)
D' = L'8L"® = [cos(A)L® — sin(#)L'][cos(0)L® — sin(6)L"]
= sin?(0) L' L' — sin(6) cos(0) (L L' 4+ L' L®) + cos?(0) L3 LS.

L8I8,
(2.142)

We thus comes to:

D} +DF =D; +D%; Jj =17, (2.143)
We deduce first from :
D — D} = cos(20)(D§ — D1) —sin(20)D18. (2.144)
Next we have:
20 L% = D —id}® (2.145)

= 2[cos(0)L* + sin(0) L¥][cos(A)L® — sin(F)L']
= —id}® + [cos(20)D}® + sin(20) (D} — D})].
Equations become:
w'® = cos(20)w® — sin(20)w!,
w'l = cos(20)w! + sin(260)w?,
2= VO +w (2.146)
That is compatible with (2.130) and (2.138).
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2.3.3 Simplification of the equations

Since W3 and B are, like J 1, linear combinations of the chiral currents
D}E{, D%, Di and D%, and since L' L' = 0, we have:

(O + m2)[(W' +iW?)I° — WAL = i[2L8L'T° — (I8L8 — L'LYL]]
—i[I32L'T° - L*LY)].  (2.147)

And we have:

=158 0 0\ (nf O\_(0 0\_ oi—io
L'L 2(—@ n%)(n% 0) = \cay 0) =725

D' =0T =a, 172 = T, (2.148)
(O +m2) (W' +iWw?) I’ — W3LY] = [-3L8L8L}) = [-3D3 L]
= [-3(D} — D})LY = (O + m3y, ) [-3W3LY. (2.149)

And similarly we get:
O+ m2) (W —iW?) L' + WPL®) = 2L' LT + (L3L8 — L' LY
= [2L'LPL' — L'I'T°] = [-3L'L'T"] = [-3DL I
= [3(Z8L8 — L'IYHI®) = (O + m% ) [3WST). (2.150)

Then the equations of the left waves can be expressed as follows, by simpli-
fying the three terms W7:

0= (V +ib+3iw® +il'v)L'; 0= (V + ib — 3iw® +il®v)L.  (2.151)
The four spinor wave equations of the lepton wave become
iV = (b4 3w3 + 1'v)p'; Vel = (2b+1'9)¢l, (2.152)
iVn® = (b — 3w® + BBv)n®; iVe® = (2pb + r¥V)€8, (2.153)
With to , that corresponds to:
al =b+3w? ' =al +1lv=b+3w® +1'v; 0= —iVp! +1'n', (2.154
a?=2b; rl =a?+rlv=2b+rlv; 0= —ﬁgl + et (2.155
a®=b—3w’ BP=a’+Bv=b—3w’+v; 0=—iVy®+ 5%, (2.156
at =2pb; 8 = a' + r¥v = 2pb 4+ 18v; 0= —iVES 4+ 78¢5, (2.157
Equations (2.154) and (2.155) join into:

)
)
)
)

0=Vo'oa + (b+3w)o'p, + 2bo'p; + vo'm!, (2.158)
_1+0'3. _1_0'3. 1. ll 0 _q1 1
Pr = 9 y b= 9 ;o M = (O rl _lpr+rpl~

Equations (2.156)) and (2.157) join into:
0= Vi oz +(b—3w) 6 p, +2pbo p+vé*m®; m® = 1¥p, +r®p;. (2.159)
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2.3.4 Double link with the Lagrangian density

From the left side we multiply m ) by o', (2.155) by €', (2.156) by
n* and ([2.157) by ¢*7:

0=, = —intTvnt + 9ttty (2.160)

0= L2 = —ig!Tve! 4 Mptel (2.161)

0=2r3=—ig¥tvn® + 338, (2.162)

0=2L=— 'gsfﬁé e8T78¢8, (2.163)
_ _ "ol Y p2 Y p3 Y p4

0=L= k11£ 2 c +k18£ + 7 c (2.164)

From the construction itself of that Lagrangian density each £ is stationary,
hence also the £ density, since they are identically null at any point in space-
time, and not only on average. No physical principle is used to obtain this
result: the Lagrangian density is null as a sum of null terms. The principle
of least action is no longer a quasi-metaphysical principle. We will
read each of the terms of this Lagrangian density as the sum of a real part
and an imaginary part. We may first remark that we will repeat the same
procedure four tirnesﬁ7 and thus it is enough to completely work out the
only L' part. We have:

1 1
L= 5(z:1 + L) + 5(/:1 — L),
L+ L' = —in'To(0m") + 0" 11" +i(0un'T)orn' + 9Tyt
= —in'To"(@,m") +i(@un' o’ n' + 0T + 1)t (2.165)
El _ ElT _ _27711‘0_/1( unl) + anll 1 _ (aﬂnl'r)a_,u,,rll _ anllTnl
= —i0,(n'Totn!) + 9! (" — 1!

Each [™ and r™ is a sum of vectors, and space-time vectors form the self-
adjoint part of the space algebra. We then have:

1.1 1 1 1 ,1 1 11
5 +I)y =" =10 S =1 =0,

1
0= (£ + L) = S[=in'Ta"(@un') +i(un Do n'] + 01", (2.166)

N~ DN =

: .
0= (£~ £1) = S [-in' 0" @un') — 10 '] = ~20,DY.

This last relation means that the D} current is conservative. And since the
three other vectors behave similarly, the D}%, D% and D% currents are also
conservative. Therefore the L™ terms which have a null imaginary part are

8. When we pass from 7 to & we simply replace o# with 6+, and so we have only three
signs to change; otherwise all is similar.
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real, and thus equal to their real part:
0=L"=R(LT). (2.167)

Now we completely develop this equation, with the help of the following
real matrix representation:

a —b

1 f(a+ib) [0 a
" _<c—|—id)_ c —d|’ (2.168)

d c

w_(a b ¢ dy .4 (b a —-d ¢
K _<—b a —d c)’ = \le b e —d) (2.169)

0y — 03 0 —01 —0
0 80 — (93 62 _81
— g —
V=d'o,=| _ By 0y s 0 , (2.170)
—0s -0 0 0o + 03
llO +l13 0 lll l12
0 llO +l13 —l12 lll
I = 711 _12 j10 _ 13 0 : (2-171)
112 lll 0 llO _ 113

The matrix of ! contains a, b, ¢,d once in each column, and it is the same
for each row in 't and in —in'f. There are only two — signs in the right
column of n'. There are two — signs and two + signs in each row and either
four + or four — in the other row of n'f and of —in'f. For the 4 x 4 matrices,
each row and each column contains exactly once the 9, or the ['*. We count
exactly eight + signs and eight — signs in the V matrix, and only four —
signs in the p; matrix, and these two matrices are symmetric. All this is
obviously not at random but emerges from the properties of multiplication in
the Cl3 algebra, which themselves come from the anticommutative property
of orthogonal vectors. Thus the Lagrangian density £! satisfies:

0= L' =+ adob + cdod + (aa + bb + cc + dd)I*°
+ bdyc + ddya + (ac + bd + ca + db)I* (2.172)
+ adyc + bdad + (ad — be — cb + da)l*?
+ bdsa + cdsd = (aa + bb — cc — dd)I*3.
where we use the notation:
ud,v = u(0,v) — (Ouu)v. (2.173)

We remark that all the differential terms in the Lagrangian density are §,
terms. Each variable a,b,c,d is present once and only once with each §,,.
And similarly each variable a, b, ¢, d is present once and only once with each
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py. These are all the properties that are necessary and sufficient to allow us
to obtain the wave equations from the Lagrange equations, which is what
we see now. The Lagrange equation relative to the parameter a is:

oL oL
da % (a(aua) ) (2.174)
That gives the wave equation :
Aob — 01d + Oac — O3b + 2(al'® + I + dI'? + al'?)
= 80(*1)) + 81d + 82(*0) + 3317 (2175)

The differential terms of the right part are exactly the opposites of the
differential terms of the left part because the Lagrangian density contains
only d,,. And there is exactly one term of each variable because each variable
is contained once and only once with each value of . The origin of these
properties is indeed the structure of the Cl3 algebra. The factor of 2 comes
from the fact that each variable is present twice as a factor of each {*#, for the
same reasons of structure and signs that result from the anticommutation.
As a result we can simplify this wave equation:

0 = 0ob — 01d + dac — D3b + (al'® + 't + dI'? + al'?). (2.176)

We can indeed use the same method to derive each Lagrange equation. For
the b variable we obtain:

— doa + O1¢ + Ood + Oza + 2(b1'° + dI™t — cl'? + bI*?)
= Oo(a) + O1(—c) + O2(—d) + 03(—a),
0 = —0pa + O1c + Dad + dza + (bI' + dI* — cl'? + bI'3). (2.177)

Next, these two wave equations may be combined into a single one by letting
a+ib=n} and c+id = ni:

0= (dp — 03)nt + (=01 +iDx)ms +[(110 + ")t + (1M — i1*?)nd]. (2.178)

We continue the calculation with the Lagrange equations relative to the ¢
and d parameters. We simplify and group these equations and that gives:

0= (=81 — i)} + (9o + D)l + (1" +il'2)nt + (1° — 1*¥)pl). (2.179)
Finally, we combine these two equations into a single one:
0= < O—05 =01+ i82> <n}) L <l10 + }13 M- i112> (Ti%)
Oy —i0y Oy + O3 n [y gi2 g0 s n
0=—iVn' +1'n". (2.180)

This calculation is often presented in a very concise manner, using the func-
tion 1 where ¢(z,y, z,1) is a column matrix with four complex components,
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as if it could be a real number! This ultra-concise calculation is nevertheless
always correct, and our complete and detailed calculation above is precisely
the proof.

In sum, the equality 0 = £ is the necessary consequence of the wave
equations of the four n', ¢!, 7% and £%. And vice versa this real £ density
identically null, as a result of the anticommutation rule of the basis vectors
that is itself a result of the equality uu = u - u for any vector u, from
the dimension 3 of the physical space, from the fact that the space-time
of special relativity is the self-adjoint part of the Clifford algebra, well this
equation, by the Lagrange equations, gives exactly the four wave equations
where we began.ﬂ Moreover, when we vary the density with regard to one
of the spinor variables, we calculate as if the potentials do not depend on
these spinors. And yet they depend on these spinors as in any coherent field
theory. We will also see how all terms (potentials and mass) present in the
Lagrangian density come down in fine to linear combinations of the chiral
currents D% and D7 . It then happens that the calculation of the Lagrange
equations is nevertheless correct as a result of identities that suppress con-
sequences of this dependence. It is the reason why the gauge potentials
seem exterior to the wave even if they strictly depend on the spinors. To
see this we consider for instance the term: B,n'To#n = n'f Bn'. When we
derive this term in 1!, we suppose that this derivation does not affect B.
Nevertheless this potential B may include a term depending on D} = L!L!.
In practice this term gives no supplementary contribution to the Lagrange
equation because:

oo (0 7 it i
"L = V2 (1 m) (0 77?) =v2(0 -~ + 7)) = 0. (2.181)

piDLgl = gLt = 0.

In Lagrangian physics, the Lagrange equation is obtained by neglecting
the term remaining after an integration by parts, which supposes that these
terms may be neglected. In fact the thing that is neglected is just the proof
that we may neglect the remaining terms! It was never really understood
why Maxwell’s equations governing the electromagnetic field or Einstein’s
equations governing the gravitational field must necessarily be derived from
a Lagrangian formalism. The Lagrange equations are indeed usable to ob-
tain a part of laws of electromagnetism, the part that links derivatives of
fields to currents (details in ??). This calculation is perfectly correct but

9. This double link between the wave equation and Lagrangian density is not a general
property of Clifford algebra. There are dimensions and signatures that ensure an auto-
matic derivation of wave equations from the only equation corresponding to the Clifford
real part, but other dimensions or signatures do not ensure the same. Then there is no
general principle behind the automatic behaviour of the Lagrangian formalism in rela-
tivistic quantum physics: it is only an inevitable consequence of the particular properties
of space-time. These special features come from the dimension of time and space that
are always respectively one and three in any tangent space to the space-time manifold.
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those laws linking fields to potentials do not come from Lagrange equations.
Consequently the potentials are considered as non physical tools of calcula-
tion, when they are part of the physical quantities in the electromagnetism
of the de Broglie’s photon [57] [58]. Moreover the propagation of the fields
as far from the sources as desired, is not accounted for. This propagation
ad infinitum without attenuation other than due to the distance from the
source could invalidate the cancellation of the terms remaining after inte-
gration by parts: the increase of the volume exactly offsets the decrease in
the magnitude of the potential terms.

If this Lagrangian physics acts perfectly, if the terms which must disap-
pear are fortunately suppressed, that does not come from a metaphysical
principle but rather results from the particular properties of the Cl3 alge-
bra. The double logical link has a purely algebraic origin. It is always valid
for all interactions of physics, since it is directly linked to the dimension 3
of space and the dimension 1 of time, and also to the signature of space-
time geometry. The equivalence between the usual form and the completely
invariant form of the wave equations implies the logical deduction of the
real equations forming the system of numerical equations of either linear or
improved Dirac equation. That always possible logical deduction takes the
form of Lagrange equations.

Therefore we are always correct when we use Noether’s theorem which
links conservative quantities to invariances of the Lagrangian density. We
must hence note that it is enough to change the dimension or the signature
of space-time to eventually lose the Lagrangian mechanism that is essential
for the functioning of matter dynamics.m

The detailed study that we carried out on the £ part of the Lagrangian
density may indeed be extended to the three other parts of the leptonic
wave and also to the antileptonic wave, which is the same wave simply with
the change of V into —V in the wave equation, and the exchange of left and
right terms, and thus also in the Lagrangian density that is the real part of
the wave equation.

2.3.5 Iteration and equations of gauge fields

For the leptonic wave the Lagrangian density of the Standard Model
is made of two parts: a part describing the quantum wave of the electron
and its neutrino and another part describing the gauge bosons. This means
B and W7, which are necessary for the gauge invariance. We saw that
the building of the Lagrangian density, for the four spinors of the leptonic
wave, was automatic. It is not at all the same for the boson part that is
not relativistically linked to spinors. We saw in the first chapter that the

10. This is a sufficient reason for the general failure of theories with a great number of
dimensions to obtain a realistic picture of the Standard Model of quantum physics. It is
the same for any theory based on Riemannian manifolds, when using only an indetermi-
nate n dimension.
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classical link between potentials and fields is not the same as in classical
physics, since the electromagnetic field is changed into a field of operators.
With the Standard Model, a boson field is always a field of operators. The
existence of a Lagrangian density for the boson part of the Standard Model
is hence questionable. We have nevertheless the possibility of completely
get around this not-fully-justified part of the Lagrangian density by the use
of the fully-justified part and only this part. This part of the Lagrangian
density comes from the fermionic wave equations which we will use with a
functional recursive form. We again use the decomposition of I,
into its four chiral parts. We let:

pri=1% poi=rl p3 =18 py =15 p, —p;l}A“. (2.182)

With (2.154) to (2.157) we get:

nt = ipf1V771; Vit = —ipin, (2.183)
¢l = ip; 1VEL Ve = —ipyt!, (2.184)
n® = ip3 'V Vi = —ipsn®, (2.185)
€8 =ip, 'VED; VB = —ipucs. (2.186)
We then get by iterating these equations:
n' = ipy 'V(ip; 'Vn') = ip; ' Vlip; 'V (ipy V)] (2.187)
¢! = ip; 'V (ip; 'Veh) = ipy 'Vip; 'V (ip; ' VED), (2.188)
n® 31V(z 31Vn®) = ip3 'V[ips 'V (ip3 ' Vn®)], (2.189)
&8 = ipy 'V (iby 'VE®) = ipy 'V[ipy 'V (iDy VED)]. (2.190)

These equations are not optional; they are an obligatory consequence of
the wave equation of each spinor. Iterated once, wave equations allow us
to define gauge fields from potential and mass terms included in the p;*.
The Standard Model has problems with the Yang—Mills fields, and we can
now see a reason for these difficulties: Yang—Mills fields are not independent
from the quantum waves since they are defined from wave equations. And
this definition includes four parts following the four kinds of representations
of the Cl3 Lie group. We now replace the column-spinors £ and 7 by the
corresponding elements in Cls. We get:

VL' = —ip,LY; V(VLY) = —iV(p1 LY), (2.191)
VR = —ip,R'; V(VR') = —iV(poRY), (2.192)
VI® = —ipsL; V(VI') = —iV(psL)), (2.193)
VR® = —ip4R%; V(VR®) = —iV(p4R®). (2.194)
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We now define the gauge fields F' as follows:

V(pL') = FL(LY) + 1 VL, (2.195)
V(p2R') = FL(RY) + po VR, (2.196)
VpsL') = FY(I") + 15V, (2.197)
V(BsRt®) = FR(R®) + paVR®. (2.198)

In any physical theory of fields, a link exists between potential terms and
field terms. For instance, the gravitational potential of the sun is not pos-
tulated but calculated from the equations of the gravitational field. The
main novelty of the previous relations is that the gauge fields are
different with left waves and with right waves. And we must recall
that a photon is always a purely left or purely right wave. Since:

OL' = —i[FL(LY) + p1 VLY = —iFL(LY) — iDy (—ip1 LY, (2.199)
and with:
pEL = Pn Pn = pnﬁn = ﬁnpna (2200)
The second-order wave equations read:
0= (O+p? +iFH)(LY), (2.201)
0= (O+p3 +iFE)(RY, (2.202)
0= (0+p2+iF$) I, (2.203)
0= (O+p?+iF3)(R®). (2.204)
We hence get:
FA(LY) = i(O+pi) (LY, (2.205)
FR(R') = i(0+p3)(RY), (2.206)
—8 . —8
FYL) =4i@O+p3)(L), (2.207)
F5(R®) = i(0 + p3)(RY) (2.208)

2.3.6 Weinberg—Salam angle

This parameter of the Standard Model is an angle which measures the
mixing between the photon and the other gauge bosons of the U(1) x SU(2)
group. This Ay angle satisfies:

q q €

= ; = ;= — 2.209
gl COS(GW) ? g2 Sin(@W) I q hC’ ( )

2q
— a1 B 324+ 270= 2 50 2.21
Q1B+ g2W? =1/g7 + g5 Sn(20m) 2 (2.210)
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B = cos(O)A —sin(0w)Z° ; W = sin(Oy)A + cos(Ow ) Z°, (2.211)
B+iW? =" (A+iZ%; A+iZ°=e (B +iW?3). (2.212)
With the equations (2.147) and (2.148)), by grouping together the three

terms W7, we replace 3W? by W, and in the place of the previous equations
we then let:

g1 = COS(QTW) ;g2 = Sin(qgw) e % (2.213)
A = cos(Ow)B + sin(0w )W; Z° = —sin(fw ) B + cos(Ow )W,  (2.214)
B = cos(fw)A —sin(0w)Z° ; W = sin(Ow)A + cos(0w)Z°,  (2.215)
B+iW =W (A4iZ%; A+iZ°=e W (B +iW). (2.216)

The system of wave equations of the electron is now expressed as:

0=(V+ i%B + i%W +il'v) I,

0=(V —igpB—ir'v)R. (2.217)
With the previous definitions that is equivalent to
0=[V —i(gA +r'v) + igT Z°|R"; T = tan(6y ),

0= [V+z’(qA+11v) +ig(—T+ %)ZO}EP (2.218)

Since there is only one way to express the X and Y terms as sum and
difference: X =1/2(X+Y)+1/2(X-Y)andY = 1/2(X+Y)-1/2(X-Y),
we recast this system in the form:

—|v—i 19 (L 0, ,;9(1 ol pt
o_[ i[gA + r'v] 24( 3T)Z +z4(T+T)Z}R,
_ , 1 .g(l_ 0 .g(l 0]"1
o_[v+z[qA+1v]+z4 T 3T>Z +iy —T+T)Z L'.  (2.219)

We can obtain the wave equation of the electron only if the Z° terms
have only one sign, positive, thus only if 3T — 1/T cancels. And this is just
the case if Oy = 30°, which we obtained in [32] via another reasoning,
independent of the previous one. Moreover this result was also obtained
by Stoica in a completely different manner [110], which supports this result
and gives:

1

1
T= :\/5:3T;3T—?:0;

N
INIP

1 1 q

— T+ =) =—. 2.220
NE (T+7) =75 @20
We hence have:

0= {V —i(gA +r'v) + iiZO} R,

0= [v +i(gA +1'v) + i—ZO} I (2.221)

5%
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The rotation of 30° that the Weinberg—Salam angle makes, is thus shown to
be the simple rewriting of the gauge terms as sum and difference of terms
that apply to the left spinor and the right spinor of the electron. Moreover
it turns out that the calculation of this angle from the experimental data
through the approximation method of quantum field theory gives a value
near 30° and which gets closer for the data with low energy—momentum.

2.3.7 Consequence for the neutrino—monopole

The Weinberg-Salam angle links several properties: the Z° boson has
a proper mass greater than that of W™ bosons. The experimental ratio of
masses is in the vicinity of the 2/ V/3 ratio resulting from the 30° value of the
Weinberg—Salam angle. Two other properties are the null electric charge of
the neutrino and the null proper mass of the photon. The equations of the
left and right waves of the neutrino-monopole are now:

0= (—iV + b — 3w3 + 3v)°, (2.222)
0= (iV + 2pb + 13V R". (2.223)

With the 30° value of the angle, this becomes:

0=[-iv+ia-2°-La+ 2+ 15T, (2.224)
—s Z0
0=1[V4+pgA—Z+rNR; 72° = = (2.225)

V3

. . . -8 ..
The potential A cancels out in the wave equation of L, and this is the reason
for the neutrino being neutral, which means without electric interaction. We
recall that this system is equivalent to the single equation summing the two

. . 58 —8
equations of the system, because the non zero terms in ° and R form two
. —-8 .
independent columns of the same ¢ matrix:

0=V5 (—ios) — 2qZ°L° + pgAR® — pgZ°R° + ’VI® + r’vR® (2.226)

If p = —2, a value that we will also explain in Chapter 4, we can put together
the two terms containing the Z° boson:
-8 —8 08 —s (18 0
0=V¢ 091 +qAdp (1 —03) —2¢Z"¢ 03+ 0 ) (2.227)

7 - — _ 8
0=V oo +qAS (1 —03) —2¢2°% 03 +vé m®; m® := <10 1?8) .

2.4 Energy—momentum tensor

The Dirac equation uses a unique Lagrangian density but in fact several
different Lagrangian densities are possible, all stationary because identically
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null. In (2.164) we let

O=fL=-—pty D2y Mops M opa
k1t + kr! + k18 + kr®
We encountered in Chapter 1 the other density that may be formed from
the single electron wave. These two densities are generalized as:

0=Lt=r="2rt —EQ s —£4 2.228
k1t + + k18 + ( )

m m

0=f" =gt Mpzy Mps —54

k1 kr! + K18 kr®
Each of these Lagrangian densities is invariant under the extended invari-
ance group Cl3 . To each of these invariances is associated a conservative
current (Noether’s theorem). The energy—momentum tensor is the tensor
associated with invariance under translation. Tetrode’s tensor T is the ten-
sor associated with £7. The tensor associated with £~ generalizes the

non-interpreted tensor V of O. Costa de Beauregard [53].|E| They satisfy:

= %[(%n”a"diwl €15 g

+ o3 nSTaudL n® + 8§8T3”d%/\§8)}, (2.229)
W= %[ (kllanU#dL’\n - rlfua"d}mﬁl

+ D HSTg#dS/\n - EST&#d%/\gs)] (2.230)

where d) operators are defined as:

dm = (—i0x + L)', (2.231)
¢ = (=i0y +13)€, (2.232)

n® = (—id + 15)n°, (2.233)
Ags = (—i0y +18)e8. (2.234)

The energy—momentum tensor 7T is thus the sum of four tensors, one for
each spinor of the leptonic wave:

TR T8, (2.235)

k 50
Tii = R(n'To*dp\n"). (2-236)

11. In this note O. Costa de Beauregard pointed out that the V;; tensor is non-
interpreted, which means it is without equivalent in classical physics. We may see that
this tensor is obtained [2I] by replacing o with 3 in the definition of Tetrode’s ten-
sor. This replacement also changes the J current into the K current and is equivalent
to the passing from £71 into £~. This induces the astonishing idea that two different
energy—momentum tensors exist with the wave of the electron. The existence
of two Lagrangian densities and of two energy—momentum tensors was first encountered
in de Broglie’s theory of the photon [57][58].



132 CHAPTER 2. WEAK INTERACTIONS (LEPTON CASE)

We obtain the three other parts simply by replacing n* with &, 8 and ¢8,
and by the replacement of the o* with o# whenever we replace n by £. It
is thus enough to study T} and then to apply this procedure to the others.
What we carry out here is the generalization of the study in Chapter 1.
And so we may then again use the same method of calculation which, with

(1.310), gives:

0,11 = 0,T}\a* = R[0,[n' T o#(—i0x + 13)n"]] o>
= R[0,[—in'To"o\n' + 13D 0. (2.237)

Next we use the wave equation of 7', and that gives:

Vit = —il'ypt; 9,D}* =0, (2.238)
0,T1" = R[[—i(Vn") oxn' —in'Tox(Vn') — D0,13]) o™
= R[—i(in'T1")oxn' —in'Tor(—il'n') + (9.13)D"]o*
= (91} — LD} o™, (2.239)

Similarly, with the three other spinors, we obtain:

0, TH" = (81} — Oxrp Do, (2.240)
O TE" = (0,5 — O\I3)DY o, (2.241)
0T = (91§ — orrl DY o™, (2.242)

The complete electromagnetic field F', which means with magnetic monopoles
is the sum of a purely electric field (electric charge + magnetic dipole) that
we denote as F'¢, and of a purely magnetic field (magnetic charge + electric
dipole) that we denote as F™. They satisfy the following:

OuA" = 0; 0,2 =0, (2.243)

F=F4F™ FC=VA=E+iH; E=—0)A—3JAy; H=0x A
F™ = ViZ0 = B 4 ™, Em = §x 20, H™ = 8,2 + §Z1°.
(2.244)

We hence get:

Fﬁ/\ = 8MA)\ — 8)\AH;
m o m o m o
OuT" = 11OuTL" + 1 OuTR" + L - 0uTE" +

iF} = 0,23 —0:2,), (2.245)

9, T8 = 0,Tl o>,

km,
m m m m
aqu = Ha.“‘Tll/l; + H@/LT}%/; + k/’i"’nlauTgl; + W@/LTIB%/; (2.246)
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And we have:

P=b+awt 4y = 24— 29+ L4420 + 1y
=qA+1y, (2.247)
rt=2b+rlv=gq(A- 27 +rly, (2.248)
I8 =b— 3w+ 1y = %(A — 7%~ %(A +329) + 1By
= —2¢7"° + 1By, (2.249)
r® = 2pb + r¥v = pg(A — Z°) + r®v. (2.250)

With the left wave of the electron we obtain:
O TN = (0,13 — Oxl1)DY
— (40 Ax — NAL) + (0,2 — 3 Z'0) +1(Dpv — 8,\v#)]D1L”
= (qF% +iqF)} +1'G,0)Dy" (2.251)
GH)\ = (9MV)\ — 8,\v,“ (2.252)

where G is a similar bivector, independent from the gauge interactions.
With the right wave of the electron we obtain:

auT;cl/L\ = (5H7“§\ (’9)\7" )Dm
= [q(0uAx — ONAL) — (0,23 — ONZ')) +1(Duvx — Oav,,) D
= (qF%\ —iqF)y +1'Gux)DY' (2.253)
With the left wave of the neutrino-monopole we obtain:
OuTrh = (915 — DN DY
= 000, A5 — DrAL) — 20(0,2'% — Z",) + mu(8va — Orv,) DY
— (0F¢, — 2igF™ + 18G,M)D§“. (2.254)
With the right wave of the neutrino-monopole we obtain:
0T = (81 — OarS) DY
= [Pa(9uAx — D\AL) = pa(9 2’5 = nZ',) +mr(Dyva — Oav,) D
= (paFfy — ipgFl + v GM)DSH (2.255)
Adding, we get:

a T# k 5)\(11

’n " L m
+1E ux(p D/ ——Dll —2ISD8* r—SD%“) (2.256)

+ G (D + D}%‘ + DY + D).

D“‘+ D1“+ DS“)
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We hence obtain:

OuTH = |qFe\(J* + 2P ey (2.257)

kr8
+iq ‘“\(k:ll Dlu - ﬁDlH - ZWDS# ﬁDsH) + GMAJ;L)}U

We see that the Di“ term is missing in the first line: this results from the
neutrality of the left wave of the neutrino which does not see the electric
interaction (hence the name "neutrino"). When the electron is alone, when
weak interactions are not at play, nor the G field, it remains:

8, T+ = qFa(M1 D"+ ﬁDlﬂ) (2.258)

This gives the Lorentz force (1.328) acting on the electric current j. =
e(#:Dy + 2 Dy) of the electron.

2.4.1 Probability density

The component T of the energy—momentum tensor satisfies:

[ m
Ty =§R[—z(mn”dmn +ﬁ Tdjot!

+ nttdiont + TeMtdhoet ) |. (2.259)

k18 ACK

For a solution to the wave equation with an energy F that is the same for
the whole wave, we have:

. E =

—idpe€! = %fl( T); —idpol® = f (),

. E . ) E .
_zdlL()n1 = %171 (Z); —zdLOn = %778(53)- (2.260)

That gives:
70 — E( il gl 4 818 1 Bt ¢8)
L A S T 15 ¢ 1877 n 85 §
_E.m %0 0

= e P T DI+ klsD t " DY) = Cll, (2.261)

It is the J; current which is a generalization of the J current in Chapter 1.
The reason of the existence of a probability current in physics is the same as
for the electron alone: equivalence between inertial mass and gravitational
mass, which implies:

g=[[[aze: [[[ ik =1, (2.262)
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2.5 Quantization of the kinetic momentum

Noether’s theorem derives the conservation of energy—momentum from
the invariance of the Lagrangian density under translation. In the same way
this same theorem derives the conservation of the kinetic momentum from
the invariance of the Lagrangian density under space-time rotations. Rela-
tivistic mechanics replaced the group of spatial rotations with the Lorentz
group, but quantum theory also replaced the SO(3) group of rotations with
the SU(2) group. As well the orthochronous Lorentz group is replaced with
the SL(2,C) group. And endly we extended this invariance using the greater
group GL(2,C) = Cl} containing the SL(2, C) group. Moreover we have not
only one, but two invariant Lagrangian densities: £ and £~. We will now
start from the real Lagrangian density £~ and from the energy-momentum
corresponding to this Lagrangian density, defined from:

e m ~
V= %[ - Z(ﬁﬁuaudbﬁl - mf”ffﬂd}mfl
m m ~
+ nordl = e, )| (2.263)

We note two possible methods for the demonstration of Noether’s theorem.
However that of Lasenby [89], using easy calculations of Clifford algebras,
does not specify in detail what comes in the case of the spin half. Thus we
will take the usual method in quantum field theory and we will follow Bailin
[2]. We consider a general transformation satisfying:

]. =
M=1+ 3 (6w0 +0wloy 4 dw?os + dwos + dwioy + dwdioy + dwlios + 5w7i)

(2.264)
where the eight dw”™ are infinitely small. We have:
1
Mt =1+ 5(50.)0 + dwloy + dw?oy + dwios — dwhioy
— dw’icy — dwlios — (5w7i)
X' =x"o, = MxM' = x + 6xto,; ox' = XI'ow (2.265)

That gives:

0x? = x%w 4+ xtow! + x26w? + x3dw?,
oxt = xP0w! 4+ x15w? + x26wb — x3ow’, (2.266)
0x? = x%0w? — xtows + x26w® + x3ow?,

5x3 = x%0w? + x1ow® — xX2owt + x36w0.
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The only non zero X! terms are:

Xg XO =x! Xg x2: Xg =x3,

X =x" X =x X} =% X¢ =x% (2.267)
X3 =t X3 = XE s X

Xg’ X3 =x Xjf:—xQ; ngxl,

Bailin denotes the different fields ,, and their variations are denoted as:
= plow'". (2.268)

Since we may use the adjoint to obtain the real part, we can opt to consider
only four spinor fields:

P1=1n" o2 =€ s =% o = €. (2.269)
And we have:
'+ o' = Mn'; €+ 86" = ME's n® + 50 = My®; & +56° = M,

— 1
M=1+ 5(50./0 — dwloy — dw?oy — dwios

+ dwhioy + dwPioy + dwlios — dw’i). (2.270)
That gives:
2061 = 6w et + dwloi € + dw?oae! + dwiose! (2.271)
+ dwrio € + SwPioa€t + dwliosEt + dwigt,
20mt = 6w'nt — dwloint — dw?oent — dwosnt (2.272)

+ dwhioint + dwlioont + dwliosnt — dwTint.

And we obtain two similar formulas for % and 78. With the numbering in

(12.269)) we get:
1 1 1
%Zlﬁﬂ_—m ,% oy 0=~ L,
2 2
n' '
1 —201 ;5= 102 ) g = 03755 ¢7 = —i (2.273)
1 51 51 51
¢2_ ; d)l ; ¢2 257 ¢3_U32
1 1 1 1
¢i—201§—, P2 =ic 25—, 2 =i 5 ; ¢7—z§— (2.274)

2
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8 8 8 8
n n 1 n
90 = 5 </>% =015 ¢ = —o2 5 $3 = —os,
8 8 8
b5 = wl ; gr = i02n2 D op = wgn D Ph = % (2.275)
8 8 8 8
¢4 - 5 7 ¢1 5 7 ¢2 5 7 ¢3 52 )
8 8
ii—wf i =in S dt= S (2210

Since the £™ and 1™ are also solutions of the wave equations, the Lagrangian
density always satisfies 0 = £'~; thus Noether’s theorem associates to each
of the eight sub-groups with one parameter w’ of the invariance group a
conservative current:

oL~

oL~
S
e (a@%)

9(Oupa)

In comparison with this general formula we now use a simplification because
our equations are homogeneous, and this is associated to a Lagrangian den-
sity that is exactly null for each solution of the equation. Thus the currents
satisfy:

L. (2.277)

?

(Ouipa) = L3 ) XY ~

oL~ oL~
=== (0vpa) | X} — 7. 2.278
3 = (53,707 %5) 5(@%) (2278
With (2.160) to ( m ) the Lagrangian density (2.228)) gives:

oc~ oLT im oc~ oL f” "

B0~ A0~ " GG = 0@ = ok
(2.279)
oc~ oL b oc~ 0L” _ . fBTJ“

0us) — 0O i Do 90,6~

Before us, relativistic quantum theory only knew the 6 ji' to j§ vectors.
These six space-time vectors are now joined with two other vectors, and it
is precisely one of these new vectors, j7, which is useful here. We have:

e = (857_(3”%)))(71/ __oLm

D(Opa) N Opa)

The only X! that are not null are listed in (2.267), and this list contains
none X7. That comes from the commutative property: the generator ¢ of the

chiral gauge U(1) belongs to the kernel of the homomorphism f : M — R
from Cl% into the D* group of similitudes (see and[L.2). We thus have:

2. (2.280)

oL~

j# = _a(a‘uwa)qy’;' (2281)
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With equations (2.273) to (2.276)) and with (2.279), and since the adjoint

of a real is likewise real, we get:

. 1 771 1 . 51
= 2ot () - gt 7y
o 1M St gmn(_ 18— St (41) & 2.282
+2k18770(z)2 21@850(“)2’ (2.282)
which means:
o 1/moy 8 Lo
‘77:§<WDL+1§ 1DR+k by o s D ):Ell' (2:283)

With (2.262)), the proper kinetic momentum, usually called spin, thus sat-

isfies : ) ) 5
1o _ L o_ "N
/// dUCj7 5% /// dvl; 5 (2.284)

We recall that this equality is obtained from the equivalence principle: the
total energy of the electron (linked to the frequency, thus to space-time ge-
ometry) is equal to the sum over all space of the energy density T{ (density
linked to electromagnetic forces, thus inertial). We may then say that both
quantization and general relativity result from the same equiv-
alence principle between inertial mass-energy and gravitational
mass-energy. This quantization of the spin from properties of the wave
equation could not be obtained previously because two concepts were lack-
ing: first, nobody suspected the presence of a form—invariance group more
binding than the Lorentz groupE. Second reason, nobody except the wise
O. Costa de Beauregard [53], saw the existence of the strange V tensor in
the wave of the electron.

The quantization of the spin concerns the complete lepton (electron +
neutrino—monopole), the alone electron has a kinetic momentum #/2, the
alone neutrino-monopole has a kinetic momentum #4/2, the couple elec-
tron + neutrino-monopole has the same kinetic momentum #/2. It is the
temporal component of a space-time vector which is quantized, and this
temporal component is obtained by summing a tensorial quantity over the
whole space. This is both very close to what we know from the
experimental point of view, with the true value //2, and very far
from previous quantum theory since that does not come from the
proper value of a Hermitian operator.

2.6 Dynamics of the neutrino—monopole

The magnetic monopole may be viewed from three different perspectives
because it may be dotted of a right wave, or a left wave or both. The

12. This could be seen as early as 1928 but was obscured by the use of infinitesimal
transformations which masked the great difference between GL(2,C) and the Lorentz
group.
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magnetic monopole with a null right wave is called a neutrino or electron
neutrino in today’s physics. The j,,, = gD% is thus null, and afterwards the
k,, current is reduced to the left current. The force acting on the neutrino
is:

2q D8

O, T" = F}ikko™; Ly, = - (2.285)
9,T" =0 + T 3 FIke 0N =Ky, - H™ 418 H™ — K,y x E™, (2.286)

hez 0 m m m m - 7Tm
S f=K, H™ —K,, x E™; F™ = E™ +iH™. (2.287)

A second possibility which was not yet employed by the Standard Model
is that the neutrino-monopole might only have a right wave. In this case
it interacts both with particles with electric charge and with particles with
magnetic charge, and is reduced to:

Pps. 5, = 2D8,. (2.288)

hed, T" = Fiyjio™ + Fhikl ot Ky, = 3

_ k: R
where g is the magnetic charge. We may remark that the two currents linked
to this right wave are opposite. We must thus expect to get a different result
for the force acting on this wave depending on whether an electric charge
or a magnetic charge is at play.

The interaction between an electric charge and a magnetic charge (mag-
netic monopole) was previously described in a complicated way by writing
the electromagnetic field of the monopole as if it were of an electric origin:
F = VW instead F = Vil Similarly the interaction between a magnetic
charge and an electric charge was described by Lochak [90, O] using the
electromagnetic field created by the electron as if it were of a magnetic ori-
gin: F = ViA instead F = VA. But these calculations are correct because
we indeed have:

Fi\jt, = VAjl, = VikigD,. (2.289)

We may then refer to these works [90] 9] for the demonstration of Dirac’s
formula eg/fic = 1/2, a prediction that we shall correct in Chapter 4. Since
we just explained how the quantization of the kinetic momentum follows
from the equivalence principle, since the quantization of the electric charge
and of the magnetic charge follows from Dirac’s formula, we see how the
quantization of charges also follows from the equivalence principle and from
the extended invariance.

2.7 The soliton wave of the electron

The electron was first considered as an elementary particle, a point with
a mass and an electric charge. Hence initial models of electron associated its
mass-energy to the energy of the electric field E created by its charge. This
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energy is proportional to EQ, thus with spherical symmetry. And we have,
in 1.11, associated directly the electromagnetic field itself (not its square)
with the energy-momentum tensor of the ¢ wave of the electron. We may
thus think the electron as a soliton solution of its wave equation [45] [46],
with a wave ruled by the same kind of partial differential equation as in the
case of a bound state in a hydrogen atom. The electron being electrically
charged creates around itself an electric field linked to the electric current
of the electron wave. The electromagnetic potential A satisfies:

—OA=AA=qJ; A=A"(qd) = —%, (2.290)

where u is a numeric constant to be determined (the charge of the bare
electron). The wave equation then becomes:

0= Voos — %$+ myvo. (2.291)

Multiplying on the left side by ¢ to obtain the invariant form of the wave
equation, and with:

b = pe'f; Ir = m§ = mmy; mgavqg =pm, m= <(1) S) , o (2.292)

we get:

— ~

0=0(Vp)oa — %$$+ pm. (2.293)

This improved equation is solved in Chapter C, by separation of the spher-
ical variables. Thanks to Kriiger’s identities [86], we can separate at one
go the variables ¢ and ¢ from the variables r and 6, and we search for a
solution such as:

S = e_%“e_gi?; Q=0:= r_l(sine)_%S; p = Ap — FEx°,
¢ = QXels: ¢ =QOXels: §=e PBXQ, (2.294)
AU —BV o DU -CV = DU BV

X'_(CV DU)’X_(BV AU)’ X_<CV AU)’
where A, B, C and D are functions with complex value of the radial variable
r, while U and V are functions with real value of the angular variable 6. A
is a real constant named magnetic quantum number, which may be positive
or negative. That gives the two up-down states of the electron. U and V'
are solution of the following system:

, AU AV

U —— =-kV; V' +

= rU., 2.295
sin 0 e ( )

sinf
The x constant is a positive non zero integer. The magnetic quantum num-
ber A of the free electron is a half-odd number satisfying |A\| < k. The
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double value of the free electron spin comes then from x = 1 which gives
A = £1/2. These values of k and A are the same as those of the 1s1/2
states, we thus may use the same calculation, replacing only the interaction
term —a/r containing the fine structure constant o = ﬁ by the term of

self-interaction —u/r. With the A = 1/2 case (spin up) we have:

U = U;Vsin 6 cos (g), V = ViVsinfsin (g) (2.296)

Since k =1 and A = 1/2, (C.44]) and (C.438) give:

Up=—1; Vi = —1; U = —/sinfcos (g) V = —/sinsin (g) (2.297)

We let:
D C B
Fii=—— Fyi=——; Fg:i=——; Fy 1= ——, (2.298)
r r r r
P 0. L . o n(?
pi=g Ex”; g.—cos(2)7 §.—sm(2), (2.299)
1 6 1 —cosf 0
b=t =B g 2 LTSy = (2.300)
2 2 2
With (C.61)) we then get:
X i CF1 —8F4 1
Sy pis — g (¢ ST opia 2.301
¢ r\/sinee (SFB cFy ) ‘ ( )
- - cFo  sFy\ - i cFa sF4\ o1
X =rVsind <—3F3 cF1> ; p=¢e _sFs cF, S7H, 0 (2.302)
We then have:
bd = d¢ = det(¢) = pe'® = PF1Fy + s°F3F,. (2.303)
We also have:
1-— 26
01 +0s=1; 61 —0p=cosf: 02= *
6 — 3+ 4cosf + cos(20); 6 — 3 —4cosf + cos(20), (2.304)
8 8
det(X) = pxe? = XX = r2sin (F1F0; + F3F0,), (2.305)
. det(X
det(¢) = pei® = <2 ( ) _ FFy0, + F3F,0,, (2.306)
r2siné
p* = (pe')(pe™ ") = [F1F201 + F3F405/°, (2.307)
. F1F50; + FsFy40
p = [F1Faol) + FyFyfy|; ¢f = 12011 Faral (2.308)

" |F1Faf; + F3F 40|
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Similarly for k =1 and A = —1/2 (spin down case), we obtain:
0 0
U = —V/sinfsin (7); V = V/sin 6 cos (7>, (2.309)
2 2
1—cosf 1 0 in” 0
U? = sinfr— 2 2 — gt T80 gy = SO 9310
2 2 2
We then have:
) _1-— 0 _1 0
det(X) = pxel® = sinG[AD ;OS + OB +;°S } (2.311)
det(X) _1—cosf _ 14 cosf
=AD—— + CB———— 2.312
r2sin @ 2r2 + 2r2 ( )
2
Px _ 1 —cosf —l—i—COSGH ~1—-cosé —1+COS@}
= |AD CB DA—— + BCO—F—|.
r4sin? 6 272 + 2r2 272 + 2r2

We may remark that the only changes coming from the sign of the spin
are the replacement of cosf by — cosf, which exchanges #; and 6, and
the change of sign for 3. We thus must detail the calculation only in the
A = +1/2 case. We now let:

ki = |F1F2[01; ko := [F3F4|0s, (2.313)

k3 = (F1FoF3F, + F FoF3F )03

We have:
2 Px 2 2 2 PX
=12 k24 ki4EkE p= =/k? + k2 + K2 2.314
p igin? g 1Ry +R3 p 2 sind i+Hky+k3 ( )
Accounting for the internal electromagnetic interaction, a — term is added
and we then get, with (C.78):
10O pis . E e~ piz N QD —§C
V' (XeP*s) oo TXe = —+Vsinf B A ) (2.315)
With:

)

i
|

_|_

D+iD' +£B.
'

B—iB —p, (2.316)
T

=

I

|
—~~
eI & e

i
Sl 3l 3|
—_— — —

_|_

C= c—ic' -4,
T

A=—(B+2)a+ia+ %,
r r
The wave equation is equivalent to the 7 system:
DDU? + BBV? = —pxl,
DC = BA,
CD = AB,
AAU? + CCV? = —pxr.
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The separation of variables was made in [C.I] we get the radial system:

(B+ ) D =it B 1A =0, (2.317)
(B+ )B+zB'+z§D+1e”10—o (2.318)
(B+ )AHA’HgC—re—"lD — 0, (2.319)
(E + ;)C —iC - igA —re M B =0, (2.320)

where [; and 71 are any real numbers.

2.7.1 Resolution of the radial system

The system of radial equations (2.317)), 2.318| (2.319) and ([2.320)) is the
same as the linear system resulting from the Dirac equation, when we sup-
pose the cancellation of /; and r;. The asymptotic behavior of the functions
A, B, C and D is thus the same as with the Dirac equation. And this
asymptotic behavior implies the use of the functions:

= (apr® + a1t 4 . artT)e AT
B = (bor® + byt 4 . 4 byt AmT
C = (cor® + c1rTh 4 L+ cprsT)e Amr,
D = (dor® + dyr*t + . dprsT)e AT
where s and A are two positive reals. We then get three kinds of numeric

systems: with null index, with index between 0 and n and with index n.
With the null index the system only depends on u, x and s:

0= (—u—1i8)ag —ikcy ; 0= (—u—1i8)by — ikdp,
0 =1irao+ (—u+1is)co ; 0=1irby+ (—u+1is)do. (2.321)
These systems are exactly those of the linear Dirac equation. They are made

of sub-systems. A non null solution is obtained only if the determinant of
each sub-system is null, which means if s satisfies:

0= (—u—is)(—u+is) — k% K% =35> +u? s =K —u. (2.322)
It is from there that the condition k # 0 comes. Let:
s+ iu = |k|e"; s —iu = |kle”". (2.323)
The (2.321]) system gives:
o= = 2ag = —eMag; dy = =y = —e~by. (2.324)

|x| ||
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With the n index we have the following system:

0= (—E+iAm)a, + e "rd,; 0= (—E + iAm)b, — el'lc,,
0= —(E+iAm)d, — e"la,; 0= —(E +iAm)c, +e "rb,. (2.325)
That system is also made from two similar sub-systems, with the same

determinant D. A non null solution exists only if this determinant cancels.
That gives:

_|-E+iAm ey

_ ] — 2 2,2 Ji(ly—ri+m)
0=D= eili] _E—iAm E*+ A*m* — "7 e, (2.326)

We obtain the awaited relation between mass and energy only if:

Il —rp =7 mod2m; €™ = —¢h, (2.327)
And then we have:
0=D & lr = E? + A’m?,
0=D & E*>+A*m* =m]. (2.328)

As with the electron states in the hydrogen atom, we suppose that the two
masses are not equatl, thus that the harmonic mean m of the two masses,
satisfying % = % + %, is less than the geometric mean my, = V1r, which

allows us to define a § angle such as:

E=m; E+iAm=: mgei‘s; E—iAm = mge_i‘s, (2.329)
m2 (1-r)2 | l—r

A= g _ 1= \/ = d=—. 2.33
m?2 4lIr my’ 2 (2.330)

The (2.325)) system is then reduced to:

E —iA 1 ..
dy= =2 = \[e“”—%n, (2.331)
e iy r
E +iA 1.
b, = M \[e““”)cn. (2.332)
e iy r

If n = 0, which means if the radial polynomials are constant, the radial

system is reduced to (C.115)), (C.121)) and (C.122), and we hence have:

E —iAm w— s
do = . = b 2.
0 o—irip ap |I{| 0, ( 333)
E —iA ju —
cg= =My W (2.334)

eiT1 1
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We then get:
E —iAm)? iu— s)?
( I ) apby = ( > ) boao,
E —iAm s —iu
- =F P (2.335)
9

Since the kinetic momentum is j = |x| — 1/2, we have k = 1. And since E,
s and my are positive, we have only one possibility:

E A
— =y —ng; uFE = sAm,
Mg Mg
252 _ 2(m? — E?): E? — smy
u =S (mg - ), = m,
E= g , (2.336)
2
1 + ui
(s +0)?
With (2.294)) the electron—wave becomes:
¢ = e~ P/ X (1, )ele/2~Ex)is (2.337)

_ [ X 0),671]3_)(0 o X(n G)eﬂf’elf’(o L X, = pilemAmr g (g).
Xo(r, 0)eiPeiEX X4 (r, 0)ettx ’ ’

So the wave of the alone electron has a singularity at its center. The electron
is a wave on the whole space and (not or) a point particle. That was exactly
the point of view of Louis de Broglie. The decay rate at infinity of the
amplitude is very fast, from the exponential factor. It is however much less
fast than with a Gaussian probability. That allows us to understand why,
when an electron go through an interference device like Young slits, even
if the singularity goes through only one of the slits the other slit sees the
passing of a wave which has indeed a very small amplitude, but which is not
infinitely small. That wave, extended to the whole space may hence guide
the movement of the singularity—particle.

2.7.2 Normalization of the wave

This necessary normalization of the wave is a consequence of the equality
between gravitational mass—energy (proportional to the frequency of the
wave) and inertial mass—energy (see . That gives E = [[[dvTP.
This equality is indeed equivalent to:

Jo m m
///dv%—l. J .= HDL—FEDR. (2.338)
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Again with kK =1 and A = 1/2 (spin up), we have:

m DL DR 1 1 0
kN1 + r k‘ma¢ (0 I‘) ¢ (2:339)
go— 1 [1+rD0+l_rD°] (2.340)
T kmgl 2 7O 2 3 '
1
Dp = §(QQ\F1|2 +8°|Faf? + & |Fo|* + 5°[Fa[?), (2.341)
1
DS = 5(92\F1|2 — 82 [Faf” — &|Fa|? + 5*[F3 ). (2.342)
We then get:
Jo 1 ra? + d? a? — a3
I 0 3} 2.343
hic  13m, 2 +cos ( )
Since foﬂ sin 6 cos 6df = 0, since cosd = mﬂg, we have:
m s
a? 4 a3 = 4ya? cos§ = 4y—a1, (2.344)
o galyml /27r / de/ dT‘T2S+2 —2Amr _ 4cﬁyml(4ﬂ-)r(252;§)
 Bmemy IEmemg(2Am)
We thus get:
13Emamg(2Am)?s+3
= . 2.345
“ \/ 16mymIL (25 + 3) (2:345)

In the proper reference frame of the electron, the probability density does
not have spherical symmetry. That density is dynamic, not static, it turns
around the third direction. That is how the electron is an object with spin
and that allows the electron to be a magnet [56]. Important remark: the
alone electron is always stationary in its proper reference frame. The wave
@' = M¢ seen by any observer moving relative to the electron is a pro-
gressive wave, as a result of the transformation R : x — x’ = MxM" that
acts on the time, hence on the phase of the wave, that propagates. The
particle as a little clock imagined by de Broglie a century ago, may thus
well be that soliton quantum wave, that was sought by so many physicists.
It could even be possible to go back to Descartes’ vortices. The soliton elec-
tron, normalized from the equivalence principle, has indeed a proper kinetic
momentum with value i/2. The necessity of the Lagrangian formalism is
also among the properties of the soliton wave. That determines the energy—
momentum tensors (two tensors!) and kinetic momentum tensors. We also
may remark the disappearance of all problems linked to the punctual charge
of the electron or with the first Lorentz’s model of extended electron: at
the center of the electron the ¢ field has indeed an infinite amplitude, but
the sum on the whole space of the energy density is finite and equal to the
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mass-energy of the electron. Other remark: the electromagnetic field cre-
ated by the electron comes from the existence and the components of the
two tensors of energy—momentum.

Why this soliton solution was not previously found? First the value of
the wave belongs to C!3, a Lie group, not to a Hilbert space. Secondly the
soliton solution comes only from a complete wave equation, with its gauge
interaction term. Thirdly the soliton solution is calculated from separation
of variables in spherical coordinates, not from plane waves. Fourthly the
wave equation does not follow a Hamiltonian formalism, but instead comes
with a Lagrangian formalism: the improved equation cannot be a relativistic
Schrodinger equation. Fifth and finally the soliton solution exists only with
two different proper masses, one for the left wave, and a different proper
mass for the right wave.
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Chapter 3

Electroweak and strong
interactions of quarks

We study the subspace of the Cl33; algebra corresponding to
the quark part of the fermion wave (first generation). We study
in this algebra weak interactions of d and u quarks. We present
in the same framework the SU(3) group of chromodynamics. We
generalize the mass term of the lepton wave and we get the wave
equations of quarks with mass term. These wave equations are
form-invariant and gauge-invariant precisely under a gauge group
that is exactly the gauge group of the Standard Model. The wave
equations come from Lagrangian equations that are only derived
from algebraic properties of the geometric algebra. The dynamics
of the quark waves gives the forces acting on the charged and
coloured fluid. This dynamics implies the quantization of the
kinetic momentum of the proton and the neutron and as well
the confinement of the quarks. The inclusion of Cl} into End(Cl3)
fixes the orientation of space. We explain the preference for the
left waves. We study the Dirac equation in an algebra without
complex numbers.

3.1 The quark sector

We now study the ¥, part of the fermion wave (£2.3)), included in the
UL wave such as:

WP .— g3 — Pr—ili+Pys+iZy Io—iPo+1Is—1iPs (3.1)
' Ty —iPy—1Ig+1P3 P1—ily —Py—i1y )’ )

149
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In any Clifford algebra, thus also in Cl3 3 we may separate an even part U*
from an odd part ¥~ with:
\I/+ = \I,g,3 + \11373 + \11273 + \1/273; P~ — \IJ?,?’ + \11373 + \11273 (32)

We may also separate the parts containing, or not, a i factor in the 4 x 4
matrices:

gH .— Pr+Ps Io+13
" \Zo—-I3 P1—Pa

d)e + ¢db =R 0 R =R 0 =R ¢ur + ¢ug
0 ¢e + ¢db ¢ur + ¢ug 0
- , 3.3
R 0 N ¢ur - (bug (be - (bdb - 0 N ( )
¢ur - d)ug 0 0 ¢e - ¢db
oV o (—T T —iPa—iPy\ _ (LT, Pa+ Py
T\ =Py + 1Py —iTy — iy ] Po—Ps ITh+14
. OA ¢n_¢ub ¢dr+¢dg =R 0 .
. ¢n - ¢ub 0 0 ¢dr + ¢dg
== — . 3.4
Noar—dag 00 butouw (34
0 ¢dr - ¢dg ¢n + ¢ub 0

The part without a i factor is called U¥ because it contains all elements of
a hydrogen atom: ¢, refers to the electron, while the wave of the proton
is made with the three other terms (a d quark and two u quarks, with the
three colors, which well fits to the three terms ¢ay, ¢ur and ¢,4. The part
with ¢ factors is called ¥V because it contains all elements of a neutron:
I'onde ¢,, of the neutrino—monopole studied in the previous Chapter and
the three quarks of a neutron, a v quark and two d quarks, whith here also
the three colors, corresponding to the three terms ¢up, ¢gr and ¢gqq. And
hence we called ¢ the complete wave, with value in End(Cl3, because it
includes all elements of a deuterium atom:

¢/e\+ (bq{) _Z/(\an _Aqbub) _i/(\d)dr +A¢dg) ¢’L/LI’ + (by\g
\I/D _ _Z(d)n - Qj)ub) ¢e + (bdb (bur + (bug _i((bdr + d)dg)
_i£¢dr _A¢dg) quf - ¢1/L\g ¢§\_ ¢tﬂJ _ngbn +A¢ub)

(bur - d’ug _i(¢dr - ¢dg) _Z((bn + ¢ub) ¢e - ¢db

(3.5)
We replace the index of color r, g, b by an upper numeric index:
U=, U2 =0, U2 =T, U=,
USSR A A
D _
U = <‘~I/2 _ \113 \Ifl _ i\I/4 ’ (36)

iy 1 8t
v (G )(% D) e
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We use the identity in Cl3 between the adjoint #' and the reverse 5 Next
the P : ¢ — ¢ transformation is the main automorphism in Cl3 (parity).
We may identify P, + Z,, with its first row:

o 2 75 "
V=T, — P, = ( f"” j;{; ) - @5 _‘%) = (* &), (63

vonomo (P Se)- (4 L) #). oo
g

Pug o —¢
4_ o (—ida b\ [o T\ ~
V=i iPe= < <$ub —iadb> - <¢7 —$4> B (¢4 ¢7> » (310)

g — (¢n ;53+n> =234, (3.11)

easing calculations with the structure of modulus on the Cl3 ring: Cl3 xCls.
The two supplementary dimensions of time that should allow us to pass from
Cly 3 into Cl3 3 do not have physical reality. This Cl3 3 is interesting only
as Lie algebra of the real Lie group Cl3 3 = End(Cl3). The six R" and the
six L™ are the only mathematical objects that are really important in this
chapter:

1+ 1-
_ 1 ~ 1—
R¥tn = gtn "’2‘73’ f3+n ¢3+HTUS' (3.13)

As previously electroweak interactions (and further strong interactions) are
obtained by replacing partial derivatives by gauge-invariant derivatives. We
always use notations of[B:2l We indicate in which algebra we are calculating
as follows: The same vectors of space-time are underlined when we express
them in Cl3 3. They are in bold when we express them in C!; 3 and will be
in ordinary characters or in Roman characters when we express them in Cl3.
In this chapter we will use the index 0 for the time component of space-time
vectors, the 4 and 5 indexes being those of the two fictitious supplementary
dimensions. We let:

W7 =THW], j=1,2,3; D=T"D, ; T°=To; IV = —T; i= o,

_7“0,‘_'_0Wj,‘_‘
F“—(O 7,L>,W]—Wﬁ’)’“—<wj 0 ,WJ—Wiol‘, (3.14)

_DO._u_OD._u.-_iO
D—(O D>7D_Du7 _(ﬁ 0>7D_DM071_ 0 i)

The partial derivatives become for the electroweak gauge:

D(W) = 2(¥) + $-B Py(¥) + ZWIP,(v), (3.15)
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B
e, (8 4) = () 5) e

We use two projectors P, satisfying:
1 : n 1 n T
P (V) = 5(‘I’q £iV,I21); Pe(V") = 5(‘1’ 10" y21), (3.17)
P (9") =0}, P_(I") = 0. (3.18)

And we define P;(¥"),j =1,2,3, n =1,2,3,4 (we recall that ¥, = U!) by:

Py (V) = Lo123 P4 (¥)I'35, (3.19)
Py (V) = To123 P (¥)'5012, (3.20)
Py (V) = Py (¥)(=Lo123), (3.21)

P;(¥) =

=J

L (P(Wy) +iPj (W)  Pj(0%) + Pj(92)\ .
2 (Pj(q;lz) — P;(U3)  Pj(¥;) - in(\I/‘*)) ,J=0,1,2,3.

The three operators P;, j = 1,2,3 act on the quark sector as they do on
the lepton sector:

Py(U") =iPL(V")y375, (3.22)
Py(W") = iP (V")(—ivs), (3.23)
Py(") = P (")(—i). (3:24)

On the contrary the fourth operator acts differently on the wave of leptons
and on the quark sector (we will explain this difference at the end of this
section). Here we again use the operator P, defined in (2.55). The operators
acting on the waves of quarks have a similar yet nevertheless different form:

PO(\IIZ) = \1/1’721 -+ (1 7p)P,(\I’l)i +piP,(\I/l),

1 .
Po(\I/n) = —gll’n’}/21 + P_ (\I’n)l (325)

1 1
=32+ (U = 10"03), n=2,3,4.

Even if p was null and thus there could not exist any magnetic monopole,
an important difference should subsist between and , since the
coeflicient of W;vy,; is 1, while the coefficient of each of the three U™~y is
—1/3. We remark that since the quarks have color in triplicates, the sum
of the coefficient is 1 +3(—1/3) = 0, which indeed is not at randomlﬂ Next

1. This cancellation is very useful in the Standard Model to suppress the “anomalies”
linked to the chiral behavior of weak interactions. That played an important role in the
discovery of the quarks and their three color charges.
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forn =1,2,3,4 we let:

ﬁ_f? _ﬁg_ﬁ_ffO'n_ {l."‘n_ —ﬁg
ﬂ_<£§ W>,ﬂ—<53 0),5 _<§)’" —(n?>,(3.26)

and for n = 5,6,7,8 we let:

& (g —m\ B (e O\ . () (T
\/§_<£é‘ 77?)’\/5_<§g o>7f —(;)w _<n?>'(3'27)

We then have for n = 1,2, 3, 4:

o _ —s;’>_ E"_<n? o)_ n_<ny>_ An_<—s;>

and for n =5,6,7,8:

E_ 7]? _gg .i_ "771I 0 R 77? L oen o _g;
\/§_<n3 E") \/§_<773 0)’” ‘(n%)’€ _(5?)'(3'29)

P, is the projector on left waves and P_ on right waves. For n = 2, 3,4 we

have:
Rn ES—}-n Ln z3+n
P (") =|_3up ~ |3 Pe(U) = [ 540 ~ 1, 3.30
(") <Rs+ _Rn> . (07) (ﬁ’* _Ln> (3.30)

where we recall that the waves numbered 2, 3,4 are the states of color r, g,
b of the d quark while the waves numbered 5, 6,7 are the states of color r,
g, b of the u quark. We have the same for the lepton part of the wave with
yet the upper indexes 1 and 8 instead the n and 3 +n. We then get for
n=2234:

1
Po(\Ifn) = 75\1/”"'}/21 + P_(\I/n)l
i ( 2R+ L* ARt 4 [0
=35 —=34n —34+n = =~ y (331)
3 \4R —L 2R™ + L™

i [ —sin —3in S
%BH)(\I/"):bPO(\II”):§(b(4R3+ A b(QR”—i—L")).

Since P;, P, and P; remain unchanged when we move on to the quark

sector, on the model of (2.68) and (2.70) we have:
Z3+n " _ZS+n "
PO =i ~  _sin | (M) =i < gy |- 3.32
() (_Ln L3+> (1) (m L3+> (3:32)
For j = 3 we get:

(3.33)

_Ln ZSJrn
-L L")’

P3(U") =i < —3+n
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We then have:

Wi P (™) = <7i[(wl w2+ wI LT i[(wt W) - WBEnD .

(3.34)
Now implies:
DU = 9w + LBR(U™) + L WP ()

=QU" + bPy (V") + w’ P; (™). (3.35)

That gives for the right waves:
DR" = VR" — %bﬁ”; DR =VR"" + %bﬁ‘*”. (3.36)

And for the left waves we get:
DL" =VL" — %bf” — (w4 iw?) DT - wiLn, (3.37)
DL =V - %bf”” —i(wt —iw) I+ WS (3.38)

Since the operators Py, P, and Ps act exactly in the same way in the sector
of leptons as in the sector of quarks, the gauge invariance that we studied in
works similarly. This allows us to obtain the values of the gauge fields.

And instead of (2.129]) we have:
D'rIL/, 3+n ZerL, 34n — 2LnL3+n; DTIL, _ Lnin; Di+n _ z3—|-nL3-"—n7
.3 .3
Wl =Dp%" W2 =4yt wi =D¥" - DY, (3.39)
We added an index n to the W/: even if they have the same properties,
the W) change with the color or when we pass from leptons to quarks.
The gauge invariance is similar to that of the lepton wave. The result, as

with the lepton part, is a simplification of the covariant derivatives which
become:

. %~
DR" = VR" — ébR",

aen —sen Ai —3in
PR = VR 4 gle‘” :
DL = VL - bl 3w L (3.41)

By using the Weinberg—Salam angle of 30° of the lepton case we have:

b=2A- 9 70 333 = gAJr %ﬁzg.

GA g h (3.42)
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We thus have for the d quark:

D .q . q 0\ Pn
DR" = (V —izA —i—z—Zn R",
DI™ = (V + qu +id 70, (3.43)
f
n n q n 0/ pn Tn
D¢™" =V —A —=Z,(R" +5L").
¢ ¢+3¢012+23\/§ n(R" +5L")
This matches well what we expect: The electric charge of the d quark is
exactly one third of the charge of the electron (negative). As for the u quark
we have:

—~ 2q . 2q —~
DR = (V+i=2A —i—Z0)R3tn
( 3 3\/§ 2

DZS-HI _ (V 3qA _ 3\/>Z2)L3+n

2 2 ~ ~
DFH = TG — A oy — i LA (R 2T, (3.44)

3V3

Here we also obtain the expected result since the charge of the u quark
is positive and equal to —2 times the charge of the d quark. What we
obtained in the first chapter for charge conjugation is indeed conserved: the
antiquark of d seems to have a charge equal to half of that of the u quark,
and the antiquark of u seems to have a charge double that of the d quark.
We also recall that charge conjugation is not only an apparent change of
sign of the electric charges: right and left waves are also exchanged. Here
we have an important result which reduces the too high number
of free parameters in the Standard Model: the simple replacement of
the coefficient 1 of U9y by —1/3 in P, is enough to obtain the two values
of the electric charge of the two kinds of quarks. Thus we have only one
free parameter instead two.

3.2 Chromodynamics

The Standard Model considers strong interactions as resulting also from
a gauge invariance under a SU(3) color group, from whence comes the word
“chromodynamics.” We transpose this group to Clifford algebra in a manner
similar to that used for weak interactions. We now define I'j, in a manner
similar to P; of the previous section. We know the i), generators of the
SU(3) group:

0 i 0 0 10 i 0 0
=i 0 0],ida={-1 0 0f,ixs=[0 —i 0], (3.45)
000 0 00 0 0 0
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0 0 ¢ 0 01 0 0 O
=10 0 0],ixs=[0 0 O0f,ix¢=1{0 0 4], (3.46)
1 0 0 -1 0 0 0 ¢+ 0
0 0 0 p 1 0 0
=0 0 1],¢s=—7[(0 1 0 ].
0 -1 0 V3 0 0 -2

To simplify our notations, we use [, r, g, b instead of ¥, U, = U2 ¥, = ¥3,
U, = U4, So we have:

_(l+ib r+g
\1/_<r_g Z_Z.b). (3.47)

The unique i of quantum mechanics must not be confused with the ¢ of
the above relation, which is responsible for the orientation of Cl3. Thus in
Cl3 x Cl3 we must replace this commutative i by i = 7p123, responsible for
the orientation of space-time, which does not commute. Therefore (3.45)

and (3.46) give:
" ig r g r ir
i g]=ir],idlg]l=|-r]|,ixs|g]=1|-ig],
b 0 b 0 b 0
r ib r b r 0
i)\4 qg = 0 5 i/\s g = 0 s i)\ﬁ g ib 5 (348)
b ir b —r b ig
r 0 r 1 ir
i)\7 g\l = b y i)\s g| = —F= ig
b —g p) V3 \ o
The Ay, corresponding to the i\ acting on ¥ are (see|B.2):
1
A(0) = —§(F45‘I’ +To123V¥S); S = To12345,
1
A (V) = —§(F4‘I’Po1235 + To1235TTy),
1
A3(0) = §(F5‘I’F01235 — To1234VTy),
1
Ay (V) = §(F0123‘I’F4 —To1234¥), (3.49)

1
A5 (V) = —§(S‘I’F01235 +To1235¥5)

1
As(¥) = 5 (L1234 WS — Ty5WTy),

2
1
A7 (T) = §(F01235‘I/ — WTg1235),
1
Ag(V) = ———=(2T'45 VS + T'5WTg1935 + Lo1234¥Ty).

2v/3
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The previous system is equivalent to:

Ai(Ty) = 0; Ay(,) = ily; Ay (T,) =i, Aj(Ty) =0,

As(T)) = 0; Ag(T,) = s Ay(T,) = —T,; Ag(Ty) =0,

As(1)) = 0; Ag(T,) = il5; As(D,) = —iT,; As(Ty) =0,

Ag() =05 Ag(Wy) =101 Aq(Wy) = 0; Ag(0y) =iV, (3.50)
As(17) = 0; As(,) = Ty As(T,) = 0; As(Ty) = —0,,

Ag(T;) = 0; Ag(T,) = 0; Ag(T,) = ily; Ag(Ty) = i,

A7(¥;) =0; A7(V,) =0; Ar(Wy) = Wy Ar(0y) = =V,

As(T;) = 0; Ag(W,) Ly As(W,) = =0, Ay (D) = i,

IRV V3 V3

Each Aj projects the ¥ wave onto the quark sector ¥,. Thus the lep-
ton part of the wave does not see color forces. That is well known
experimentally, and we need no more to postulate this property. We ex-
tend to strong interactions the gauge-invariant derivative of the electroweak
interactions by letting:

D(W) = 9(¥) + £B Py() + L0/ p,(w) + LGHAL(),  (351)

where g3 is a third constant and the G* are eight potential vectors called
gluons. Since Iy commutes with any element in Cl; 3 and since we have
P;(i¥;nq) = iP;(Vinq) for j = 0,1,2,3 and ind = I,r, g, b, we obtain that
each operator il'y commutes with each operator B Now we use twelve
reals: a®, @/, 7 =1,2,3, bF, k=1,2,....8, and we let:

So = aOEO; S| = Za JDJ7 Sy = ZbkAk, ¥ =55+ 851+ Ss, (352)
k=1

and by using the exponential function we get:

exp(X) = exp(Sy) exp(S1) exp(Sa) = exp(S1) exp(Sp) exp(Sa)
= exp(Sp) exp(S2) exp(S1) = ... (3.53)

in any order, thanks to the commutation of P, with P;, j = 1,2,3 as
well as with the commutation of P, j=0,1,2,3 with A, k=1,...,8
The set of exp(S) operators is a U(1) x SU(2) x SU(3) Lie group. The first
difference from the Standard Model is: we do not need to postulate this
structure since it results from the calculation of commutators. The
invariance under C13 (and consequently the relativistic invariance) of this
gauge-invariant derivation is similar to that obtained in The gauge
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invariance [30][47][48] may be expressed as:

U’ = [exp(a’Py 4+ S1 + 52)|(¥) ; D=A"D, ; D'=A"D),, (3.54)

D, V' = exp(a’Py + S1 + S2)D, 0, (3.55)
B, =B, — g%auao, (3.56)
WP, = [exp(S)WiE, - %au[exp(sl)]} exp(—S1), (3.57)
G = [exp(S2) AL g%au[exp(sz)}] exp(—Ss). (3.58)

The SU(3) group of chromodynamics generated by the Ay operators only
acts on the quark sector. By letting:

. 1 o0
diag(V) = 1(\11 +SUS + Ty Wy — To1235WT01235) = ( Ol Wz) , (3.59)

we have:

diag([exp(bkAk)](\I/)) — diag (). (3.60)

This comes from the fact that we begin with operators that do not at all act
on V;. For the contrary case to be possible it would be necessary to consider
some operators similar to Ay coupling the wave of ¥; with one of the three
U™ waves. That cannot exist because these operators project the right waves
onto right waves and the left waves onto left waves, and because the right
waves and the left waves of the lepton part, in weak interactions, transform
differently compared to the waves of the colored part of the whole wave.
We then get a U(1) x SU(2) x SU(3) gauge group for a wave incorporating
all fermions of the first generation.ﬂ All that is certainly well established
experimentally. The novelty here is simply the direct rise from the structure
of the quantum wave.

Since that is independent of the scale of energies, we can understand
why the grand unified theories (GUTs) had no experimental success: it is
impossible to get a greater group. Thus it is impossible that a quark may
decay into a lepton. This implies the conservation of a quantity that QFT
calls the baryonic number. Moreover this conservation was experimentally
supported by neutrino observatories like Kamioka. We may say that our
transposition of the Standard Model into Clifford algebra auto-
matically satisfies this law of conservation. This is a reinforcement of
the Standard Model by concordance with experiment.

2. Later we will see how this group acts on the lepton sector only via the U(1) x SU(2)
part. The physical interpretation is: the leptons are incapable of strong interactions.
They interact only via electromagnetic and weak interactions.
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3.2.1 Three generations, four neutrinos

The purpose of the physical theory is the understanding of experimental
facts. Nowadays we must both justify why there are only three kinds of
leptons and quarks, and also why there is a fourth neutrino, very different
from the three others, which may explain black matter. Experiments show
the existence of only three kinds of light leptons from studying the disinte-
gration of Z°, and experiments also suggest the possibility of the existence
of a fourth neutrino. We justified the existence of three kinds of leptons in
the previous chapters. This is easily generalized to the three generations of
the Standard Model. The two other generations are obtained by replacing
the o3 of the Dirac equation by o or o9 everywhere this direction is in use.
Next, the passing from one generation to the other may be seen as a circular
permutation of the indices 1 +— 2+ 3+ 1 or 1 — 3 — 2 — 1 for the other
generation. For instance, the o3 used for the projector defining the right
wave and the left wave must be replaced by o1 or g5. And the o7 that links
the wave of the particle and the antiparticle must be replaced by o or 3.
These changes force us to treat each generation separately, and this explains
the separate treatment of each generation in the Standard Model. Yet for
a fourth generation a similar case is impossible, since the Cl3 algebra is the
algebra of the physical 3-dimensional space. There it is impossible to get a
fourth set of operators similar to the P,.

But the existence of a fourth neutrino [27] is possible because Cl3 con-
tains four independent terms with square —1. The wave equation of the
electron uses one of these four terms: ioc3 = o12. Further, the equalities
101 = 093 and i09 = 037 explain why two other kinds of leptons exist. We
can also build a form-invariant wave equation with the fourth generator
1 = 0123:

~

¢(V¢)0123 +mp = 0. (361)

Multiplying on the left side by ¢ - we obtain using p = e~ ¥ p¢ the equiv-
alent equation:

Véi+me #p=0; Vo=ime . (3.62)

We may extend the gauge invariance to a local one:

0= Vi+ g1 Bd+me o (3.63)
That is equivalent to:

0 =iV + g1 By + me ¢, (3.64)

0 = iVE + g1 BE + me 7. (3.65)

Contrary to our improved wave equation for the electron which has the
Dirac equation as its linear approximation, this wave equation cannot come
from the linear quantum theory: no linear approximation exists because the
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angle 8 is no longer small. This angle is now the phase of the wave. We
nevertheless may obtain the plane waves. We search for solutions satisfying

p=e"%py; p=muat; v=olv,, (3.66)

where v is a fixed reduced velocity and ¢ is also a fixed term. We get:

V(Z = a”&u(ewao) = imvew(gg. (367)
And we have: B _ o S
bp = e P hoe P hy = e 2 ho . (3.68)
Then if we let: B ‘
bty = poe’, (3.69)
we finally have:
B=PB—2p; efiﬁ(z, — e*i(ﬂo*&p)e*iw(b0 — e*i(ﬂ()*tp)d)o. (3.70)
Hence (3.67)) is equivalent to:
imve'? gy = ime"Po—) g (3.71)
v$0 = e Pogy; eiBovdA)O = ¢p. (3.72)

Using the parity conjugation we get:

e Tdg = do. (3.73)
Hence we have:
do = €Pvgy = ePov[e"PTpy] = vigy. (3.74)
Then if ¢g # 0 we get:
1 =D, (3.75)

which gives 10 = v/1+ 02 or v = —/1 + 02 and since (3.72) implies:
do = ve'® py; Dy = pody = ve doy = ve'® poe 1P = vpy,
DY) = 1"pg; v° > 0; v° = /1 + 72 (3.76)

Therefore no plane waves can exist with a sign of energy opposite to the
sign of the mass. This wave equation may have a gauge term and may be
expressed in an invariant manner of the form:

0= $(V$)z + ¢qBd + mp. (3.77)
Using the reversion we get

0= —i(¢V)d + pqBd + mp. (3.78)
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With (1.122)) to (1.125]) we have:

e~ 1
0(Vo) = 5(V-Dy)o" +iw,o*, (3.79)
B¢ = (B-D,)o". (3.80)
Adding and subtracting (3.77) and (3.78) we get:
0=V -D,, p=0,1,2,3, (3.81)
0= —wp + B -Dgy + mp, (3.82)
0=-w;+B-D;, j=1,2,3. (3.83)

The four equations (3.81) are the laws of conservation of the D, currents.
—1
Hence the probability current density is conserved. Multiplying by ¢ = on

the left side (3.77)) is equivalent to (3.63)). This is equivalent to the system:
0=1Vn+ ¢Bn+ mvn, (3.84)
0 = iVE + ¢BE + mvé. (3.85)

Thus with v the wave equation (3.77) is:
0 = (V)i + ¢Bo + mvo. (3.86)

Since i commutes with o7, the multiplication by o7 on the right side of this
equation changes nothing: the fourth neutrino-monopole is its own
antiparticle.

3.3 Preserving the mass term

Similar to the previous section, and the previous chapter, a generaliza-
tion of the mass term is possible for the improved equation. To see that we
begin with the simplification of the part of the gauge-invariant derivative of
chromodynamics: we consider equally the three SU(2) subgroups of SU(3)
by using the potentials:

b= %B; wi = %Wj, j=1,2,3. (3.87)
=Bt = Bez, hg—h?’:g—g(—Gg—G—S)

1 9 ) 1 9 ) 1 3 92 \/3’
1_9,6. 12 _ 93 ~7. 13 13_93 37&8

by = £6% 13 = 267 nj h172<G ﬁ>

| _ 98,4 12 9345, 48 qs_ 93 (oG

by = 264 1= - 267 b h2_2(2\/§). (3.88)
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These potentials introduce no supplementary dimension into the gauge
group because the sum of hf —h3, h3 —h$ and hj — h3 is null. Next we note:

n=n mod3; 3=3;4=1; 5=2. (3.89)

For the gauge-invariant derivatives some supplementary terms appear con-
taining the gauge potentials G* or h?:

93 ~k S(¥?) - S(¥?)  S(¥') —iS(v)

o G AT) = (S(\Ifl) LS S + S(Wy) (3:90)
S(W1) =0, (3.91)
S(W?) = %3 [(G1 — G2)iT® — G3HU? + (G* — GB1)ivt — \}51(;8\1/2}

(hi —h7i)i?? — hii¥? + (h} + h3i)iv* + h3iv?, (3.92)
(%) = L/(G! + GH)iv? + GHY? + (G - GTiv — GSI\I/?’:|
= (h} — h31)iv* — h3iv® + (hi + hii)iv? + hiiv®, (3.93)

2
S(Ut) = %3 [((;.4 + GO1)IT? + (GO + GTH)iTS + EGSM‘*}
= (hi — h31)iV? + h3i¥? + (h] + h3i)iv® + h3iv?, (3.94)

The cancellation in (3.91)) means that leptons do not experience strong
interactions. Next the use of the modulo 3 indices allows us to express the
general formula as:

S(W") = (hy_y —hj_ )i —hyi0"+ (b, +h3 )02 hy i

~ (3.95)
We have with (3.51)):

D) = DU? —D¥? DU! — D!
5=\ Dy, +iDV* DU? 4 DU?

DU, = 9, + %BPO(\IJl) + %QWij(\I/l) = U, + bPy(T)) + Wi P;(T)),

"= 9+ TBR(") + WP (U") + S() (3.96)
=0U" + bPy (V") + w P;(I") + S(¥").
With the notations in [B.1.3 we also have:
(hy,y — b 0wt = (—(h1 L +ih2_ ) —(hi_, + ihg_l)aﬂ) :
AR (S I P (3.97)
We next have:

(h1+1+hn+l it —

—3+n+1

—34+n+2
—

(i - M)qs by, — ih3,)6m2) |
(-n36™" —h36m). (3.98)

hf’lHl\IJ" =1
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Then if we let:

s = (s@*) s@m), (3.99)
we get:
S@ ) = il +in2 )g T b imd 8
—i(hlyy —ih2,)8 il e (3.100)
S(an):_i(hl L +ihl 1)‘253+n7+1‘|'ihd 1¢n

(hn+1 ihZ, )e"t2 — b3, 6", (3.101)

For the part containing the derlvatlve and the electroweak interaction terms
we use equations 36) to . And we use the conjugation M — M on
the right waves, which allows us to get for the gauge-invariant derivative:

~ ~ 2.~ N
—iDR"™ = —iVR" + gbR” + (b}, —ih2 )R 4 (h1+1 + zhnH)R"+2

n—1
b, —h3,)R", 3.102
( n—1 n+1) (' )
_~ ~~ A~ ~ ~ ~
—iDR¥™ = —iVR¥™ — gbR?’*" + (h}_, —4h?_)R¥Tndl (3.103)

(hqlz+1 + zhn+1)R3+"+2 (03, — ﬁii)ﬁ?ﬁ-n’

3+n

~ ~ b~ — .
iDL" = iVL" + gL" +[(w) +iw?)L"" — w3 L") (3.104)

+(h;71 + ihifl)Ln—H (h:url zhn+1)L”+2 (h371 - hiﬂ)an

n

3+n b —3+n

e + L +[(wh —iw?)L" + w3 L

+3+n+1

iDL ] (3.105)

—3+n

Tt
+(hy,_y +ih} )L (h}H—l Zhi-qu) — (0, hi-&-l)

For making this gauge-invariant derivative compatible with the mass term
(and we recall that the mass term allows us a direct link with inertia and
gravitation), we derive this in a manner completely analogous to that used
in for the lepton part of the wave. The VQASmalg form of the mass term
of the improved equation of the electron is conserved. The only thing that
changes is the definition of the unitary vector v. We now have indeed twelve
chiral currents:

’37,2 — Ran, Dz — LnLn, D?;_n — R3+nR3+n; Di—i—n — I/3+TL[/3+TL7
(3.106)
for n = 2,3,4. The J; current that replaces J; is the sum of these twelve
currents:

n=4

Jg = Z[ %+ D%+ D} +DEF; p§ =(J)* = quq; Vg = —. (3.107)

n=2 q
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Since the J, current is the sum of twelve currents, the calculation of the
squared scalar product of this vector has twelve squares, all null since each
chiral current is on the light cone. And there are 66 = 12 x 11/2 scalar
products of two distinct currents. Hence the ,05 term is the sum of 66
relativistic invariant terms:

n="7
2 _ § * E Pq( cPq)*
n=2 n,p,q

d, = R"L" + L"R" = 2p"T¢" = D% - DY, (3.108)

where in the sP7, n = 2,3,4,5, and pq is one of the 15 possible pairs that

may be formed with two different numbers taken among 2,3,4,5,6,7:

51 = 2Pt = —27p = D DY,
sh? = 2ntteP = DB . DY K7 = 2Pt = DV . DY, (3.109)
P9 = Qgp’rgq — _ngfgp =D" . D%.

The equations with mass term for the quarks are obtained exactly like the
equations of the lepton part (2.87) [48] [47]:

0= Df” + mlqunUlg; 0= ﬁRn + m2§qR"012,
0=DL " +mav,L  "o12; 0= DR*™ + m,¥, B3 015, (3.110)

and always for n = 2,3,4. Above, we have four equations in triplicates;
thus we consider four proper masses icm;, j = 1,2,3,4. Asin the mass
term accounts for the separation of the W™ wave into four parts:

Wi, = (L 0); ¥y = (0 E3+") ,
in= (R 0); W= (0 Rn) (3.111)
m(U"™) = mqU5;, + meUlhs +ma¥l, + myUlp (3.112)

== (man + ngn m3Z3+" + m4f€3+”) .

And we gather these four equations (3.110)) into:

0=DU" + vom(¥")y91; vq = (O Vq) ; vg =1. (3.113)

Then letting:

vy [m(¥?) —m(¥?)]  vm(¥') - ivqm(‘l’4)> . (3.114)

M) = (Vmupl) +ivem(TY)  vy[m(¥?) + m(s)]

The wave equation that generalizes the improved equation of the electron

is then expressed as:
0= DWTlg12 + M(¥)l, (3.115)
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while the equation invariant under Cl3 (we recall that this invariance auto-
matically implies relativistic invariance) is obtained simply by multiplying
on the left side by the reverse:

0= UDWUT g5 + UM (V)T,. (3.116)

It is the close connection between the reversion in Cl3 3 and the reversion in
Cl,,3 which enables the complete separation of the mass term of the lepton
part from the quark part. This strict link is nontrivial and is established
in [B.2 E Moreover except in a very particular case, ¥(x) is invertible. We
may thus derive the invariant form ( m ) from |D by multlplymg on
the left side by V. And multiplying the left side 6) by U1 we get
the usual (| m ) form of the wave equation. We recall that this Justlﬁes,
for all lepton waves, that we are able to derive the wave equations from
the Lagrangian density. Then the same behavior is observed for the quark
waves.

3.4 Invariance

The invariance of the equations is similar to that of the leptonic
wave studied in 2.3l For the form invariance that includes relativistic in-
variance, it is enough to add to and , and to the covariance of
the b and w/ potentials that of the gsG* or h™ that are derived from :

h" = Mh'mM mp, =rmy; r=|det(M)|. (3.117)

n

We derive:

1" 1o " N ! ! I
0=D'L" +myv L o12; 0:DR”+m2v R0y,

0=DT"" +miv' T " o10; 0= D'RP™ + ml ¥, B "oy5,  (3.118)

q
which implies the form-invariance of the wave equations.

The gauge invariance under the U(1) group generated by P, results
from the equalities (2.104 7 in which it is enough to replace Py by
P, with the ¥ in (3.1). What changes from the lepton case comes only with
P, which gives:

g;; ﬁggi;) ; Po(9") = —%‘1’"721 + %(‘I’"i + 10" y30),

Py(w") = =2 (Rr L B3 - D+n) +i (Rr R
R

g ALr SMRM LTS n=2,3,4, (3.119)
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We then have:

o — [exp(aOPO)](\Ijn) _ (R/n + ElS-&-n + z/3+n> ,

Rln — eQiaO/SRn; L/n — 614610/3[/”7 n = 2’ 374’ (3120)
R3*tn — 874ia0/3§3+n, 3+ — eiaU/SESJrn'

All left waves turn with the same angle a®/3, and only the left waves have
this property. This is how they come to be invariant under the SU(2) gauge
group mixing the different left waves. We get:

D/’fll2 _ R/nﬁ/n _ eQiaO/3Rne—2ia0/3En _ Rnﬁn _ ]:)'rIL2 (3121)
And similarly we have:
D'p =Di; Dy = DI D™ =DE™ I, =g vy = vy, (3.122)

and so the mass terms of the wave equations are invariant under the U(1)
gauge group. As in the case of the leptonic wave all left waves transform in
the same manner: that is what is responsible for the commutation between
the P, operator and the three P, j = 1,2,3. To study the other parts of

the gauge group we start from (3.96)), so that for n = 2 and with (3.92)) we
have:

U? = U2 + bPy(¥?) + w! P;(¥?) + S(¥?)
= 9V? + bPy(V?) + wl P;(¥?) (3.123)
+ (hy — h31)i¥* — h3iv? + (h} + hii)i¥? + h}iv?.

With (3.1)) to (3.24) the previous equation is equivalent to the system:

R+ 3L )+ [(wh — iw}) L2 + wiL’]

iD§ =iV —b(
+ (b} + zh% —1§§") + (b} — ih3)" + hig), (3.124)
2)

5

2 ~ 1~ _ ~
iD$® = iVp2 +b R2+ L5) (W +iwd)T° — wil?]

+[(h] + 4h? ¢3 h”] [(h} — ih2)o" + h3e?],

There are two other equations when using the matrix representation of
Cly 3, which are equivalent to the two previous ones and result from the
application to these equations of the main automorphism P : M +— M.
Next, by using this automorphism for the right waves we get the equivalent
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system:
iDn® =iV’ + 2775 + [(wy — iw3)n* + win”]

+ [(hy + ih3)n® — hin®] + [(hj — ih3)n" + hin’],

iD= 197 + oo + [(wh + ) — wi?)

+ [(hy + hd)y?® — hin?] + [(hg — ih3)n" + hin?), (3.125)
~iDE? = iV + 2067 + (B} — BDE — W)+ () + iB)e’ +Tge?)
—iDE® = —iVE® — gﬁe” +[(hy — ih?)¢® —hfe®) + [(hg + ih3)™ +hie”).

Next we have two other systems with the same structure which are obtained
by circularly permuting the indices 2,3,4 and 5,6, 7 (corresponding to the
r,g,b colors of the quarks) everywhere these indices are present:
iDn° =iV’ + %76 + [(wg = iwd)n® + win']
+ [(h + ih3)n" — h3n®] + [(by — thi)n” + hin®), (3.126)
iD= iV 4 2+ [(wh + i) — wiy

+[(hg +ih3)n* —h3n’] + [(hy — ihi)n® + hin’], (3.127)
~iDE} = iV + 206 + (B — iMR)e! — W) + (B + W + e
~iDE® = iV — S50 + (B — BD)ET — W% + (B + iBe” + Be’).

iDn" =iV + 2777 + [(wi —iwd)n* + win']

+ [(hg + ih3)n” — hin"] + [(h} — ih3)y° + hin’],

iDn* = iVn* + gn“ +{(wi +iwi)n" — win']

+[(hg + ih3)n* — hin"] + [(hy — ih3)y” + hin"),
~iDg! =~V + 2het+ (B} — iBR)e? — W] + (6] + iBR)e? + B,
~iDET = —iVET — gﬁé +[(hg — ih3)€” — h3e"] + [(hg + ih3)E® + hie).

The invariance under the SU(2) group is the same as what we saw for the
leptonic wave. This invariance actually results from:
D2 —idp Pt = 2L L4 DY = LML DY = LA LA

wl = %Dg’ Bhn w2 = %dﬁ’ Bn g o %Q(D?;f" —D7), (3.128)
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which are enough to obtain the gauge invariance, as we saw in [2.3.2] And
this gives the U(1) x SU(2) structure of the electroweak gauge group. The
only difference from the Standard Model is that we do not need to postulate
this result: we derive the structure of the gauge group from the
operators themselves.

For the SU(2) part of the electroweak gauge group, and since the invari-
ance has exactly the same form as in [2.3.2], we obtain the following, using
the same identities as (2.148]) and (2.150) (a detailed calculation is in [D.3]):

(WE+ W2 L — WBLr = —3L3tn[3+nLn = —3D¥"In — _3WiLn,

(W —iWw)In + WL = —3L"I"T> " = —3D7 " = 3w
(3.129)

In the case of the quarks we have moreover the same formula of transforma-
tion for n = 2,3, 4; this gives the commutation between the P, and the AF
operators of the group of chromodynamics, which act only on the n index,
thus giving rise to the U(1) x SU(2) x SU(3) structure of the gauge group
of the Standard Model. The gauge invariance under the SU(3) group gives
a simplification of the wave equations with proper mass (see . Our
improved equations have the form:

0= DL" 4 imyv,L"; 0= DR" + imyV,R",
0=DL™" +imav,L "y 0= DR + imy9,R¥™,  (3.130)

nuy

~ r b . § ~
DL" =" |9, + z( - f + 3wy, —3h{5 1, + 3h‘£3n_1u)}L”,

e 2D ,

DR =" [0, + z(?“ + 30y, — 3h;l§n_m)] R", (3.131)
~—3+n [ . b : : FoTn
DL™™" = 0" [0, +i( — 2 — 3w, = 8hfh .y, + 3055, ) [ T,

b , ~
DR = 5[0, +i( - 4 3, — B,y ) | B

Here the w potentials depend on color and moreover the h potentials have
a double dependence: their two indices with value 2,3,4 come from the
generators of the SU(3) group, while their indices L, R and d, u are linked
with the spinors on which they act. Thus the wave equations that are used
to obtain the Lagrangian density are the equations governing right and left
waves.

3.5 Wave equation — Lagrangian density
We multiply the wave equations (3.130) of n™ by —in™', the wave equations

of €" by —ié™ the wave equations of 7t by —in®*"t and finally the
wave equations of €317 by —i&3+t71 always by the left side. For the lepton



3.5. WAVE EQUATION - LAGRANGIAN DENSITY 169

part we saw in Chapter 2 how the Lagrangian density of the electron wave
is generalized for several Lagrangian densities coming from the different
wave equations. Among these densities, C;r is obtained as the sum of the
different real parts, and £ is obtained as the difference between the real
parts coming from the left waves and the right waves. Since the p, density
is calculated like p; we will get similar results. We let:

i =3 [, s et ) T
ot (—i0y + dy,,) + 7§ oH(—id, +d;,,,)
dy,, = —%’* + 3w§w 305 1, + 301+ Mavgu,
dy, = % +3h% 1, — 3hE, 1, + mavey, (3.132)
a3, = —%" — 3wy, — 3hi5 1, + 305,y mavg,,
dy,, = —42" + 3041, — 301, + Mavg,.

The Lagrangian densities E;‘ and L satisfy:

| ERCe O b du D)
0= E;_ = Z +k:IZ—Z’I(]3_'Z§TUiaan§+n+—|—dd3 D3-)|-nu) s (3133)
n=2 _+k;nzz(_lg3+m/\“ €3+n _‘_dmeS-i-nu)_
L[ Rt Gk
0= Lq_ = Z _;Izml,r(}BngTo.Zg n§+n++ Zg DB—)O—nu) (3.134)
e _—|—km (—ig3+iGry, 3+ + db D3+"“)_

The fact that these Lagrangian densities are null at each point of space-
time is due to their construction from (3.130) to (3.131). Moreover these
tensor densities are real because their imaginary part is null. We see this

for instance in (3.130f) which gives for n = 2 next taking the adjoint:

b
0 = n*lot(—id, — L

3+ 3wy, — 3h{%, + 3h{3, + myv,)n?, (3.135)

b
0 =00 otn® + n%ﬂ(f{ + 3wy, — 3h¥%, 4+ 3h{3, + miv,)n’.
Then subtracting we get:
0= —i(n*o"d.n + dun*torn?) = —id,(n*fotn?); 0=98,D3". (3.136)

The Lagrangian density E;r is a sum of twelve terms, with the same structure
as the four terms that we have in Chapter 2 for the leptonic wave. We



170CHAPTER 3. ELECTROWEAK AND STRONG INTERACTIONS OF QUARKS

may thus replicate what we detailed in[2:3.4] Since we used there only the
algebraic properties of multiplication in C'l3, we can easily redo with n™ what
we proved with n'. Moreover, " acts like €1, n3™ acts like ® and €317 acts
like £8. Thus the wave equations allow us to arrive at 0 = E;}‘, and moreover
the Lagrange equations, without any supplementary condition, allow us to
obtain for each left or right spinor the numeric real equations equivalent to
the wave equation expressed in Cl3. When we vary the Lagrangian density
in relation to the variables contained in 2, the gauge potentials introduce
no supplementary term. This comes from the mechanism described in
for the b potential, as well as for the other potentials, because w3 acts on n?
only by the term D3 . This is the same for the potentials of chromodynamics.
The h3, potential acts on n? only by the D% term, and h?, acts on the n?
term only by the D} term. About the antiparticles we may also use without
any change what we said about the electron in Chapter 1 and about the
lepton wave in Chapter 2. The only change in this passing to the “anti-
world” is the replacement of the 0, by —0, and the exchange of n and &.
The double link between the wave equation and the Lagrangian density is
totally conserved.

3.6 Energy-momentum tensors

Here also we again obtain what we learned from the Dirac equation and
from its extension to the lepton wave: the existence of not only one La-
grangian density and its associated energy-momentum tensor, but two ten-
sorial densities linked to two Lagrangian densities and associated with the
invariance of those densities under space-time translations. The Lagrangian
density E;}‘ is the sum of 12 similar terms. It is invariant under the space-
time translations; thus a conservative tensorial density of momentum-energy
is associated, sum of twelve densities: A conservative tensor is associated
to this Lagrangian density. This tensor is also a sum of 12 terms:

4
T:;(kleE - 2TR+k 3T3+” k”ﬂ;Tgm, (3.137)
T4 = R(=in™ o 0xn™) + dyn™ otn" (3.138)
Tl = R(—iE"TGHONE™) + d2\E"T5Hem, (3.139)
TEI”“ R(— it ot oy >t + d2 3nt gugdtn, (3.140)
Tpi™ = R(—ig 51 o,e3 ) + di e igretn, (3.141)

In particular for the T component we have:

4

70 — M 7m0 T + M p34n0 M _p3+n0 3.142
0 ;(kml L0+k:m kmg = L0 Jrkm4 o) ( )
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LO = R(=in" on™) + dyon" ", (3.143)
Tho = R(—ig™0eE™) + dpo™1E™, (3.144)
T3+n0 §R( Zn3+nTa 773+n) + dS 3+nT,’73+n (3.145)
T3+n0 ( Z£3+m‘a £3+n) +d4 £3+n1‘§3+n (3.146)

For a solution of the wave equation with an energy E of the whole wave we
have:

4
E m m m m
7Y — = ot 1Y enten o 10 34t 340 3+nte3+n
0 hc;[kmln M g & gt e
E m m m m FE
=— S¢ sS4 Sy S§u)0 = —J° 3.147
hc(k:m L+k‘ mo RJrkmg L+km4 #) he™ 0 ( )
4 4
i = Zn"* mSp = e sp =Y nttigttr,
n=2 n=2

4

S}% _ Z é-SJrnTé'SJrn7

n=2

naming J the sum current. The reason for the existence of a probability
current in quantum mechanics is again here the equality between inertial
mass and gravitational mass, which implies:

= [[[aus; /// Y (3.148)

As with the lone electron or the lepton wave we have two useful tensors
of energy-momentum instead of only one. The second tensor is the V' of
Costa de Beauregard [53] that is conserved from the invariance under the
translations of the Lagrangian density £, . This V' reads:

m m
V= — " T3tn —T3+" 3.149
nz2 k:ml m2 R + k‘m?, L k;m4 ) ( )

The dynamics of the quarks comes from the variations of the energy-—
momentum tensor. The calculation is similar to that for the lepton wave.
We have:

4
m m m m .
T = (0, T + — 9, TR + —— 9, Ty + ——9,T5™).
i nz::z(kmluL +km2#R+km3#L +km4#R )
(3.150)
With the first of these four terms we obtain:

auTE“ = auTzf\Lg)‘ = 8#[—i77nTaua)\77n + dl DTL;L] A
= [_i(vn")fa)\n” _innTa/\(vnn) + ((%di )an +d1)\a D"“] y (3151)
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And we have with (3.106) and with (B.94) and (B.95):

V" = —idin", (3.152)
0,D7" = @un" Moy + 0o (9un")
=i dhn™ — i Tdln" = 0. (3.153)
That gives:
— (V™) oan™ — in"Tox (V") (3.154)
= "o — 0" (Oady )™ — n"Td,0nn")
= —0xd,,, D}". (3.155)
And we then get:
QTP = (Oudhy — Oady,,)DT o™, (3.156)
Similarly we next obtain:
QTR = (0ud2y — Ond2,)D'0?, (3.157)
8 T3+n# (6 dn)\ a)\dnu)D?Z&-n/ta}\’ (3.158)
(3 T3+nu (8 d 8>\diu)D?1’3+nH0'>\- (3.159)
With: .
g —Zd’“ J, =) (D} +Dp), (3.160)
n=2
we get:

m

g — | s Ougn — 3A9/5)SZ: + T (00X 8,\9,3)5% ot (3.161)
" i (0493 — Ongp) ST + 1 (095 — Oxg) SE'

We are thus able to separate the forces acting on the whole wave into a part
acting on the d quark and a part acting on the u quark. For the d quark
we have:

m m
0,1 = [W(augi - 5A9;1L)Sgﬂ + 7@#93\ - aAgi)Séﬂ]aA'

162
Fmia (3.162)

And similarly for the u quark:

m UL m uL
3MT5=[%(8M9A dg;)S ‘+k—m(8ﬂgA Ongp)SHor.  (3.163)

And we get:
~b 4 3w} —3h%§+3hﬁ
gt =di+di+dy = —§+3w3—3hd5’1+3h
—b 4 3wi —3n% +3h%§
= [— 2B+ 2%(D} —~D? +D¢ — D} + D —D‘i)} (3.164)

= [~ 2B+ 225 - s
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Between the first and the second line the potentials of chromodynamics
completely disappear. This implies that there are no strong forces for a
wave of quarks that equally contains the three color states. And this is well
known in nuclear physics where there are no stable states formed by three
d quarks or three u quarks with color r, g and b.

Above all this result means that the proton or the neutron is a single
wave containing the three colored quarks. We will now see that it is this
single wave of the proton or the neutron which has a quantized kinetic
momentum, not a lone quark.

3.7 Quantization of the kinetic momentum

We may again use what we have shown in Chapter 2 for the lepton wave.

First we have instead of (2.263|):

4 - m n mn n m nfi= mn n
Vi'= Z R { ; m_l(z’fﬁn;%ii%zn ~ @%E?ﬁlmig 3+n
o _Z(mn atdp\"n = msS oldp\"Er)
(3.165)
We have twelve fields of spinors, six left and six right ones (and some of
those spinors may be null) instead of the four of the lepton wave, but with
very similar properties. Now we let:

on=n" ean=E&", n=23,...,7T. (3.166)
Next, as in (2.268)) and (2.270)):
dpg = qﬁ?&ui
N 4 00" = Mn™; €+ 5¢" = Men. (3.167)

We then obtain as in (2.273)) to (2.276)):

=" st =0 gh = 0" g = oL
o =ior D g =i g =0y gy = i (3.165)
g =St = o = o =
St = z’ol%n; oot = wz%n; ot = oy 56:; ot = z%n (3.169)

Hence we always have (2.277)) to (2.281)), without other changes than the
replacement of the Lagrangian densities from the lepton wave by those from
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the quark waves. We now get:

oL~ 1 m —1q m i
we_ = ga Y ot o Y n_ s " entapf D) en
J7 a(aﬂ¢a)¢7 nz_:z[lkmln a ( 2 )77 ka2§ o (2)5
. m 3+nt __p ;Z 24+n m 3+ntap 3 3+n
g (2 )n i &8 (2)5 } (3.170)
With (3.147)) we thus obtain:
. 1rm _4 m 4 m m 1
i u wl==J . 171
7 2 {kml S1+ kmo Sk + kms S+ kmy SR} QJ‘I (3.171)

Thus (3.148)) gives:

///dvigzhc; ///d@jfzgc///dwg:;i. (3.172)

This gives the quantization of kinetic momentum of the proton or the neu-
tron. This satisfies all known properties of these two kinds of particles. The
quantization of kinetic momentum is thus for the electrons and also for the
protons and neutrons, a direct consequence of the wave equations of these
particles and of the form-invariance under the extended group CI3.

This quantization of the kinetic momentum, not for each of the quarks
separately but for the whole proton and the whole neutron with their three
colored quarks, has a very well-known experimental consequence: it is im-
possible to move a lone quark outside a proton or a neutron. In spite of
the fact that they are made of several quark waves, only the protons and
the neutrons may have the individuality of a particle. The reason is that
a proper kinetic momentum is always an integer multiple of de h/2. Only
objects that we can individually detect in any physical experiment are those
which have a kinetic momentum multiple of %/2. . That kinetic momen-
tum is an even multiple of i/2 in the boson case. We can get 3f/2 for any
hadrons of for states with 5 quarks. But the kinetic momentum cannot be
smaller than %/2 and this minimal kinetic momentum needs three colored
quarks, not only one.

We recall that the quantization of the kinetic momentum is the origin
of Heisenberg’s inequalities (see [61]). These inequalities thus apply to or
neutron. The fact that quantum mechanics works similarly for an electron,
a proton or a neutron gives the same “fundamental particle” character to
these objects, and seems to question the quark model which is at the core of
the Standard Model. Nevertheless it is the wave of a quark that is similar
to the wave of an electron, not the wave of a proton or neutron. Once again,
all that supports the Standard Model.

3.7.1 Case of the lone proton or the lone neutron

The proton is made of two u quarks and one d quark. Since the color
of the different nucleons does not add, the Standard Model says the proton
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(or the neutron) is color neutral. We may then suppose, for instance, that
a proton is at a given instant made of a w, quark, a u, quark and a dy
quark. From our previous calculations the proton is then composed of only
six non-null spinor waves: L*, L%, L5 and R*, R®, RS, all other spinor waves
being exactly null. The J, and J currents are thus the sum of only six
spinor currents instead of the twelve possible currents:

J, =D} + D} + D¢ + D% + D%, + DS, (3.173)

The Lagrangian density of the proton hence comes from ((3.133)):

m . 'm m . ~ 4
0=L"T = (—in*Tor0,m* + d}wDL’ )+ T (—i£" 51 0,8" + dip.DRu)
3 Cain " 34n
+ g (i e Dyar T di“DL; ) (3.174)
= tEm (—ig¥tTGHa, 3t + diuDRer) 7

where d¥ is taken from (??), in which we replace n by 4 for the calculation
of d* and d?, and we consider only n = 2 and n = 3 for the calculation
of d®> and d*. The same restrictions on the indices must be done in the
calculation of the energy—momentum tensors and the kinetic momentum
tensors, as well as in the calculation of the forces of inertia. The only part of
the calculation that changes is in where the square brackets include
only one line instead of three. And the u quark uses two of the three lines
of the square brackets. And it is the sum of the three lines that disappears,
this comes from dimension 8 and not 9 of the group of chromodynamics.
Strong interactions do not then disappear for a lone proton.

The case is similar for a neutron made of a u quark and two d quarks.
There are also six non-null spinor waves, for instance L%, L3, L7 and RZ?,
R3, R7. The quantization of kinetic momentum applies to both proton and
neutron — this is in accordance with particle physics. Protons and neutrons
were discovered many years before the hypothesis that they are made of
three quarks linked together by the forces of chromodynamics. The main
problem of this hypothesis is the confinement of the quarks, the practical
impossibility to bring a quark out of the bags that are mesons and baryons.

The previous calculation explains this confinement: the quantum of ki-
netic momentum exists for a proton made of three quarks or for a neutron,
not for an isolated quark. This quantum of kinetic momentum exists also
for a lone electron, a lone neutrino, or for an electron—neutrino pair. If a
lone quark was able to get a quantum of kinetic momentum it should be
possible to push this quark out of the bag, but there is no kinetic momen-
tum lower than h/2. Particles accelerators use electrons and protons which
each have one quantum of kinetic momentum. The only objects that the
collisions can produce also have a kinetic momentum n#/2, where n is an
integer that may be null if the object (a meson) contains two opposite f/2
spins. Actually this quantum of kinetic momentum also explains another
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restriction: we never observe a left neutrino alone just as we never see a
quark alone. We see a left neutrino only with a charged particle when and
where they interact, or with a right neutrino, or with both a right neutrino
and an electron or another particle with an electric charge. It is also de-
tectable when its left wave is joined by a right wave or both a neutrino right
wave and the wave of a particle with an electric charge. But the complete
neutrino, which we may also call magnetic monopole, has a quantum of
kinetic momentum and can then be considered as an observable particle.
And there is already some evidence of its being observed [36], 51, 52} 88].

3.8 Preference for left waves

Since the P transformation P : M — M is an automorphism of Cl3, the
ring End(Cl3) = Cl3 3 contains the subring of all terms such as:

L Pl 0 . _ ¢e 9
U= (0 Pl)’ P = (0 ¢) (3.175)

Since the transformation P : M s M is an automorphism in Cls, the ring
End(Cl3) = Cl3 3 contains the sub-ring of all the ¢.. This subring may be
considered as Cls, thus Cl3 is a subring of End(Cl3) and the operations
of the Cl3 ring are a particular case of the operations on End(Cl3). The
result is an identification between the wave of first quantization ¢, and the
wave ¥ of second quantization (an operator). Now Cls is also isomorphic
to the even subalgebra Cli3 of Cly 3 which is the set of all Py = a+ A +(i

of (B.95). We detailed this isomorphism in . With A = &+ ib we

have P; = a + a + ib + (i whose self-adjoint part is a + & Quantum
mechanics included space-time in this framework by setting x = x*o,, (see

, which gives
det(x) = ()% = (')? = ()* = ()% (3.176)

This automatically introduces the + — — — signature for space-time. It
is the main reason for preferring Cl; 3 to Cls ;. This other algebra could
be still more important since Cls 1 = My(R) is the Majorana algebra. And
End(Cl3) = Ms(R), each 8x8 real matrix comprising four 4 x4 real matrices.
Starting from the four v, of which generate Cl 3, the four iy, generate
Cl3,1. The even subalgebra Cl3; is thus the set of all

Pi=a—-A+(i=a—a—ib+(i (3.177)

Hence for space-time as the self—adjoint part of Cls, the passing from the
CZ 1.3 version of Cl3 to the C’l 3,1 version of the same Cl3 induces a transfor-
mation from o + & to o — &, which is the P (parity) transformation. It is
the use of C’ll,3 and the non-use of Cl3,1 in Chapter 1 and Chapter 2 that
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fixes the preference for one of the two possible orientations of space, by the
identification:

¢e € Clz =t € Clf 3 =¥ € End(Cl3)]. (3.178)

This identification explains why second quantization may use all the results
of first quantization in the electron case. The use of Clj 3 both for the
electron-neutrino wave and for space-time, as required by the determinant,
leads to the use of V.. And the left wave is the left column of ¢.. Next
there are two gauge invariances, the electric gauge generated by the 2-vector
o201 = —iog and the chiral gauge generated by the 3-vector i. Under the
electric gauge t/h\e left wave L. rotates like ¢, the right wave R, rotates like
@e, and since 103 = ioz thus R, rotates like Le. Since L(—io3) = —iL, L,
rotates with opposite angles under the electric gauge and the chiral gauge.
This results in the equalities of the coefficients of B for the left waves, seen
in [2.2] in the lepton case and in in the quark case. Next the value
sin(fw) = 1/2 in comes from the fact that A is the electric gauge
potential. And this implies in the suppression of the only term

—8 =8 . - . .
gAL . The term ¢AR is not suppressed. This is the origin of the “maximal
parity violation” in weak interactions.

3.9 Wave equation with real values

Until the invention, a century ago by E. Schrédinger, of his non relativis-
tic wave equation of the electron, the complex number played, in physics,
only the role of simple computational convenience. The end of the calcula-
tion ended always by a return to real quantities. It is with much surprise
that Schrodinger understood that it was impossible to do without the i that
he had introduced into his wave equation. We started in

We previously wrote the Dirac equation with the Pauli and Dirac
matrices . The i present in op and in the components §; and n; may
be replaced by a real matrix. We yet used that in

(0 1N e (ay =by e —d;
z.—<1 0>,§J—.aj+zbj—<bj aj),nj—.c]—i—zdj—(dj ¢ )

0 0 0 1
—1 o 0 -1 0
02 = ( 0> =02 = 0 -1 0 0 = Y0135, (3-179)
1 0 0 0
0 o2 0 -0 0 —Y0135
= — Ay = = . 3.180
2 (—02 0) 2 (02 0 ) (70135 0 ) ( )

We remark a change of sign in Ay compared to what should be awaited
from v, matrices, corresponding to a change of the space orientation when
we use real matrices. The A; matrix and the five other A,, a =0,1,3,4,5
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matrices are generators of the Mg(R) algebra studied in The Dirac
equation (1.2]) becomes [16]:

0= [A"(0, + qAuAs5) + mAys|¥; Ags = (781 ,}21> , (3.181)

al C1

3 b1 dy
=(3); €= L= . 3.182
(5)se=[o]in= |0 (3.152)

ba ds

Multiplying on the left side by As4, and using the commutation of this term
with each of the four A¥, the Dirac equation reads:

0 = [A*(As548,, + qA,) + m]0. (3.183)

Instead As4 there are two terms, only two, which can play the same role:
Aog1234 and Agi1235, and that gives two similar wave equations:

0 = [A*(Ao12340, + qA,) + m]¥, (3.184)
0= [A”(A012358M + qAH) + m}\Il (3185)
That matches what we observe in particle physics: two objects, similar and
nevertheless different from the electron, which are the muon and the tau.
Notice the difference with the electron, for which the number of indices in

A5y is even, while for the two other ones the number of indices in Agi234
and Agi23s is odd. The tensorial densities to the wave become:

dind = ﬁAind\I’, ﬁ = ('I]t €t) (3186)

And since the rewriting of the n X p complex matrices into 2n x 2p real
matrices conserves the operations and transform the complex adjoint matrix
into the transposed real matrix, we get with the notations of [A-4}

¥ = 2(&101 + bidy + azeo + bgbg) =, (3187)
UAMY = ihyHep = D}, (3.188)
WAHAY A5 W = piytyyp = SEY, (3.189)
WA"Ag12345¥ = KM = Df, (3.190)
WAg123W = Q; Q + i = pe’’, (3.191)
The above 16 = 1+ 4 + 6 4+ 4 + 1 tensorial densities, as we saw in |1.3.2] are
among the 36 = 9 x 8/2 possible densities which exactly correspond to the
36 generators of Cls 3 = Mg(R) with a I3 square. Besides Dy and D3, two
other vectors exist, defined in [1.3:2] which satisfy:
D = ¢01¢" = Dfo,; Dy = ¢o26" = Dy,
DY} = WAHA;¥; DY = WA*ALT. (3.192)
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Similarly the 6 components of the bivector S are among the 18 = 3 x 6
densities, defining three similar bivectors:

Sg = d)O’ga = 5330'1 —+ S§102 —+ S§20'3 —+ Séoidl —+ Sgoidg —+ Sgoigg,

SEY = WAFAY AysT, (3.193)
S = ¢oi¢p = Sf?’al + S?lag + 5%203 + Slwial + Sfoiag + Sf’oiag,

S = WAFAY A5, (3.194)
So = ¢poog = 53301 + 55’102 + 521203 + Sgwiol + Sgoicrg + Sg’oiog,

S = WAFAYALD. (3.195)

The relativistic invariance has here a slightly different form in comparison
with that using complex matrices. We just associate to each M in Cl3 the
4 x 4 real matrix M, and to the 4 x 4 complex matrix N the 8 x 8 real
matrix N such as:

M 0
N = =) ¢ =Me; ¢ =N 3.196
(0 M), ¢ = Mé; ' = N, (3.196)
a; —by —co —do
_ (ot —eptidy) _ b e da -
_ (az-‘ribz o1 —idy > M= |G 2 G
b2 a2 _dl C1
M 0
! /
I i) Y= 1
V=N N (0 M)’ ¥ =N¥ (3.198)

We must ensure here to distinguish the 4 x 4 real matrix M above to the
4 x 4 real matrix R in (1.36]), which is quadratic compared to M. We recall
the form that takes the transformation of space-time variables:

x' = MxM'; x= xto,; x' =x"o,; X' = REXY,
V =MV'M; V =0"d,; V' =0"dl,; RLD, =0,. (3.199)

w

That gives, with space-time algebra and with the real matrices:

v N (M0 N
REAY = NAMN; N = ( Mt) . AM9, =NAON,  (3.200)
x = x"A,; X i=x"A,; x' = NxN'. (3.201)

We may easily go from the Dirac equation to our improved equation by
using the Yvon-Takabayasi angle in the mass term and by replacing the
proper mass by the following mass matrix:

0 = [A*(Assd, + gA,) + e PAorzm]@; m = (%4 iy > . (3.202)
4
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Chapter 4

Gravitation

The space-time manifold of general relativity is a submanifold
in Cl3. The connection of this manifold is calculated both from
the quantum wave (gravitation) and from the invariance group
(inertia). Equations of the gravitational field are equalities be-
tween two affine connections. The i which defines the orienta-
tion of space belongs both to the invariance group and to the
gauge group. We generalize the form-invariant derivative. This
derivative simplifies the weak interactions part for quark waves.
We study the double link between wave equations in the usual
form and form-invariant equations, its consequences on the con-
servation of currents, and the homothety ratio. We show the
compatibility between gravitation and our results for the energy—
momentum and kinetic momentum tensor densities. Instead of
propagating in a linear configuration space, the fermion wave
propagates in the space-time manifold. The duality between Lie
groups and Lie algebras, applied to space-time in its entirety, ex-
plains the arrow of time, gives a beginning of explanation for the
resolution of the EPR problem and justifies an expansion of the
universe with a recent acceleration of the expansion.

The space-time manifold of general relativity was naturally thought of
as a pseudo-Riemannian manifold based on properties of the space-time
pseudo-metric. With our choice (1.4) of matrices we have:

0 x
x :=xty, = <§ 0) ; x =xMoy,. (4.1)
With (1.36)) The R similitude defined by the dilator M satisfies:
X' = MxM'; % = MxM; M'=M; M= M, (4.2)

181
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, (0 X\ (M 0 0 x\ (M 0

X_(sz' 0>_<o M)\x o/\o wmt) (43)
- M 0\ ~ (M o0

. : = —~ | =

x' = NxN; N := (0 ) N (0 MT>' (4.4)

The electron, in the tangent space-time at each point of the space-time
manifold, has a wave following the improved Dirac equation described in
Chapter 1. The set of N is the even subalgebra Cl 5, isomorphic to Clj.
The Dirac theory restricted M to SL(2,C) (wrongly, as we saw in [L.1.2),
which implied:

det(M)=1; M~' =M, (4.5)
Vo =0"0,6=MV'M¢p =M 'otM19,6 =Mo" M "1R"0,
0¥ =M~ o' RY(MY) Y o RY = Mo M'; 4R, = Ny"N.  (4.6)

This calculation is valid as long as M is a fixed term. But the last relations
(one relation for each value of v), are carelessly used even in the case of a
variable M. Moreover the N matrix is generally supposed to satisfy:

1
N =exp [Z 9‘”’0@1)}; Oab = 5(VaWo — WYa), 07" ER. (47

2
a<b

But in the previous calculations the similitude R is completely different
from the dilator M. And even if M belongs to SL(2,C) the Lorentz trans-
formation R is not the Pauli matrix M. Next may unhappily be false:
with M = —1 + 01 + i02 we obtain:

iT—0g01+010
o1 +a10s 4.8)

M = —exp[—(01 +i09)] =€
N = T001023+001+013 _ eﬂ'(1+21€)0‘010‘23+0‘01+0‘13’ = (49)

Thus any calculation based on forgets the periodicity of the complex
exponential function, mathematical reason of any wave motions. We hence
must adopt a more serious approach, which we now develop.

The quantum wave studied in the three previous chapters introduces a
major change with the inclusion of space and next of space-time in Cl3.
The first inclusion, that of space, was implicitly realized by Pauli nearly a
century ago. The inclusion of time, with the Dirac equation, was also very
much implicit. The pseudo-metric of space-time reads:

|[x]|? = det(x) = xX = xP(x). (4.10)

where P is the parity transformation. And that is very different in com-
parison with the approach of Riemann geometry: this geometry generalizes
the study of curves and surfaces of the Euclidean geometry of the physical
space. ||x|| gives only a pseudo-norm since det(x) may be positive, zero or
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negative. Moreover a determinant is not a symmetric bilinear form but an
antisymmetric one. And the parity transformation is directly associated to
geometry by (4.10). We encountered in the first chapter another important
relation

Dy: X x=0¢Xo

defining the general element X of what we termed “invariant space-time”.
Since det(AB) = det(A) det(B) and since the M, element of GL(2,C) was
defined in (1.160) as ¢ = \/pe’?/2M,, we have:

det(x) = pdet(X). (4.11)

We saw that for each important solution used in the Dirac theory, p = p(x)
is nonzero everywhere. And since no observer can travel on the light cone,
x satisfies det(x) # 0, we will then make the hypothesis that det(X) # 0.
This means that X belongs to the Lie group Cli and the set of X is the
self-adjoint part of CI3, satisfying X = XT. The determinant of a product
is the product of determinants; thus the relation between X and x implies
that x also has a nonzero determinant: this means that the set of x, which is
the space-time manifold, is itself the self-adjoint part of the Lie group CI3.
Whitney’s theorem indicates that any 4-dimensional manifold, whatever
its differential structure, may be included in R®, and Cls itself, locally
isomorphic to R®, is a Lie group S-dimensional on R. Consequently to
det(x) # 0, space-time geometry does not need Cls itself (isomorphic to
R® as a manifold), geometry instead needs the Lie group CI3 itself, which
is an 8-dimensional separate manifold having Cl3 as its Lie algebra.BSince
it is a Lie group, each point is locally identical to the unity point x = 1.
This unity point, as any one, means an event: “I am here, now”. At any
point-event, a tangent space-time exists, where this event “I am here, now”
becomes the zero point of the Cl3 Lie algebra of the Cl5 Lie group. Since
distances are given by the determinant and since this determinant is not
null, by definition of CI3, the light cone of each point-event is a subset
only of the tangent space-time at the considered point-event. This tangent
space-time must be distinguished from space-time itself, because the tangent
space-time is itself a flat space.

We saw in [I.1.2] and that the invariance group G generalizing to
the relativistic case the invariance group SU(2) of nonrelativistic quan-
tum physics for the particles with spin 1/2, may be, without any difficulty,
extended to the GL(2,C) group, which is the group of all 2 x 2 complex
invertible matrices. This group is isomorphic to the Cl; group, consisting of
all invertible elements in the Cl3 algebra. This algebra contains the group of

1. The Riemannian geometry uses a metric. That automatically induces the separa-
bility of the topology of the manifold. But the pseudo-metric of space-time geometry
induces just as automatically the non-separability of distinct events at a null space-time
distance. The inclusion of the whole space-time ensures the condition of separability,
essential to may use the general results of differential geometry.
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its invertible elements, and moreover it is the Lie algebra of this Lie group.
The difference between the dilator M and the similitude R generated by this
dilator is the same as in the particular case of a Lorentz transformation: the
dilator group is a 8-dimensional Lie group while the similitude group is only
a 7-dimensional group. The kernel of the homomorphism f: M — R is the
1-dimensional group made of M = €', where x is any real number. The f
function cannot be invertible: no way exists to define M from R. It is the
true reason explaining why Cls is the most important linear space that we
use here and why C13 is the most important Lie group used in this Chap-
ter. It is so because it is impossible otherwise: the isomorphism between
GL(n,C) and C1, as Lie groups, has properties which exist only in the very
particular case n = 2 and p = 3.

4.1 Differential geometry

4.1.1 Gravitation from the quantum wave

All differential operators that we used in previous chapters are built from
the V = 0#0,, operator of the Cl3 algebra. The operator 8 = "0, used by
Hestenes depends on V (see since, as space-time algebra is a modulus
on the Cl3 ring, we have:

d=(0 V). (4.12)

The Hestenes’ space-time algebra is thus only a possible tool for calculation,
but the simpler use of Cl3 is always available. We hence use here only the
Cl3 algebra. We go from the operator V that operates in a neighborhood
of the event x = x*o,, to the operator V'’ that operates in a neighborhood
of the event x’ = x'*'c,, by:

X' = R(x) = MxM'; V =MV'M; V' = 0"9,. (4.13)

We recall that o, u=0,1,2,3 are exactly the same when writing either x
or x’, and likewise for V and V’ E| We also explained in how the ¢ wave
of the electron defines at each point-event a similitude:

Dy: X = Xto, = x=¢X¢' =¢X"0,6" = X"D,, (4.14)
D, = D!, = ¢a,¢'. (4.15)

So the ¢ function describes the inclusion of the space-time manifold into
the 8-dimensional manifold, seen from our included manifold. The function
¢ is all that may be perceived from our space-time manifold.

We saw in and in [3.9] that the four D,, v = 0,1,2,3 vectors form
an orthogonal basis of space-time (but not an orthonormal basis), at each

2. The fixedness of the o# comes from the fact that the four matrices (1 4+ 03)/2 and
(01+i02)/2 constitute the canonical basis of M3 (C) and are thus intrinsic in the GL(2, C)
group.
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point-event. To the Cartan’s mobile basis (Do, D1, D2, D3) is thus associated
an affine connection. These vectors are calculated in[A.4.20 We recall that

we have:
pe’ = 9§ = det(9); pe* = 4o,
D,-D, =0, u#v,
pQZDO'DOZ—Dl-Dl Z—D2~D2:—D3-D3.

This connection calculated in was first studied in [21]. We let:

0
% = 5xv
dD, =T/ ,dX"Dg.

=Dl0,; dx =dX"D,,

If p # 0 we have:

dx = dx"o, = Djo,dX" = D,dX",
D, = QSUVQST = Dﬁau y Op = (D_l)ﬁDﬂ‘

Now we use the similitude D such that:

D(x) = ¢x¢.
We have:
Do D(x) = DIB(x)] = ¢3xde’ = pe'xpe= = px,
Do (p~2D)(x) = x,
D1 (x) = p~*D(x)
And we get:

dD,, = 8,(D,)dX" = 8,(D,0¢)dX" = 8,(D},)ocdX"
=8,(DS)(D 1), DpdX” =T%,DpdX".
Therefore the connection coefficients are:
B _ 3 —-1\B . _ D7
I, = 0,(D;,)(D )E ; 8, =D]0;.
By using the D similitude we get:

_ —B .
I, =p28,(D5)D; ; 9, =Do-.

Since ﬁg = D§ and 5? = —D}, we have:

Fgu = F}V = Fgu = ng = al’[ln(p)] = Dﬁaﬂ [h’l(p)]

(4.16)
(4.17)
(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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Since 5% = —DY and 55 = D}, we have:
rf, =19, j=1,23, (4.27)
Iy, =-T% , j=1,23, k=1,23, k#j (4.28)
A complete calculation of the connection needs the following quantities:
Sk: = ¢U/€$7 (429)
VS,
S Sy = — 4.30
(k) +Z (k‘) det(qs)-r’ ( )
AS]
Al = ———— 4.31
A(k) + ZA(k) det(¢)T ) ( )
1 ~ ~
r = 5(V)8! — 0"50,01), (432)
o T
= —Q. 4.33
T +4T dot(9)] (4.33)

The tensor 7 is Durand’s spin density [15, 53]. Using our improved wave
equation of the electron, we obtain in [D.4}

F?u =D, [Sq) — 2¢A )] + 2mp5,2“ ( )
9, =Dy, - [S2) + 2¢A)] — 2mpé ., (4.35)
9, =D, - Ss), (4.36)
I3, = =Dy - [Shy + 2¢Aly)] — 2dpd,, (4.37)
I3, = =D, - [S(y) + 2¢.Ay)] + 2dpdy, (4.38)
T3, = =Dy - [S(s) + 2qA] — 2mp6;, + 2dp5;,, (4.39)
[0, = Dy~ [-2T +2qA(y)], (4.40)

where ) = 1, (5? = -1, =1,2,3 and 4, = 0,0 # v. The very particular
role of the index 3 in the Dirac equation of the electron is still very visible in
these relations. For the second or the third generation it is enough to make
a circular permutation of indices. So a particular index, 1 or 2, is thus also
visible. The connection is not torsion-free, and the proper mass is linked to
this torsion: this is the reason to think of this connection as yielding grav-
itation. Moreover, the mass term mp, and thus also Christoffel’s symbols,
have the physical dimension L~! of a radius of curvature. We may thus con-
sider that the link between mass-energy and geometry is not made
with the curvature tensor, but directly with the affine connection
and the torsion of the space-time manifold. This is a generalization
of Einstein’s attempt at a space-time manifold without curvature and with
torsion to account for both gravitation and electromagnetism [68].
With the plane wave we obtained in [I.5.3}

O =¢oe ¥ p=mgvat; v=otv,, my= VIr. (4.41)
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where the reduced velocity v and ¢ are fixed terms. We obtain:

¢ = 0”3u($oe“””12) = _mgWEUlz-

That gives:

~

5~
¢ = 615V¢m7a

which implies that:

vé:l—l—x?z; vo=V1+v2
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(4.42)

(4.43)

(4.44)

(4.45)
(4.46)

which is the relativistic relation for the reduced velocity of a particle. We

also get: _ 4
pe'? = det(p) = det(¢p) det(e™) = det(ep).
Therefore p and 3 are fixed. It is the same for:
Do = dod} ; D3 = poosdy.-
The D; and D vectors, on the contrary, are variable. We let:
dy = ¢oo10) i do = P00,
which gives:

D; = cos(2¢)dy + sin(2¢)da,
Dy = —sin(2¢)d; + cos(2¢)ds.

As Dy and D3 are fixed we get:

8,(D§) =9, (D§) =0
Iy =18 =o.

With D; and Dy we obtain:

9-(DY) = 0, [cos(2p)dS + sin(2¢)d5] = 2myv, DS,

9, (DS) = 0, [—sin(2p)d5 + cos(2p)d5] = —2m,v, DS,
d,(D%) = D79, (D) = 2m,D7v,.D§ = 2my(D,, - v)DS,
d,(D5) = D79, (D§) = —2m — gD7v, DS = —2m,y(D,, - v)DS.

(4.47)

(4.48)

(4.49)

(4.50)
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Then we get:
1
D, -v=-D, -Dy=ps’. (4.55)
p
Thus we have:
F?l = F'fz = F?s = Fgl = ng = F§3 =0. (4.56)
And we get:
2m —B 2m —B
Ffo = TQDng ; 1“50 = _TQDiDga (4.57)

which gives:

2 2 _ _ _ _
2, = TZQ D§D; = %(D%Dé +DID’ + D2D. + DiD))

- 27/’:9 (—DID3 + DD} + D3D3 + D3D3)
- 27:9 (=Dy - Dy) = 2myp. (4.58)
We also have:
o, — 2%(DQ D) =0,
I3, = 2%(—DQ .Dy) =0,
Iy = 2%(—D2 -D;) =0. (4.59)

Similarly for the I‘go we get:
Do = —2myp ; 9y = I3 =I5, =0. (4.60)

To resume, among the 64 Fﬁu terms, 62 terms are zero. Only two terms are
not zero:
I%, = —T35 = 2myp. (4.61)

Therefore the torsion has two fixed components:

1

g(rfo - F(2)1) = Mgp, (4.62)
1
§(F%0 — Do) = —mgp. (4.63)

As the nonvanishing Fﬁy terms are all fixed, the curvature tensor cancels
out. We thus see that, for the improved equation, the manifold linked to
a plane wave is without curvature but with a fixed torsion, and the mass
term is proportional to this torsion.
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4.1.2 Connection linked to the invariance group

We must now consider four kinds of spinors which vary with four differ-
ent manners in the similitudes induced by the extended invariance group:
the Cl5 = GL(2,C) group has four kinds of nonequivalent representations.
So in addition to the invariance of what do not change (for instance the
the Lagrangian density), we get no less than six kinds of variance: the con-
travariance of vectors transforming like x, the covariance of vectors trans-
forming like V, and four kinds of spinors that we encountered in previous
chapters:

X' = MxM'; vV = MV'M = Mo" M), (4.64)
R™=MR" L' = ML", n=1,2,3,4, (4.65)
R4tn = RY0L DA = LY, = 1,2, 3, 4. (4.66)

Differential geometry studies what happens in the neighborhood of a given
point-event. That induces to consider in the neighborhood of x a dilator M
which differs from unity only by an infinitesimal. We thus let:

M = 1+dx“(a2+allt01 +ai02+aia3+aiial —l—aziag—l—aﬂz’ag—i—ali)7 (4.67)

where the aj;, for p =1,2,3,4 and n = 0,1,...,7 are 32 smooth enough
real functlons of x, and dx* are increments of x at this point-event in the
relevant local basis. This gives:

Mt =1+ dX“(aO + a101 + a202 + a303 — afio’l aizag — a620'3 — aZz),
M =1+ dxH( 2—ai01 —aiag " 03—|—a 101 +a i09 +a ZUg—CL;Z),
M =1+ dx*( 2 —al 401 — a202 — a303 — a4wl — a5wg —ab ui03 + aLz)

(4.68)
We also have:
MM = det(M) = 1+ 2dx"(a)) + ia],), (4.69)
det(M~") =1 — 2dx"(a)) + iaj,), (4.70)
M= Mdet(M™1), (4.71)
=1+ dx“(—aﬁ + aial + aiog + aiog + aﬁiol + aiiag + aﬁiag — aZi),
M- =1t (4.72)
=1+dx"(— a +al 401 +a oy +a O'3—GiZO'1 —a5Z02—a6ZO'3+CLZ ).
The similitude R defined par M changes x into x’, such as:
x' = R(x) + dx = MxM" 4 dx, (4.73)

x0 = x0 4 dx° +2(a)x” + a\x! + a’x* + a)x”)dx", (4.74)
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X' =x! +dx! + Q(aixo + ale + aix2 - aix?’)dx”, (4.75)
X2 =x? a4 2(aixo - aﬁx1 + a2x2 + aﬁx?’)dx“, (4.76)
X? = +d® + 2(aixo + aix1 - aﬁx2 + azx?’)dx“. (4.77)

Since Christoffel symbols I‘g7 are defined as:

X% = x% +dx“ + ngxﬂdxy, (4.78)
we thus have:
1“8” = r}u = rgu = rgu = 2a)), (4.79)
1 0 2 0 3 0 :
Iy, =TY,=2a,; TF, =09, =2a; Tj, =T3, =2a), (4.80)
rgu = —rgu = 2a;, ; rg’u = —rgu =24, ; r;u = —rfu =2af,. (4.81)

So the connection defined by the I'g., symbols depends only on 28 of the 32
real functions contained in the dilator M in . The four az are neces-
sarily absent in the connection, because they are factors of the i generator
of the chiral gauge [21] [23] which belongs to the center of the group, which
comes from the commutation of this ¢ with any element in Cl3. Differential
geometry cannot perceive these aL! Einstein thought that something was
lacking in the physical theory for the integration of quantum physics into
classical physics. The four parameters that are lacking in the geometric part
of the connection are not lacking in the spinor part of differential geometry.
Thus something was actually lacking, only not where it was expected.ﬂ The
equalities (4.79) to (4.81)) have the same structure as the equalities between
'3, in @p to q4_%§|) The construction of General Relativity by Einstein
stated from an equality of structure similar, between gravitation and inertia.
Identifying the curvature tensor of the space-time manifold to the density
of energy—momentum, Einstein equated that identity of structure. His con-
struction did not satisfy his aesthetic research of physical laws: That was
putting together a very nice geometrical object, the curvature tensor, and
a very badly assembled object, the energy—impulse density, where it was
possible to put anything and everything. He thus searched for a theory in
which the two sides of his equations should have the same geometric value.
He especially studied a manifold with torsion [IT3], our approach is thus in
the continuity of his research.

The curves and surfaces studied since Euler with the tools of differential
geometry are the objects from which were defined the manifolds. Those
manifolds are orientable (or not), they have a boundary (or not). We may
think of the space-time manifold as a hyper-surface (with 1+ 3 dimensions)
in that 8-dimensional group, presenting a boundary (the light cone) and

3. This number, 28 = 8 7/2, is also the dimension of the SO(8) group of the rotations
in Cl3. And 36 = 64 — 28 = 8 x 9/2 is the number of densities that can be constructed
from the electron wave [16].
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two faces: we may see the hyper—surface above (that orientes the manifold)
or below (with the other orientation). That explains the difference of orien-
tation between the calculations of Chapter 1, based on the systematic use
of quantum numbers in the geometry of space-time and the ¢ wave, and
the calculations in [3.9| using only real quantities. But if we may distinguish
two faces, the space-time manifold remains single, with only one connec-
tion. That is why we may only identify our two connections, with the 64
identities:

r;, =13, (4.82)
We may group those equations in 7 = 28/4 equations:
2a, =TY, = Dy, - [S(1) — 2¢A2)] + 2mgp6,, (4.83)
2a7 =T9, = D, - [S(2) + 2¢Aq1)] — 2mgp6,,, (4.84)
2a;, =13, = Dy, - Sz), (4.85)
2a;, = T3, = =Dy, - [S(1y — 2¢Al»), (4.86)
2a;, =T}, = =Dy, - [S() + 2¢A()), (4.87)
2a5, = T3, = =Dy, - [S(3) + 2qA] — 2m,pdy, (4.88)
2ap, =T, = D, - [-2T + 2q.A3))- (4.89)
We again see clearly seven a”, n = 0,1,...,6 vectors, with a” lacking.

These vectors will be called inertial potentials. These 7 equations may be
considered the gravitational field equations.

Vectors transforming like are called contravariant. On the other
hand, covariant vectors transform like V:

V = 0", = Mo"Md,, (4.90)

with always the same o#. These relations, demonstrated in [A15] do not
place the 8L operators behind M but before, because M is taken to be
constant. Nevertheless for a variable M, it is that is proved in
because the proof only uses algebraic properties of partial derivatives. That
gives:

Vo = 0“8“5 = MU“M@L@;
= Mo*[0,,(M) — (9, M)d). (4.91)
And we have:
(@, M)M ™'+ M@, M~') =8, (MM~1)=a,(1) =0,
8,M = —M(9,M *)M. (4.92)
If we defined the D derivation as

D¢ :=[V — %(qu)m& (4.93)
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necessary we have:

SDF =3[V - %(V’M’—l)ﬂ’} g, (4.94)
M =M1 (4.95)
$DG =74 [v’ - %(V’J\?)z\?ﬂ & (4.96)

Therefore we get:

—/

(03 =3 [V~ L(VADN]F = 6 Mo* [0, (W0) — 5 (2,31)3]

& Mot (0, 30)6 + M(3,9) - %(a;ﬁ)(ﬂ (4.97)

-~ 1 A O
_ $o* [Mam n 5(8;1\4)(;5} = §(Mo"M3,6) - 58(Mo" Mo, ~)M
_ 1 o~ e~
= 31V = S(VAI) )5 = 5(DY).
We may then say that D is form-invariant. In a shortened form we name

D the invariant derivation. Using the reversion and the M M conjuga-
tion we have:

D¢ = [V — 5(%z\rl)M](p, (4.98)
oD = (3V) — %&M(M’IV), (4.99)
¢D = (¢V) — %51\7(1\7*16). (4.100)

The quantum wave in a non-null gravitational field follows exactly
the same invariant wave equations as in a null field. The only
difference: the differential operator V is replaced by the invariant
D. That uses the 8 (not 7) space-time vectors a™ in ([4.67):

a" = od"ay,

(4.101)
N 1 e
Do = [v — 5 (VM Mg (4.102)
1 ~
= {V — §(a0 —a'oy — a’oy — aloy + atioy + aPioy + alios — a7i) 0.

Here we must consider all 32 functions, including the four that are not
implied in the calculation of the tensors of torsion and curvature.
Under the similitude x — x that comes from a fixed dilator N satisfying:

x = NxN; V=NVN, (4.103)
we must have, with the covariance of V and linked gauge terms:

D = NDN; VM~ ' =NY(MN~H)~'. (4.104)
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Hence with:

M=MN"Y M=MN"' M=MN, (4.105)

We have:
(VM-Y)M = N(YM )M =NVM )N, (4.106)
D=NVUN — %W(yﬂ_l)ﬁﬁ] — NDN, (4.107)
D=V (VM )i (4.108)

We also recall that with the M which transforms x into x’ = MxMT we
have ¢/ = M ¢, and with the X of the invariant space-time in (1.304) we
get:

X' = MxM" = M(¢X¢" M = (M) X (M¢)" = ¢/ X'T. (4.109)

Thus the general element X is independent of ¢, and thus the set of X may
still be called the invariant space-time.

4.2 Invariant wave equations

In the invariant derivation there are two terms containing the same gen-
erator i: b and a”, because this i which governs the orientation of space
commutes with any element of the Cl3 algebra (mathematical reason: phys-
ical space has an odd number of dimensions). Thus we have no reason to
distinguish a gauge transformation acting by multiplication on the right
side, from a transformation acting by multiplication on the left side. We
must therefore identify these two transformations with each other and use
a single gauge potential. We suppose:

b=—-a"; 0=a"+D, (4.110)

and not b = ar, since the two sides of the space-time hyper-surface have
opposite orientation. The sum a” 4+ b uses the incorporation of charges into
potentials advocated by one of us [I09]. We may also say: when these con-
stants are integrated into potentials, gravitation is completely at equality
with gauge forces. We will obtain wave equations in twisted space-time
or with gravitation (it is the same mathematical object) via replacing par-
tial derivatives by derivations comprising gauge potentials and connection
symbols. Since the wave equations studied in previous chapters may be con-
sidered as approximations of the complete equations when the gravitational
field is negligible, we must obtain these equations simply by suppressing
a”, n=0,1,...,6 which are connection terms. For the lepton wave
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and (2.153) become:
0=[V+X+iY +i(b+3w’ + 1)L, (4.111)
0=[V+X—iV —i2b+rv)R", (4.112)
0=[V+X —i¥ +i(b— 3w +mlv)}fg, (4.113)
0=[V+X+iV —i(2pb + m,v)|R®. (4.114)
Hence that comes from:
3
0= V+X+2Y—z§+z(§b+3w +1v)]L (4.115)
e o o b 5e N7
0= _v+X—zY+z§—z(§b+rv)}R, (4.116)
b /1 _
0= V+X—ZY—H'7+z(7b—3w3+mlv>}L8, (4.117)
2 "2
s, b (4p — 1~ N\ =s
Of_VJrXJrzY—zi—z( . b+mrv)}R. (4.118)

For the wave equation of quarks we obtain the following in place of (3.130))
and for n = 2,3,4:

+3ws —3h{3,, + 305, | + mlvq)]f”,

SERnJrl 3he, 1+m2Vq>}R", (4.119)

0= [V+X—zy+@ —3wd —3hy3 430, —&—mqu)}fg-’_n,
{V+X—HY—H Lf—ki’)ﬂRW 3043 1+m4vq)}}~23+”.
That is equivalent to:
D::V+X+inig, (4.120)
0= :D + z(g +3w3 —30% ., + 308, + mlvq)}in, (4.121)
0=[D+i (E + 3045, ) — 3095,y + mav, ) | R, (4.122)
0=[D+ z( - % —3w3 — 3043, 30, + mqu)}L“”, (4.123)

— 5b - N\
0= D—H( 8l - 3hz3’n_1+m4vq>}R3+”. (4.124)

We can notice some similarities and differences in comparison with the lep-
ton wave equations: terms coming from inertial potentials are the same,
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and gravitation works in the same manner on any material wave: gravi-
tation is universal. The quark sector has more gauge terms: this comes
from the fact that chromodynamics acts only on quarks, as leptons are not
sensitive to strong interactions. The quark sector seems more simple
and more regular than the lepton sector: mass terms all have the
same sign whereas signs are different for right or left waves in the lepton
case. The gauge terms of the U(1) group are also more simplified by the
invariant differential term linked to gravitation: in the quark sector, only
two coefficients remain as factors of the chiral potential b: 1/6 and —5/6.

4.2.1 Quantization of charges

The Standard Model employs the renormalization before you can com-
pare between theoretical calculations and experimental values. In the case
of weak interactions the success of this process requires the cancellation of
“anomalies” related to chirality. This cancellation is obtained only if the
sum of all the different charges of particles in each generation is zero. Since
these charges come from weak charges we will obtain this suppression of
anomalies by imposing, as it is done in the Standard Model, that the sum
of all coefficients of the gauge potential b is null:

3 5 1 4p—-1
0=573%3 2 +3(6+6 6 6
p=-2 (4.125)

1155)

We remark that should imply, in the absence of quarks, that the sum
should be null only if p = 0, which means only in the case without magnetic
monopoles. Thus the magnetic monopole exists only because quarks
exist. We now have in the lepton sector:

0= :D+i<;b+3w3+lv)}fl, (4.126)
0= :D+i<gb+rv)]]§1, (4.127)
0= :]5+i<%b— 3w® +mlv)}fs, (4.128)
0= :15—2(— §b+mrv)}ﬁs. (4.129)

The sum of coefficients of the chiral potential is:

3 5 1 9
Syt _Z . 4.1
2+2+2 3 0 (4.130)

Then (4.125)) and (4.130]) imply the value e/3 for the sum of charges of the
u and d quarks, and thus only with the choice of the coefficient —1/3 in the
definition of the projector Py, which implies that the choice made there is
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not arbitrary, but constrained by its consequences. We may also remark in
to that the coefficients of the potential b are the same for
both left and right waves of each quark. This is also a consequence of the
choice —1/3 in the projector Pp.

From the interaction between electron and magnetic monopole Dirac
found a formula relating electric charges e and magnetic charges g to the
Planck constant: g 1

e = 3 (4.131)
We then have:
2
gf%:ag; g:%, (4.132)
where « is the fine structure constant. This formula, the only one pro-
vided to explain the quantification of charges, was obtained via many ways
[70][92]. The smartest, from the point of view of quantum physics, was
Lochak’s way. He used the property that, with an 1/r electric potential, a
supplementary symmetry exists aside from rotation invariance, which trans-
forms this invariance into SO(4) invariance [I]. The continuity of the mag-
netic monopole wave under the SO(4) group then allowed Lochak to obtain
the formula [90] [91] [92].

The various ways [(0] of obtaining the Dirac formula, including Lochak’s,
are all based on the same presupposition: they suppose that an electric
central charge acts by a potential like B on a magnetic monopole, or that
a magnetic central charge acts by a potential like A on an electric charge.
The problem is: potential terms are not pure tools for calculation, they
are embedded in the electromagnetic quantum field. And Maxwell’s laws
indicate clearly that an electric charge creates an electric potential, not a
magnetic one, and a magnetic charge creates a magnetic potential. There
could not be any interaction between electric and magnetic charge if an
electric charge was not able to create a magnetic potential or if a magnetic
charge was not able to create an A potential. Moreover only the potentials
are present in the wave equations, fields are not. A magnetic monopole
acts only by the potential B issued of its kind of gauge invariance. And
since it does not have an electric charge, he cannot act via the potential A
created by electric charges. The problem is yet solved through the rotation
that realizes the Weinberg—Salam angle which rotates in the complex plane
(A, Z%) of : A+iZ°% = 7w (B +iW). It results that a potential
AY = e/r created by an electric charge e is accompanied by a potential:

3e 3
_ %6 =S¢ = ge. (4.133)

Then we obtain instead the Dirac relation the following formula:

B® = cos(fy)A°

1 ¢eg 1 eg e e’y
; == —=— =ag, 4.134
2 ke’ V3 ke’ V3 ke I ( )
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where « is the fine structure constant. By squaring we get:

2 2
(& (& (0%
e a2g2 = 7hC: —_

he
hc; =1/ — = 79.117771e; = he.
3 e 3 he; lg] 1 79.117771e; |e| = Vahe

(4.135)
That value of the magnetic monopole charge is notably greater than the
value resulting from Dirac’s calculation.

4.3 Double link with the Lagrangian density

To be able to obtain the same properties as in flat space-time, it is neces-
sary to replace everywhere the partial derivatives used in the first chapters
by new derivations accounting for the covariance, or contravariance, or in-
variance of the objects on which the partial derivatives act. Similarly the
form invariance of the wave equations needs the replacement of the V op-
erator by the invariant D in , with:

X0=a8+a%+a§+a§; Yoza‘f—&—ag—i—ag,
X3 :a(l)—f—a(l)—i—ag—ag; Y1 :ag+a§’—a§,
Xo =a +ad+ab —a3; Yo =af+a — a3, (4.136)
X3 =a3+ad+ay—al; Y3 =al+a? - al.
For the left wave L! = ¢(1 — 03)/2 and the right wave R! = ¢(1 + 03)/2 of
the electron, the form-invariant equation (|1.149)) becomes:
-1, —1,3b 3 ~
0=L (DL )21+ L (7 + 3w +1v)L", (4.137)
1~ _15b .
0=R (DRY)ou + Rl(7 +rv) R, (4.138)
These equations read:
0= [—in"I(V+ X +iY)n! + ' (b +3w® + )1 (01 —ioa), (4.139)
0 = i€ (V + X +iY)E" + £1(2b + rv)EY (07 + io). (4.140)
They are equivalent if X = 0 to:
0= —in*" (V') + (Y + b + 3w> + Iv)n*, (4.141)
0 =ig'(VEY) + (=Y + 2b + rv)el. (4.142)
These equations obviously come from the wave equations with the form:
0=—iVp! + (Y + b+ 3w’ +1Iv)n', (4.143)
0=iVE + (=Y 4 2b + rv)&'. (4.144)
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On the contrary, if X # 0, these equations with the usual form do not come
from equations with the invariant form (4.141)) and (4.142)), via the Lagrange
equations: if we indeed consider second sides of the invariant equations as
Lagrangian densities, these densities are no longer with real value, but with
complex value; this comes from DT # D. Henceforth with X = 0 and with:

' = o"(Y,, + by + 3w +1v,,), (4.145)
the left wave equation of the electron reads:
0= (—iV+1H)nh (4.146)
Using the adjoint, we obtain:
0=i(VphH)T +nf1t (4.147)

If X is zero we are back in the case of the Lagrangian formalism studied in
Chapter 2. Conserving the definition of the Lagrangian density, we have:

0= L} =—in'T(Vn') + 1D}, (4.148)

with a Lagrangian density which is complex, not only real. The real part,
which is the Lagrangian density as before, satisfies: with a Lagrangian den-
sity which is complex, not only real. The real part, which is the Lagrangian
density as before, satisfies:

2R(LY) = —in'Tot(0un") +i(0un'T)orn' + 21D (4.149)

The double logical link between wave equations and the real Lagrangian
density remains, because the X, terms are missing in the real Lagrangian
density and the wave equation that is obtained by the use of the Lagrange
equations, from the real Lagrangian density, is a complete invariant wave
equation. The change from the flat space-time only comes from the imagi-
nary part i X, the left current D} is conserved.

15 similar equations exist, for the 15 other chiral spinors of the Standard
Model. From one equation to the other the X, + ¢Y), terms are constant
(universality of gravitation), and the 5", V, o/ and D}" must be replaced
by some £", V, GH, 13%“ when left waves are replaced by right waves. After
that change the double logical link between wave equation and Lagrangian
density is conserved, as soon as X, are zero. Lagrange’s equations allow
us, as previously, to go from Lagrangian density to wave equation in ordi-
nary form, while the multiplication on the left side by 7" or ?L allows us
to obtain the wave equations in the completely invariant form. The La-
grangian mechanism thus remains a purely algebraic process and acts with

any gravitational field such that X, = 0.
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With the seven other left waves it is enough to replace the 1* vector by
the appropriate 1" vector:

1B =Y +b— 3w +myv, (4.150)

b
"=Y — 3+ 3wy — 3h{ 1 +3hE,  +mavy, (4.151)

b
13+n — Y — g — 3W 3th+1 + 3th 1 + 771,3\/'(17 (4152)

for n = 2,3,4. We thus obtain:

0= —in™ (Vn"™) +i(Vn")'n" + 20D}, (4.153)
0 =—i9,D}", (4.154)
0=Vn"+4+id"n", n=1,2,...,8. (4.155)
Next, for the right waves we simply replace L™ with R™, T with R4tn

for n =1,2,3,4 and n" with " for n = 1,...,8, and more we have a sign
change of Y And we use the parity Conjugatlon P: M~ M which is the
main automorphism in Cl3. We now let, for n = 2,3, 4:

r'=-Y 4+2b+rv; r® =Y —4b+m,v, (4.156)
" =_Y + 3b+3hRn+1 3h, | +mavy, (4.157)
4
Bt — _y — gb + 3hRn+1 30 1 4+ myv,. (4.158)
And we obtain:

0= —ig" (VE™) +i(Vem)Ten + 2rnDyY, (4.159)

0= —id, D, (4.160)

0=V +it"¢", n=1,...,8. (4.161)

We see a total likeness between the left wave equations and those of right
waves. They differ only by gauge terms, and the replacement of o with o#,
and by an unexpected sign change for Y. The Lagrangian density relative
to L' conserves exactly the form used in . Lagrange’s equations thus
show how the (2.176)) and (2.177) equations are equivalent to the equation
(2.178) of L. To the very old question: why does a Lagrangian mechanism
exist? Does such an “extremal principle” exist, above physical laws? The
answer is no, because what happens is very simple: since ¢ = R' + L! is
invertible,lﬂ and if the X, are zero, the wave equation of L' in the usual

4. The existence of the inverse is not general since the wave has value in a ring, which
has zero divisors, not in a field. But the invertibility property is satisfied in any point for
all calculated solutions of the improved wave equation. This property is strong, because
the determinant of ¢(x) is a modulus of complex number; its square is the sum of two
squares, which is zero only if each of the two terms (the invariant Q1 and the invariant
Q2) is zero. Moreover, the determinant being a continuous function, if it is nonzero at
one point, it is necessarily nonzero in the neighborhood of this point-event.
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form is equivalent to the invariant form of the wave equation of L!,
where the real Cliffordian part satisfies the equation 0 = £'. The usual
form ([2.180) of the wave equation is equivalent to the four real numerical
equat and following, which are exactly the Lagrange equations
relative to the four real variables in L'. This is possible for each spinor wave
L™ and R". Consequently the Lagrangian mechanism is the automatic way
to go from the Lagrangian equation to each wave equation in the usual
form. This works without any supplementary justification coming from an
integration by parts and the cancellation of terms at the boundary of the
domain of integration. It is the simple consequence of the Clifford algebra
structure, a purely algebraic property which depends only on the dimension
and the signature of the space-time metric, and thus on the space-time
geometry. And thus all that is consistent with the starting point of General
Relativity, which is the link between gravitation and geometry of space-
time. The space-time manifold inherits the Lagrangian mechanism for the
electron (but only in the particular case X = 0) from the special relativity
framework, because each tangent space-time to the space-time manifold, at
any point-event, has same dimension and same signature as the space-time
of special relativity.

4.4 Energy—momentum and kinetic momentum

Conservation properties of energy—momentum and of kinetic momentum
come from the invariance of the Lagrangian density under the additive trans-
lations group and under the multiplicative C1% group generalizing SU(2).
Wave equations being form-invariant under both kinds of transformations,
we have only a few things to change in comparison with previous chapters.
In the case of the leptonic wave the T" and V tensors remain defined by
(2.229) and (2.230). We thus have:

T = HTl“ + k—Tl“ + —k T s k e (4.162)
1 m 8 8
Vi = leLﬁ . — T + . TL’; kaTR‘;. (4.163)

The energy-momentum 7' is hence always the sum of four terms, one for
each spinor of the leptonic wave (and the sum of twelve terms in the case
of the quarks). It is enough to calculate one term and to transpose the
procedure to the others. We calculate the left term of the electron, and the
invariance of the Lagrangian density under translations implies:

L£L = R[—in"to"(@,m" +illy), (4.164)
Téf\‘ — %[—in”a“(({hﬂl +ilyn")] + 5§£1L
R o an + ) (4165
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We hence have:

—intt(Vnl) = —inf(—illy!) = —anlia“nl = —lllLDlL“7 (4.166)
2T 4 = —inttatannt +i(@n'h)otnt + 215D} (4.167)

Next we use the wave equation of 7', which gives:

V! = —il'n'; 9.0 = -X,.D", (4.168)
20, T = —i(Vn')1 o' —in'Ton(Vn')
+idx (Vo) 'nt +i(0an' vyt 4 (8,15)D}" (4.169)
We thus get:
0T = (9,15 — 0x1},)D ", (4.170)
0, T = (0,15 — Oxl;)D o™ (4.171)

Similarly, we obtain for the other parts of the lepton wave:

0T = [(9ur) — Oar),)D )0, (4.172)
OuT" = [(9u15 — OAI5)D})o?, (4.173)
0uTR" = (9,5 — Oary)Df o™, (4.174)

Adding the four parts of the lepton wave, we obtain:

0,1 = (@14 = A)D} 0™ + Z[(r} — drr})Dif o (4.175)

m pm

+

[(0,x% — 0ar)D3)0?

kml kmr

(0,13 — ON5)DY 0™ +
= [(GMY)\ - 5>\Yu)( o U P

m.1 1 8 8
Dpie— Zple 4 o D3 — s DR#)

kl kr

+ [0 (b + 3w3) — Ox (b + 3w =D

k1L
+ [04(202) — OA(20,)] 1D} (4.176)

m L
+ [0 (bx — 3w3) — Oa(by — 3Wi)}k7mlD8Ll
m

kr
(9va — Oav,) (D} + DI + DY + D] o

+ D
_l’_

m

[0u(=4bx) — Ox(—4b,,)]
k

Only one term more appears, compared with what we have obtained in
Chapter 2: the first term, with a curvature field:

Co = 0,Ys — DAY (4.177)
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This field is not linked to the probability current, but to a similar current,
distinguishing the role of right and left waves:
% - %D}% v Mps ™o (4.178)

K; :=
! kmy km,
We thus get, on the place of (2.257)):

9, T" = [ngk(gﬂ n %D%") +CpKE (4.179)
. m TV~ 1p m._.1 m 81 m 8 m L
+igF5 (D = DR~ QkTmDLI —meTDR“) + 2 Guadi) o

If the electron is lone, if weak interactions are not at play, and neither C
nor G fields, it remains:

Dpiey Dl“
This gives the Lorentz force (1.328) acting on the electric current j. =

e(#Dy+ 2Dy ) of the electron. We truly obtain classical electromagnetism
at the limit of low gravitational field.

9, T+ = (4.180)

4.4.1 Probability density

The T component of the energy—momentum tensor satisfies:

KT§ = R| —i( 70" Don’ + €T Dog! +—n8TDon +— §8TD &)

(4.181)
For a solution of the wave equation with energy E of the whole wave, such
as:

. E . E
—iDog! = €1 (x); —iDog® = -€°(x), (4.182)

. E . E
—iDon' = 2-n'(x); —iDon® = =n"(x). (4.183)

We then have, like in Chapter 2:
0 _ 11 Ly el 4 m ST 8t 48
78 = o G e 5 &)
E/mm

= = (5Dh+ D} —DS Dy) =J° 4.184
hc(kl P R+kml L+kmr ) hcl’ (4.184)

. and

notlng always the weighted currents J with relative weights 73, 7%, T
km . The reason of the existence of a probability in quantum mechanics re-

mains thus the equivalence between inertial and gravitationnal mass, which

e oo [ffang [[]Lan s
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We will note that, if the X, terms are no longer negligible, which make the
wave equations go out of the Lagrangian case, neither energy—momentum
nor currents remain conservative. These X, terms may be at play with the
strong gravitational field around black holes. Even in the case of a weak
field, the fact that the C field acts on a difference between left and right
currents may have been important for the preference of weak interactions
for left waves.

4.4.2 Quantization of the kinetic momentum

The approach is exactly that of section The invariance under the
Cl3 group of the energy-momentum tensor V, together with the normal-
ization of the probability current, leads to the quantization of the kinetic
momentum with the value //2, in conformity with what we know since 1926.

We saw in Chapter 3 how we may extend this quantization to the quarks.
To account for gravitation it is enough to replace d,, with D,, in (4.120), in
the case where the X, are negligible. The energy-momentum tensors and
the quantization of the kinetic momentum do not change with respect to
Chapter 3.

4.4.3 Equivalence principle

About the extremal principle which until now guided the set of mechan-
ics and optics laws we explained in [2.3.4] how that principle is not above
physical laws, how its comes out of the Clifford structure of the Cl3 alge-
bra. We see now how the equivalence principle also, is a consequence of the
properties of the wave with spin 1/2.

In the previous discussion of the Pauli exclusion principle we saw
that the mass term of the wave equation is variable, depending on the num-
ber of particles at play. And the energy of emitted or absorbed photons is
exactly the difference between the energy levels of the considered system
of particles (atoms, molecule, ...) before or after the emission or the ab-
sorption. Denoting by m; the mass of the system considered before and m,
the mass of the transformed system, we necessarily consider the Lagrangian
density as a difference. We have two other reasons for this difference: the
potential b is —a’ and the differential term is also easily expressed as a
difference. We recall that the Lagrangian density, in the lepton case, is the
sum of four terms, and in the quark case the sum of twelve terms. For

the left wave of the electron, with (4.120)) and (4.126 and supposing the
cancellation of the X,,, we have:

a’

; (3 1
0=LE=—intTor [8#7;1 - Z(ib“ +3wh + 7“ +5Yut lvﬂﬂn1

=—L]+ L, (4.186)
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' 3
ch= %n”an —n'f <§b + 3w’ — maV>n1, (4.187)
i 1 1
L, = 5(%?7”%“# +n'f (iaz + §Yu‘7” + me)??h (4.188)
1=mp —mq; L} =L, (4.189)

We may notice that we did not group together the two terms containing
b = —a” on only one side. The fact that this potential belongs to each one
of the two parts comes from the following property: the multiplication by
i works in the same manner whether from the right side or from the left.
Thus the potential is naturally present both in the £} part that allows us to
get the forces acting on the electron, and in the E; part that holds the a™
giving the Christoffel symbols. To these two parts of the Lagrangian density
are attached two tensors of energy—momentum, equal from their definition:

j 3
Ty = %77”0'“((%?71) —n'fo’ (ib/\ + 3w} — mavA)nl, (4.190)
i 1. 1
Ty = SOt + Mok (Sa5 + SYa + mova )t (4.191)
1 1 1 1
0=-Tp5\+ TLZA? Tpi = TLl;)\ (4.192)

Since this may be generalized for all parts of the Lagrangian density we
obtain in a very general manner an equality between the inertial tensor T;
and the gravitational tensor Ty: this is the equivalence principle.

4.4.4 Mossbauer effect

A photon may be absorbed or emitted without any recoil of the nucleus,
exactly as if it was emitted or absorbed by the whole crystal containing
the atom and its nucleus, in spite of the fact that the frequency of the
photon corresponds to a difference between energy levels of one nucleus.
The understanding of this effect induces us to admit that not only is the
energy—momentum tensor a difference, but also the proper mass at play in
the definition of the quantum wave:

Mg = MT; My = MgT, (4.193)

where my is the total mass (eventually that of the whole laboratory if it
is necessary) and mgr the mass of the subtotal, which is the previous sum
minus that of the system that is emitting or receiving. It is well known
that a frame of reference usable in quantum mechanics must be neither too
massive, if we want to sidestep gravitation, nor too light because it is then
impossible to neglect phenomena of recoil due to the momentum of emitted
or absorbed photons[7]. It is always possible to take as the total mass that
of the reference frame in which the measurements are made. Since only a
difference is useful there is no problem with the immensity of masses, even
if we must include stars and galaxies.
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If we study a particular electron, the mass at play is the proper mass
of this single electron. If the electron belongs to a system of two electrons,
the mass used in the double equality E = mc? = hv is the mass of the
system. It is the same for the protons or the neutrons in a nucleus, or even
for a crystal. This explains why the properties of a nucleus are different
according to whether the nucleus is surrounded by an electron cloud or not,
particularly for the probability of radioactive decay [74].

We then see that it is possible to analyze all particles and systems of
relativistic quantum mechanics with physical waves propagating in a space-
time whose properties are determined by these physical waves. It remains
for physics indeed to go from theory to practice.

If we study a particular electron, the mass at play is the proper mass
of this single electron. If the electron belongs to a system of two electrons,
the mass used in the double equality F = mc?> = hv is the mass of the
system. It is the same for the protons or the neutrons in a nucleus, or even
for a crystal. This explains why the properties of a nucleus are different
according to whether the nucleus is surrounded by an electron cloud or not,
particularly for the probability of radioactive decay [74].

We thus see that it is possible to analyze all particles and systems of
relativistic quantum mechanics with physical waves propagating in a space-
time whose properties are determined by these physical waves. It remains
for physics indeed to go from theory to practice.

4.5 The whole space-time manifold

4.5.1 Local and global structure of space-time

By writing x = x*0,, quantum mechanics actually includes the set of x,
which is the space-time manifold, in Cl3. Moreover, the space-time length
is given by det(x) = xX = x - x. This equality implies that multiplication
is the single operation to be considered. Thus we must also consider the
physics point-of-view about length and use [42] a unit length [,,:

X = lf; x € Cl3. (4.194)
The first difference with classical geometry is that the origin of the measure
of time and space is at x = 1, not 0. Second difference, Cl3 is the Lie algebra
of the C; multiplicative group. This means that the neighborhood of any
point O is isomorphic to Cls. This set is a linear space which contains two
subsets: C13, which is the set of x satisfying det(x) # 0, and the light cone,
which is the set of x satisfying det(x) = 0. Third, these conditions # 0 and
= 0 exclude themselves, therefore the light cone is included in each (local)
Lie algebra, not in the (global) Lie group CI3. Consequently the space-time
manifold is a manifold with boundary. Fourth, the only link between each
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Lie algebra and the whole Lie group is the exponential function, which we
calculate as follows:

x =a+bu; u=zlo] + 220y + 2303; (551)2 + (552)2 + (553)2 =1,

X" = %[(a +)"1+u)+ (a—b)"(1 - u)} (4.195)
exp(x) = Y ’% - %[e“"‘b(l Fu)+ et (1 u)}
n=0
= e®*[cosh(b) + sinh(b)u]. (4.196)

Moreover we have:
det[exp(x)] = exp[tr(x)] = €**. (4.197)
Hence with exp(x) = A+ Bu = A + B(z'o; + 2205 + 2303) we get:
% = det[exp(x)] = (A + Bu)(A — Bu) = A> - B? (4.198)

which implies that the light cone (A? = B?) is the boundary of the space-
time manifold and that nothing exists outside this boundary, since e2¢ > O.E|
From this sign we may see the purely theoretical and local character of the
Schwarzschild solution in general relativity. Moreover we obtain:

A+ Bu
e® = v/ A2 — B2; cosh(b) + sinh(b)u = ———u—.
(b) =+ sinhibju = 7o =5

0= In(VA? — B?) = %[ln(A + B)+1In(A— B, (4.199)
. B 1
b = sinh {\/ﬁ} = S[In(A+ B) ~In(A - B)],
a+b=1In(A+ B); A+ B =" (4.200)

But the confusion between global space-time and local space-time is easily
done, since the difference between the neutral respective elements 1 and 0 of
the Lie group and the Lie algebra was extraordinarily small in comparison
with the immensity of the whole space-time. Nevertheless this distinction
is necessary, as we see NOw.

4.5.2 The EPR paradox

Two photons are emitted at the point-event O. We suppose (only sim-
plifying the calculation) that they are emitted in two orthogonal directions,
o1 and o3, of the tangent space-time at O. They are absorbed at the same
time y > 0, also to simplify the calculation. The photon emitted in the
direction oy is absorbed at the point-event:

X1 = a; + by = (a+y) + (ba! +y)or + b(z?oy + 2303), (4.201)

5. That implies that the idea of an interior place into black holes is nonsense.
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and we have:
a =a+y; W =ai01 +aios +aios; (1) + (21) + (21)? =1,
(' +y/b)% + (2*)? + (%)% = 1+ 221y /b + (y/b)?, (4.202)
(xt +y/b)oy + 2209 + 2303
VI+ 22y /o + (y/b)2

The photon emitted in the direction o5 is absorbed at the point-event:

b = by/1+ 2ty /b + (y/0)%; wi =

Xo = ag + bouly = (a + ) + bx'oy + (bx? + y)oo + balos. (4.203)
And we also have:

az = a+y; Uy = 301 + 2302 + 2303 (73) + (23)* + (23)% = 1,
(1) + (2% + y/b)? + () = 1 + 222y /b + (y/b)?, (4.204)
rloy + (2% + y/b)og + 2303

V1+222y/b+ (y/b)2

On the space-time manifold, the point event O is at X = O/l, = A+ Bu=
exp(x) while the photon emitted in the direction oy is absorbed at the
point-event Xy = M/l,, = exp(x1). The photon emitted in the direction o9
is absorbed at the point-event Xy = P/l = exp(x2). The position of the
point event P, seen from 1, is:

by = by/1+ 222y /b + (y/b)?; ug =

x3 = [exp(x)] /2 exp(xa) fexp(x)] /2. (4.205)
The position of the point event P, now seen from M, is:
x3 = [exp(x1)]"/2[exp(x)] /2 exp(xz) [exp(x)] ™ fexp(x1)]'/2. (4.206)
The position of the point event M, seen from 1, is:
x] = [exp(x)]~1/? exp(x1 ) [exp(x)] /2. (4.207)
The position of the point event M, seen from P, is:
x7 = [exp(x2)]"/?[exp(x)] /2 exp(x1)[exp(x)] /2 exp[(x2)]"/%.  (4.208)

And we have, since the determinant of a product is the product of the
determinants:

det(x3) = e@tVeae2(atV) gmagaty — 2atyty)

det(x?) = e@tVe 20V gmaaty — 2atyty), (4.209)

Therefore at each point-event, when a photon is absorbed at the local time
a + y, each observer sees the absorption of his photon as preceding, with
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the same length of time y, the arrival of the photon for the other observer:
the absorption of the other photon is in the future of each observer, not
just at the moment of the photon arrival. This strange result seems very
similar to the fact that each observer sees any length shorter for a moving
object: an observer in the moving object also sees the other observer as
moving, thus with shorter length. The paradox is that a measurement
made on either of the particles apparently collapses the state of the entire
entangled system and does so instantaneously, before any information about
the measurement result could have been communicated to the other particle
[4]. Our previous calculation shows a key to this strange and very effective
paradox: the instantaneous character of the measurement is simply false, an
illusion. The “collapse” only results from the supposition that this situation
may be described in the space-time of restricted relativity, not really in the
space-time manifold. The wave train of the other photon reaches the other
observer in the future of each observer of his own photon.

Look out! We don’t deny quantum entanglement, a well establish ex-
perimental phenomenon. It says to us that the quantum wave is not only a
local phenomenon: the normalization of the wave, always possible from the
moment the Lagrangian formalism acts, is fully non-local. We may say that
the paradox is only in the interpretation of this situation by a non fully rel-
ativistic theory, whereas physics must account for the fact that each "fixed"
observer is journeying in time on the space-time manifold, even if he does
not travel in space. The understanding of the true geometry of space-time
simply requires the use of the space-time manifold itself, not merely the use
of the flat tangent space-time at any particular point-event.

Einstein, Podolsky and Rosen said [69]: “From this follows that either (1)
the quantum-mechanical description of reality given by the wave function
is not complete or (2) when the operators corresponding to two physical
quantities do not commute the two quantities cannot have simultaneous
reality. For if both of them had simultaneous reality — and thus definite
values — these values would enter into the complete description, according
to the condition of completeness.”

Experiments with the polarization of two photons simultaneously emit-
ted (very fine indeed and meriting the Nobel prize for Aspect) can neither
prove (1) nor (2) because the absorption of these photons cannot be simul-
taneous at the points where each absorption is effective. The quantum wave
used here, with value in End(Cl3), and not just in C, is enough to prove that
(1) was true in 1935 (the description of the quantum wave is not complete),
independently of what we now think about (2) (the limitation coming from
Heisenberg inequalities is absolute). More generally no contradiction can
exist between General Relativity and quantum mechanics. Any apparent
contradiction results from bad approximations of relativistic laws.
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4.5.3 The arrow of time, the expansion of the universe

Any point of the space-time manifold is at a position:
X =l,exp(a+bu) =1, (A+ Bu); A=ecosh(b); B =e”sinh(b). (4.210)

Thus the time position I,e® cosh(b) is the product of positive real numbers:
time is an oriented quantity, the arrow of time has a geometric root.
The time variable goes from 0 to 4oc0.

Now we consider a photon received at this position X, coming from a
distant galaxy, for instance along the oy direction. It was emitted at the
position:

luexpla —y + (bz' — y)o1 + b(z?0y + 2303)] = L, exp(a; + byuy), (4.211)
with[]
a1 =a—y; w =201 + 2702 +ajos; (27)” + (27) + (29)? =1,
(@' —y/b)* + (2%)? + (%) = 1 — 22'y /b + (y/b)*, (4.212)

(z' —y/b)or + a%03 + 2’03
by = by/1=2zly/b+ (y/b)* w = |
L=by/ b+ (y/b)% w VI =221y /b+ (y/b)>

The photon was emitted at:
Xe = Iy, €**[cosh(by) + sinh(by )uy]. (4.213)

At this point-event the local time was t, = [,e% cosh(b;) ~ l,e® b1 /2.
The same photon is absorbed at the point-event X, then at the local time
t, = lye® cosh(b) ~ I, /2. The only constant object of this geometry is
the Lie algebra: each local tangent space, in each point of a manifold that
is also a Lie group, is isomorphic to the Lie algebra of the group. We will
then suppose that:

dt,  dt,
d(ay 4 b)) = d(a +b); P (4.214)
And we have: it
l/(l (&
— = . 4.215
v, dt, ( )
In the first approximation, b; ~ b, we obtain:
1 vy dte  d[lue* cosh(by)]
1+z v dt,  d[l,e®cosh(b)]
l, dae* Y cosh(b 1 1
o ludaceosh(h) 1 1 (4.216)

ludaetcosh(b) e 14y

6. Since we now look at past, a1 < a.
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This means that the redshift due to the expansion of the universe, previously
interpreted as a Doppler effect, is a direct effect of the geometry of space-
time, and the z parameter, defined as (v, — v,)/vq, is almost equal to y.
But this is true only as a crude approximation, or as a false velocity. When
y is small this redshift seems proportional to y. The Hubble parameter
(73.3+1.4km/s/Mpc) gives for the distance 1 Mpc the value z = 0.0002443,
thus giving R = 1, **/2 ~ 6.3 x 10%°m.

Using the purely geometric condition , independent on the ma-
terial density of space-time, which results from the Lie algebra as the only
fixed object, independent from the space-time position on the manifold, we
may calculate more precisely the ratio dt./dt, in the case where y is small.
We have:

d[l,e® cosh(by)]  d[e* Ycosh(by)] e Ycosh(by) 1

dllyevcosh(b)]  dle*cosh(b)]  cosh(d)  f(y) (4.217)
)= S0 10+ 00+ 2 w218)
We use:

xl
by :=bg(y) = Vb =22y +y?; g(y) = \/1 —25y+ (%)2,

g(y) ~1— %y +1 _25)21)2112 calt ;b§x1)2]y3 +.... (4.219)
And we get:
eb
fly)mel 5 =W (4.220)
aly) =y +b—by~ (1 +a")y - 1_2(:1)2y2 St ;ngl)z]y?’ o
P~ @) = 14— 1y ) e
(4.221)

From the values of the Hubble parameter we obtain a + b ~ 142. We only
know that @ > b > 0. The ratio a/b is unknown. If our position in the
manifold is anywhere, for instance is (a 4+ b)/a ~ a/b, we could have a ~ 88
and b &~ 54. This should give a ratio B/A very close to 1. We now look at
the acceleration or deceleration of the expansion.

4.5.4 Beginning of the acceleration

Defining h such that h(y) := f(y)/y the redshift seems accelerated if and
only if h is increasing (because y grows in reversed time), hence if A/ (y) > 0.
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We obtain:

vh (y) = yf'(y) — fly) = [yd'(y) — 1]e") (4.222)

1—(2)? 5 3a'[l—(2')?]
A 202

For instance if b = 40 and z! = 0.6 we have:

y2h (y) = [-1 4 1.6y — 0.016y> — 0.00036y> + . . .]e™) (4.223)

=[-1+(1+az)y— yP .. et W),

Hence in that case, h'(y) < 0 if and only if:
Y <o, Yo ~ 0.63. (4.224)

Moreover, the sign of the coefficient of y® indicates a sign change for a large
y, but the method of calculation used here cannot give a precise calculation
of this new change of sign. Hence the acceleration of the expansion seems
to begin near gy, with possible differences depending on the direction of ob-
servation with regard to the whole space-time manifold. And the expansion
seems to decelerate for very large redshifts.

What we obtain here is completely different from the cosmology devel-
oped since Einstein’s works on relativistic gravitation. We think that it
is much more satisfactory than the ACDM model, previously promoted by
most cosmologists. First we do not need to suppose a homogeneous dis-
tribution of matter, never observed at small (stars and galaxies) nor very
large scale (billions of light years). Second, there is no need for a gigantic
amount of unknown black matter to obtain the uniformity of each tangent
space—timeﬂ Third we do not need a cosmological constant to obtain the
acceleration of the expansion. The smallness of that cosmological constant
was always a big problem. Introduced by Einstein as the only constant that
may be added to the conservative Ricci tensor, this constant A is used to
justify the huge amount of unknown black energy necessary to explain the
recent acceleration of the expansion. That A is nowadays in contradiction
with the new experimental data on the expansion rate [(1]. Furthermore we
have obtained two results that Finstein should have very much liked: first,
a space-time which, as a whole manifold, is invariant (for a given cosmolog-
ical time ¢, space is not an hypersphere S® with growing radius, it is a R3
unlimited and globally invariant). Only the elements in the whole manifold
are variable. Second, the geometry of the cosmos, globally, is independent
of matter, integrating to the geometry both inertia and gravitation. Last
but not least advantage: whatever the smallness of the probability of exis-
tence of an intelligent species on a planet able to protect life during billions
of years, in an unlimited space-time including an infinite number of stars,
the existence of such a planet somewhere becomes possible.

7. The movement of stars in galaxies and the movement of galaxies in galaxy clusters
is another question. Indeed the absence of necessity for dark matter and dark energy
does not prove their non-existence. The simple name “black hole” is enough to prove that
some objects may exist and be unable to directly send light.
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Chapter 5

Why?

Thousands of years ago, physics began with the questions of our ances-
tors: why the regular return of the Sun, why the phases of the Moon? Why
the wind, the rain, why the rainbow after a thunderstorm? When physics
started to progress more and more quickly, understanding the motion of the
planets, linking together all these “whys” into a theory of gravitation, of
electricity and of light, gave rise to many other whys.

Take the instance of light. Physicists began by understanding some of its
properties, like the fact that it originated in the Sun before coming to the
retina of our eyes, and not the reverse, as was long believed. Going a little
further they understood some laws governing these properties, for instance
the law of refraction when light passes from one medium to another with
a different refractive index. These laws are described with mathematical
tools, such as sines of angles of refraction. Next these laws depend on
principles which are, in a sense, laws governing laws. Concerning light,
Pierre Fermat understood that the law of refraction comes from the following
simple physical principle: light automatically chooses the path of shortest
duration. In the previous chapters we did not only study properties of
quantum waves (for the electron, they are functions of space-time with
values in Cl3), we have studied laws: partial differential equations for the
wave, also the orthonormalization of the electron wave and the existence of
a probability density. We also obtained the laws of motion for a charged
fluid. We have even explained how these laws come from principles: the
wave equations arise through the Lagrangian mechanism from an extremal
principle resulting from a Lagrangian density. The orthonormalization of
the wave comes from the principle of equivalence between inertial mass and
gravitational mass. What is newest here: to end up with a causal loop,
by the deduction of these principles from the properties of matter waves
themselves. We completely dissected how the extremal principle was, for
quantum waves, a consequence of properties of the quantum wave as a
function with value in a particular Lie group included into its Lie algebra.

213
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These properties are linked to the structure of space-time, the fact that
time is 1-dimensional and space is 3-dimensional. We have also explained
how the equivalence principle comes from the properties of all densities of
energy—momentum.

What we have continued here is proper to the building up of science: to
search for laws from properties of physical objects, and not beyond these
objects. The causal loop that we just described is hence a successful real-
ization of the scientific process for this field of science that studies matter,
called physics. And as a loop closes on itself, that rounds out the process,
even if a loop may indeed be extended, doubled or integrated into other
similar loops.

The double equality F = mc? = hv is an essential component to these
parts of our causal loop which were progressively improved over time. The
equality £ = mc? comes from the electrodynamics of matter in motion,
obtained by Albert Einstein in 1905. Straight after sending his article for
publication he accounted for this: if all matter has an electromagnetic ori-
gin, then £ = mc?. This equality is extremely well established by experi-
ment, but as a consequence the if-then nature of the statement is somewhat
forgotten. Physicists no longer asked: why does all matter must have an
electromagnetic origin? Here we have carried our knowledge on this point
a little further: all fundamental objects of physics are fermions obeying the
same laws; thus saying that all matter has the same origin is equivalent to
this: any mass-energy in the universe comes from fermions. Hence if any
boson seems to have a proper mass, it is composed of fermions that possess
that mass.

After his discovery of the electrodynamic laws of matter in motion, Ein-
stein reconsidered gravitation, aiming to transform the gravitation law into
a field theory. He started from the identity between inertial mass and grav-
itational mass. This identity implies that the gravitational field is an ac-
celeration field, not a force field, unlike electromagnetic field, which acts
through the Lorentz force. He thus understood that gravitation was a com-
pletely geometric phenomenon, linked to the structure itself of space-time,
its curvature. But then why was gravitation this way? Why this identity
between inertial mass and gravitational mass? We also advanced a little fur-
ther here by showing that Lagrangian densities of fermions may naturally
be interpreted as a null difference between gravitational terms and iner-
tial terms. We have even further advanced the next question, “Why is this
the case?” The different terms of the wave equations are the only possible
ones, able to exist in a manner compatible with the form invariance of those
wave equations. Furthermore these wave equations are form-invariant due
to the properties of the structure of waves themselves. This causal loop goes
through the Lagrangian mechanism that we dissected and which contains
no metaphysical principle. Everything arises from the algebraic structure
automatically associated to the geometric structure of space-time. This
structure is itself linked to the quantum wave, which has value on the C13
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manifold that includes both SU(2) and space-time.

The second equality of the pair, £ = hv, was first obtained by Max
Planck in his studies of the laws of the radiation issuing from a material
heated at a high temperature. The equality contains a constant which is
rightfully named after its discoverer. This was extended twice, first by
Albert Einstein who introduced the wave-particle dualism for light as early
as 1905, then by Louis de Broglie who a century ago extended this dualism to
all matter[55]. Between then and now, multiple discoveries of this quantum
world took place. They are nowadays described by the Standard Model of
quantum physics, basis of the present text.

5.1 Einstein was right

Despite his discoveries, both of wave-particle dualism and of gravita-
tion as geometry of space-time, Einstein ended up being isolated from the
scientific community: A quantum physics was developed in a very differ-
ent way from the physics of gravitation. Einstein continued to search for
a unifying synthesis aiming to encompass electromagnetism and quantum
physics along with the physics of gravitation. He was chasing after what
was so characteristic of his beautiful theory of gravitation: a completely
relativistic physics, with a field following a partial differential equation, de-
terministic, and able to yield the laws of motion of field sources.

That is exactly what comprises the set of partial differential equations
that we obtained for the fermionic waves: they are completely deterministic
and they allow us to derive the laws of motion of these sources of gauge
fields, which fermions actually are. Einstein was thus right to attempt such
a synthesis, as our previous chapters show it to be workable.

Why was Einstein misunderstood? The first reason was the novelty of
his understanding of the space and time nature, particularly his rejection
of an absolute time. Schrédinger, who himself perfectly understood the
relative time of Einstein’s gravitation, first found a nonrelativistic wave
equation for de Broglie’s wave. This wave equation, plus Pauli’s exclusion
principle, resulted in a wave which does not have direct physical reality.
This wave does not propagate in space-time but in an absolute time and in
configuration space. Einstein himself was the first to understand and use
the geometric properties of configuration spaces.

From 1917 until his death Einstein made many attempts to reconcile
gravitation, electromagnetism and quantum physics. He tried for instance
a manifold with torsion, in a manner very close to our calculations. But his
starting point could not be the chiral right and left waves issuing from the
discovery, just after his death, of maximal parity violation in weak interac-
tions. Moreover non local properties of quantum waves (he first conceived
of their existence) were not yet understood. Einstein was indeed not truly
happy with his first theory of gravitation. He had serious doubts about the
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longevity of that theory, notably because the left side of his equation, which
is purely geometric, is much stronger than the right side, which was not
well defined. And the geometric side may or may not include a cosmologi-
cal constant.

Einstein was not fortunate with the cosmos. He thought the whole space-
time as necessarily invariant and steady-state, while astronomers discovered
the immensity of space that appeared to be expanding. There also Einstein’s
view was right, since the space-time manifold, invariant in its totality, is
perfectly compatible with the redshift of distant galaxies, and moreover
with a recent acceleration of that redshift, an acceleration measured today
by astronomers, and which can be explained as a purely global geometric
effect (see 4.7.3).

5.1.1 “There is no alternative”

Certainly there is no way to escape the double equality E = hv = mc?,

and it should be stupid to claim the opposite. Certainly, it is impossible to
avoid Heisenberg’s inequalities since the kinetic momentum of all fermions
is quantized. We agree all the more since we know where it comes from. But
for many other things an alternative exists, and the proof is precisely our
work: we have worked out laws of nonrelativistic quantum mechanics and
obtained better results. An opinion very common in physics believes that
the Dirac equation is “a kind of Schrédinger equation.” This is false! The
first who explained that was Louis de Broglie in his second book about the
Dirac equation [60], when he began to question the quantum theory issued
from his discovery of wave mechanics. The electromagnetic interaction is
part of a gauge interaction described by a noncommutative U(1) x SU(2)
gauge group: it is therefore impossible to dissociate this interaction from
other electroweak interactions.

Quantum field theory was developed from a wave with only one phase.
But the electron always has two phases. Certainly the second phase (the
Yvon-Takabayasi angle), which appears in magnetic phenomena and in elec-
troweak interactions, is very difficult to see in many situations: Only then
does quantum electrodynamics work perfectly, even with its most surprising
predictions.

In physics the universe is what it is. We have changed the title of this
work from “Developing a Theory of Everything” in the first edition to “De-
veloping the Theory of Everything”; it is another way of saying that there
is no alternative. Time must be ordered, thus time is necessarily unidimen-
sional. Space is 3-dimensional, thus the algebra of space is Cl3. The rota-
tional invariance of the laws of mechanics (there is no privileged direction
in space) was replaced in quantum mechanics by the invariance under the
SU(2) Lie group. That leads physicists to consider (since nearly a century
ago!) space (and later space-time) as included in the part of Cl3 containing
SU(2), which can only be the whole multiplicative group Cl3: the space-
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time of general relativity is a four-dimensional manifold, and CI3 is just
big enough (Whitney’s theorem), with its eight dimensions, to include any
four-dimensional manifold. The pseudo-metric of space-time comes from
the determinant, and thus the signature of space-time is +, —, —, —. CIj is
a Lie group, each Lie group is associated to a unique Lie algebra, and the
Lie algebra of Cl3 is Cls: there is no alternative. A Lie group is a manifold
and the tangent space at any point of the Lie group is isomorphic to the
tangent space at the neutral element of the group, which is the Lie algebra:
no alternative!

5.1.2 After this work

When we state why the Weinberg—Salam angle 6y, exactly satisfies the
equality sin(fy ) = 1/2, or why the charge of the d quark is exactly a third of
the charge of the electron, the precision is certainly above eleven significant
digits since it is exact. The advantages of a correct understanding con-
cern not only the precision of predictions: Understanding why two colored
quarks exist in each generation, why leptons are insensitive to strong inter-
actions, why a Lagrangian mechanism exists, how the electromagnetic field
is directly linked to the energy—momentum of the quantum wave — these are
definitive advancements. The same predictive power must be expected for
any proposed alternative. If such an attempt obtains, for instance, better
predictive power from a Lagrangian with both an independent fermion part
and a boson part, the existence of the Lagrangian itself would need to be
accounted for. Indeed we gave an explanation for the existence of Lagrange
equations in the fermion wave case: Thus any attempt to build a ToE will
be asked to do the same. We arrived at a simple origin of light polariza-
tion: Any further ToE attempt will be asked for its ability to derive the link
between the electromagnetic field and energy—momentum of the fermion
wave. We also understood the geometric reason for the time arrow, and the
redshift of light coming from very distant stars, including the recent acceler-
ation of this redshift, all from the very structure of the space-time manifold:
any further ToE attempt will be asked for such a simple explanation of this
“expansion”.

The most important and novel understanding brought by the present
work is the quantization of the kinetic momenta of the electron, neutrino,
proton and neutron with the same //2 value. From this quantization of the
kinetic momentum come both Heisenberg’s inequalities and the quantiza-
tion of the electric charge. Any attempt to build a ToE will also be expected
to obtain this quantization and with the true value, fully established exper-
imentally.
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5.2 de Broglie was right

Einstein and de Broglie were right, because the quantum wave exists and
it is fundamentally relativistic. With the electron wave, whether in the case
of low or of high velocity, the D and Dy, currents, respectively formed by
the right and left parts of the quantum wave, are on the light cone. These
currents indeed have a sum which is the probability current, linked to the
invariance of the electric gauge. That J current is the only one visible in
the version of quantum mechanics at the basis of QFT. But the Dg and Dy,
currents also have a difference which is the second K current. This current
is as important as the first current.

It is also linked to the chiral gauge, and thus linked to magnetism and
to weak interactions. The dependence of tensor densities on the wave chi-
rality concerns not only currents; it is also extended to densities of energy—
momentum and of kinetic momentum, and thus to the electromagnetic field.
By accounting for this dependence, we obtained in [2.5] and [3.7] the quanti-
zation of the kinetic momentum. Since the quantum wave is fundamentally
relativistic, the replacement of the Dirac equation by the Pauli equation
is untenable. And the integration of the electron into Hamiltonian physics
does not work out well. This is why difficulties arise in all QFT calculations,
such as the infinite quantities that must be gotten around, renormalization
and anomalies that must be tamed. And all this turns out to be impossible
for gravitation, and justly, because gravitation is completely relativistic.

In his time Einstein could not elaborate a better theory, as he could
not guess what was discovered after his death. And that discoveries later
allowed the building of the Standard Model. The most important discovery
of the second half of the previous century (according to Lochak) was the
violation of parity in weak interactions. The different roles of right and left
waves is important as well for the Standard Model which carefully accounts
for this difference, as for general relativity. This is due to the orientation of
space, placed again at the center of physics. This orientation of “space” is
a convenient shorthand; it is actually the orientation of space-time and the
arrow of time which are conserved, and therefore the orientation of space.

De Broglie was very much aware of the defects of quantum theory that
stems from nonrelativistic wave equations. He thoroughly studied relativis-
tic Dirac theory twice, and published two books [56} [60]. In the meantime he
also used the Dirac wave as the starting point for his theory of light [57, [58].
These works were not understood; they were too far ahead of his time. And
de Broglie could know neither the existence of quarks nor their chromody-
namics. The present work was mainly developed by two persons who met
in the seminar organized by de Broglie himself in the “Fondation Louis de
Broglie” created in the “Académie des Sciences” in Paris, to continue his
scientific work. The director of this private foundation was G. Lochak who
discovered the leptonic magnetic monopole [90} [O1]. His monopole wave
equation was the starting point of our work.
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De Broglie bequeathed us his very deep knowledge of the various do-
mains of classical and quantum physics. He also advised us to exercise our
freedom in criticizing the fashions of a system where everyone takes too
many unsound habits for granted, also in physics.

5.3 Bohr was also (partly) right

During the early development of quantum mechanics, the universality of
Heisenberg’s inequalities and the implied limits of our knowledge were not
at all evident. Einstein, who had encountered nothing similar to his theory
of gravitation, entered into a great debate with Bohr, but Bohr’s arguments
prevailed, and justly because it was he who made best use of the universality
of Einstein’s relativistic physics. The generalization of relativistic invariance
to the Cl3 group again takes up this universality and allows us to obtain,
as a consequence of fermion wave properties, the quantization of the kinetic
momentum with a value of h/2 (see 2.5 and [3.7).

In his second book on the Dirac theory (see [60] 2.6), from the quan-
tization of the kinetic momentum, de Broglie deduced the precise form of
the uncertainty relations for two quantities A and B canonically conjugated
(like z and p,): 04 -op = h/2. Before this book, de Broglie had studied
Heisenberg’s inequalities in an earlier work written in 1950-1951 but edited
only thirty years later [61] thanks to Lochak. The derivation of the quan-
tization of kinetic momentum allows us to obtain the fourth uncertainty
relation in the form proved by de Broglie: o;-0p > /2, where oy is the un-
certainty in the temporal coordinate of an event and og is the uncertainty
of the energy at work in this event.

5.4 Intrinsic or statistically random?

Einstein was the first to understand Brownian motion as the random
movement of a particle constantly colliding with molecules, and obviously
had nothing against probabilities. What he questioned was the intrinsic
randomness attributed to the quantum wave.

When physicists can afford to suppress the “small components” of the
Dirac wave, just because electron velocity is low and because two of the
complex components then have a small modulus in comparison with the
other two, they not only completely destroy the relativistic invariance of
the wave equation, but also return to the Hamiltonian pattern inhabited by
the Schrodinger and Pauli equations. In that case time plays a different role
in comparison with space, and the equation takes the Hamiltonian form of
the Schrodinger equation ihdyy = H(v). The wave equation obtained by
this suppression is seldom presented as merely a Pauli equation. In the end,
everyone believes that the Dirac equation is “a kind of Schréodinger equa-
tion.” That shrinks the Dirac wave to the general probabilistic schema of
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nonrelativistic quantum theory: the only things we may calculate are prob-
abilities. And since there is no physical reality beyond what is measurable,
the research of other ideas — the understanding of what actually happens —
are considered useless, and even harmful.

Have we in the present work moved outside this probabilistic schema?
At first it may seem not, since the quantum wave with spin 1/2 is always
associated with a probability: by dividing the local energy density by the
total energy we naturally arrive at a density whose summation over the
whole space takes the value one. It is thus a probability density. In the
case of several indistinguishable fermions we also obtain a measure which
gives the number of these fermions. But certainly the answer is yes, we
have gone outside the purely probabilistic schema because the wave does
not give only probabilities. In the wave we can find the origin of all the
so-called “quantum numbers” such as the baryon number, lepton number,
weak hypercharge and so on. We are now able to understand the value
of each elementary charge. We are also able to derive the Lorentz law of
motion for the density of electric charge and for other currents. We are able
to understand how electrons essentially differ from neutrinos and quarks.
Thus in the wave with spin 1/2 there are some elements of physical reality
rather than mere probabilities. The quantum wave is not reduced to mere
amplitude and phase.

Certainly a large part of quantum mechanics is reduced to the study of
the couple amplitude and phase, that part in which the phase (thought to
be single), which always means the angle of the electric gauge associated by
Noether’s theorem to the probability current, is dominant and overrides all
other currents.

Even in this case — meaning in the realm of QFT, which is indeed vast be-
cause most fermions have an electric charge, but which does not encompass
all physics — the quantum wave follows an equation with partial derivatives
just as deterministic and relativistic as Einstein’s gravitational equations. It
is the extended relativistic invariance which gives the quantization of kinetic
momentum and this explains Heisenberg’s inequalities, which means the lim-
itation of our knowledge about position—energy—momentum (in space-time).
Moreover, among principles that may be consequently derived from proper-
ties of quantum waves is the exclusion principle expounded by Pauli. This
principle states that the occupation number of an electron wave can only be
either 0 or 1. The “probability of presence” concept is thus non-verifiable:
the experimental validation of any probabilistic law is necessarily made via
the convergence of statistical frequencies onto the probability law. And
statistics is impossible with only one object. Statistics based on n electrons
also includes n electron waves. The probability that in a domain of space D
the “electron—particle” is present in D and nowhere else is always calculable
but not statistically verifiable from the wave of this lone electron. The sit-
uation is absolutely different for a photon because an electromagnetic wave
may accommodate myriads of photons. The spatial density of these pho-
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tons on the wave is proportional to the magnitude of the electric field; this
is statistically verifiable.

The concept of probability has two kinds of justifications, a priori or a
posteriori. The concept of probability a priori, theorized by Kolmogorov’s
axioms, defines probability as an additive measure on a family of sets such
that the probability of the whole is 1. It is this kind of probability that we
encounter in the present book. Very different, the concept of a posteriori
probability is based on randomness, which means an intervention of causes
of which we know nothing: For instance a uranium-238 atom exists since its
creation, billions of years ago, but suddenly a nucleus of helium is ejected
and the nucleus transforms into a thorium-234 nucleus. We do not know
what happens, how this process begins, or how it evolves. We only know the
end of the process, when the two nuclei separate. Statistics that physicists
carry out on an enormous number of uranium-238 atoms allows them to
establish probabilistic laws. The probability of decay is constant in time.
Its half-life, the duration such that only half of the uranium remains, is
4.4688 billion years. Can this probability be linked to the wave of the
protons, neutrons and electrons of this kind of atom? We do not know.
And QFT does not know either, despite attempts to causally relate the
temporal probability of decay to the nonzero spatial probability of presence
beyond the potential barrier. QFT must obviously justify how a spatial
probability can yield a temporal probability. This has been discussed by
many physicists [108].

Astonishing implications of these probabilities, such as entanglement,
Bell’s inequalities and Aspect’s experiment, are always interpreted with
the idea of a quantum wave following Hamiltonian relativistic dynamics.
That is in the framework of a theory which replaces the necessary definition
of mathematical objects by a set of postulates supposedly universal. But
these postulates are not universal, because waves of different fermions of the
Standard Model have left and right waves. And never was it proved that
these left and right waves would obey the postulates of quantum theory.
Certainly what we introduce here, using a wave function of space-time with
value in End(Cl3), can be used to support the mathematical foundations of
second quantization. But problems of Hamiltonian dynamics would remain
entirely.

Why are we entitled to doubt the possibility of a Hamiltonian relativistic
dynamics for the spinor wave of the electron? The problem comes from time,
which is revertible in Hamiltonian dynamics and which is not revertible for
the invariance under C13. Since QFT admits the universal validity of CPT
symmetry along with the violation of P-symmetry and of CP-symmetry, this
is equivalent to the violation of T-symmetry. It is thus logical to think that
the dynamics of fermions in the Standard Model cannot be Hamiltonian.
Moreover, we have explained in Chapter 1 how the first Hamiltonian form of
the Dirac equation is both nonrelativistic and nonequivalent to the second
form of the Dirac equation, which is relativistic. It is thus false to consider



222 CHAPTER 5. WHY?

two nonequivalent wave equations as describing the same particle!

We now have a much stronger reason, knowing that ordinary time is
expressed through the exponential function which applies the Lie algebra
Cls on the CI} group, particularly R onto RT*: time is oriented by the
structure of the whole space-time. The measurements of space and time
used in the interpretation of Aspect’s experiment and of Bell’s inequalities
are interpreted in the frame of the space-time of special relativity. All these
measurements should account for the inclusion of space and time in the
true space-time manifold (would say Bohr). We explain in how events
which seem to coincide, as observed in a particular frame, in fact may be in
the future of each final observer.

In the previous discussion of the decay of a uranium atom, and with the
emission of a photon as well, it is essential to understand the all-or-nothing
character of quantum phenomena that is the main feature of quantization.
Surely, for any quantum phenomenon the kinetic momentum comes in in-
teger multiples of /2. Yet making use of ergodic properties, it is perfectly
possible to link temporal probabilities of seemingly random events, to a
continuous distribution of spatial probabilities. This is of course something
to elaborate on, to account for probabilities used by Einstein for his physics
of the black body.

5.5 The nearly forgotten Dirac equation

That is from two parts of Einstein’s scientific work that our work is
built. A first part of his work was interpreted as the replacement of the
invariance group of Newtonian physics laws by another invariance group
called the Poincaré group, which is 10-dimensional. That group contains
space-time translations and Lorentz transformations. Relativistic quantum
mechanics replaced the restricted Lorentz group by the SL(2,C) group.
And this group, 6-dimensional, was extended by us to the GL(2,C) = Cl3
group. This extension is justified by the spin 1/2 of all the fundamental
objects of quantum physics: fermions. These are named after Fermi who
worked out the statistics indicated by Pauli’s exclusion principle. Regarding
the exclusion principle, we also went further since it is now linked to the
additivity of the fermion mass-energy, through the orthonormalization of
the fermion waves. This additivity is not an exact law and is only due
to the extremely tiny masses of particles, which makes the nonlinearity of
gravitation negligible.

Why was quantum mechanics essentially built from the Schrodinger
equation, when only a few months after this first discovery the Dirac equa-
tion was also available? De Broglie explained how after the 1927 Solvay
Conference, having been appointed professor at the Sorbonne, and aware of
the obstacles to his idea of the wave guiding the particle, he began teaching
the works of the other quantum physicists, not his own theory. He returned
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to the ideas of his youth only many years later. Yet a long time prior to
this change, he was already interested in the Dirac equation because the
equation was relativistic, like his initial concept of a wave associated to the
movement of any material particle [55]. But by the time he changed his
mind about the explanatory power of quantum mechanics, the Dirac equa-
tion was already considered outdated, seldom taught. This area of quantum
physics was slowly disappearing from the physics curricula of universities.

Among the reasons for this decline is the great difference introduced by
the spin 1/2, between what is called a physical quantity in classical physics
and what is called a physical quantity in quantum mechanics. In classical
mechanics the quantities are numbers, for instance a temperature of 302
Kelvin. Other quantities are components of vectors like velocity or force,
where the components are real numbers. Others, slightly more difficult
to understand, are tensors such as the inertia tensor or the electromagnetic
tensor. Still, all these quantities are real numbers. The wave equation found
by Schrédinger, that of Pauli and more so the Dirac equation, all introduced
a deep change: quantum states have no direct link with the quantities of
classical physics. To each classical quantity is associated, everywhere in
quantum mechanics, an operator acting on the linear space of states; and it
is the proper value of this operator which gives the real number of classical
physics. According to this line of reasoning, the ultimate physical reality
of the electromagnetic field comes from creation and annihilation operators
which add or subtract a unity to the number of photons present in the
electromagnetic wave.

On the contrary, we explain in Appendix C how all quantum numbers
of solutions in the hydrogen case are obtained with only the condition of
the normalization of the wave. This does not contradict quantum mechan-
ics, because we may show adequate operators such that each solution is
automatically a proper vector of these operators. Nevertheless, the general
theory of Hermitian operators is simply useless.

De Broglie remarked early on [56] that with the Dirac wave equation it
was still different: certainly the idea of classical numbers as proper values
of operators is conserved, but it is not these quantities that have true rel-
ativistic variance; it is the tensor densities which transform following the
law established for relativistic physics. Several arguments were brought up
against the Dirac wave, one of which is that the matrices used in the wave
equation are only defined up to an arbitrary matrix factor. It is thus diffi-
cult to consider the wave as having any element of physical reality, and the
wave appears to be merely a tool for calculations, nonphysical. We resolved
this difficulty by defining the Dirac matrices from the Pauli matrices in a
unique manner, and by defining the Pauli matrices from the canonical basis
of GL(2,C). They are the same for two observers in relative motion, and
thus the wave with spin 1/2 may have the status of physical reality, in the
same way as for instance an electric field.

Some other difficulties are only historical; they were resolved when the
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study of the tensors in the theory was improved: Hestenes introduced new
methods of calculation, much more efficient. They allowed him to prove
that the densities of electric charge and of electric current nearly follow the
Lorentz force lawﬂ Only one other theory derived the laws of motion from
field equations: General Relativity. This strongly impressed de Broglie when
Einstein managed to prove the derivation (de Broglie needed this nonlinear-
ity to link his particle to its wave). And we may say that the improved wave
equation is even stronger than Einstein’s gravitation equations, which gives
the law of the movement only for a singularity of the field, while the wave
equation of the electron gives the Lorentz force for any solution
of the wave equation.

Another reason for theoretical physics to discountenance the spin 1/2
wave is that the Dirac equation is only a linear equation. Thus its worth
is much less than that of general relativity, which is nonlinear. It is also
only a theory for a single electron, and in an exterior potential which is
nonsense in a field theory. Yet this criticism applies to the Dirac equation
as formulated in 1928, not to our work: the improved equation obtained
in Chapter 1 and its subsequent generalizations in the next chapters are
nonlinear, both in mass terms and in gauge terms where potentials are
dependent on the wave. Algebraic identities suppress the effect of each
chiral current on itself. This eliminates the self-effect, without destroying
the effect. It is seen only if we consider the entire wave altogether and
not merely the different pieces. Furthermore the more useful form of the
fermion wave equation is its invariant form, which is not at all linear. The
wave is a well-defined function of space-time (not configuration space) with
value onto a set of operators acting on themselves. This is the only possible
justification for second quantization.

With Lorentz’ electron-particle model, the mass-energy is the sum over
all space of the energy density of the electromagnetic field. If the electron
is exactly a point, this energy is infinite. It the electron is extended, the
repulsive force due to the electric field of the charge must necessarily be
compensated by other unknown forces. This led us to separately consider
the exterior field created by the other charges. In the previous chapters the
energy density of the electron is no longer the energy density of the electric
field; it is the temporal component of the energy—momentum density linked
to the Lagrangian density of the electron. It was previously known that the
energy density linked to the electromagnetic field W = %(EQ—FH 2) was prob-
lematic: the mass of this energy depends on how energy is defined from the
mechanical point of view [8]. We see in Chapter 1 that it is the electromag-
netic field itself which is the energy—momentum tensor. The mass-energy of
the electron is exactly the sum of the energy density of the electron wave.
That tensor density of energy—momentum in quantum physics is linked by
Noether’s theorem to the invariance of the Lagrangian density under space-

1. Our improved equation gives the Lorentz force exactly, see
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time translations. Since we only needed the fermion part of the Lagrangian
density of the Standard Model, and since wave equations of bosons were
derived from those of fermions by the recursion on wave equations, we con-
clude that we need only the fermion part of the Lagrangian density.

This part of the Lagrangian density is derived from the wave equations,
and the wave equations are derived from the Lagrangian density. This
suggests that gauge fields have no proper energy. Phenomena where gauge
fields seem to own a proper energy are phenomena where it is always possible
to reallocate this energy to the fermions that give or receive this energy.

This leads to a first prediction: As strong as a magnetic field may
be around a star (including neutron stars and black holes) or a
galaxy, this field, despite its bipolar and multi-polar structure,
has absolutely zero effect on the geometry of the gravitational
field which can remain perfectly spherical.

5.6 Why those wave equations and not others?

The global wave equation for all fermions of the first generation separates
into 16 equations corresponding to 16 spinors, eight left and eight right,
making up the wave. This splitting is what allows us to distinguish each of
these objects from others. But the separation is only partial: wave equations
are all constructed in the same manner, with a differential part (the only
part of the equation that totally distinguishes parts of the wave), a mass
term and a gauge term. The mass term and the gauge term contain space-
time vectors that are themselves functions of left and right spinors. This
dependence of the gauge and mass terms on spinors reveals that the wave
equations are highly nonlinear. We again look at the three parts of our wave
equation: The whole equation is constrained by the invariance under the
Cl3 group that governs the whole of the Standard Model and gravitation.
We consider the homothety ratio in terms of the invdim (see that we
use to distinguish contravariance from covariance.

1. Spinors have a invdim 1. Partial derivatives acting on them give
terms with invdim —1.

2. Thus the other terms must have the same —1 invdim. And they
contain a multiplication by the spinor wave function, with +1 invdim. Thus
the other factors must together bring a —2 invdim. Therefore a single spinor
factor is inconvenient, and it is impossible to have quadratic terms with
regard to spinors; only cubic terms are possible. These cubic terms bring a
supplementary invdim of +2, not —2, and thus we have a difference of +4
to compensate.

3. This may be done in only two ways, either bringing a —4 invdim
or bringing two —2 invdims. The first possibility is what the gauge term
brings, where the lone charge (actually g1, g2 and g3 constants) brings a —4
invdim.
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4. The second possibility, —4 = —2 — 2 is actually what m/p brings
to the mass term because m brings a —2 invdim and 1/p also brings a —2
invdim. All in all, there are two, and only two, possible terms in addition to
the differential term because there are exactly two possibilities to express 2
as an ordered sum of integers: 04 2 and 1+ 1. Moreover this justifies the
difference between mass and charge, which certainly give both potentials
in 1/r. They are different only from the point of view of the extended
invariance.

Why do we not obtain derivatives of higher order? First the wave equa-
tion Dirac envisioned must have similar partial derivatives for time and
space coordinates: that is required by special relativity. And it is necessary
to only have first-order derivatives so as to obtain a conservative probability
density. First-order derivatives are also the terms of the first approxima-
tion. In the study of manifolds, by distinguishing the variation of points
and the variation of a mobile basis, it is possible to avoid the writing of dif-
ferential terms with higher degrees. It is similar to the systems of first-order
equations that are obtained in mechanics (where second-order derivatives
are natural) when velocities are used as auxiliary variables. Hence the use
of only first-order derivatives does not restrict the generality of our wave
equations. Furthermore the recursion takes place in the wave equations.
Second-order derivatives allow us the definition of the gauge bosons. And
similarly, terms of higher order are included in the relations linking gauge
fields to potentials, and currents to gauge fields. Lastly the system is closed
for another reason: the null invdim of all gauge fields. Consequently, by
multiplying operators acting on these gauge fields we still obtain such an
operator. The quantum wave gives two connections on the space-time man-
ifold: a connection linked to the currents of the quantum wave (inertia) and
another linked to its invariance group (geometry)(see chapter 4). The iden-
tity of these connections is exactly the equivalence principle between inertia
and gravitation. And the reason for this identity is: the space-time manifold
is a hypersurface of dimension four itself included in the 8-dimensional C3
Lie group, which is also a manifold. Since the connection acts by the wave
equation, it concerns directly the Lagrangian density, it also concerns the
energy—momentum. The proper mass of quantum wave equations is thus
a difference between inertial and gravitational mass, though not noticeable
because Avogadro’s number is too high. This mass is not defined by the
particle alone; it is proper to the particle interacting with a material system
great enough to allow measurements.

5.7 Treasure hunt

In the vast “treasure hunt” that is scientific research, it is very easy to
let oneself be rerouted by coincidences, the main reason for believing we
are following the right track when actually the track is already lost. And
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there have been several coincidences throughout the history of physics. For
instance the wave equation of the electron was discovered at just the same
time as the spin 1/2, and at the time, there was yet no direct relation.
Another coincidence concerns mathematical tools: the Clifford algebra of
3-dimensional space is also the algebra of complex 2 x 2 matrices (but only
as algebras on the real field!). This contributes to justify the habit of quan-
tum mechanics to only use functions with value in the complex field. A
third coincidence: the Lie group of rotations in 3-dimensional space has
the same Lie algebra as the group of the 2 x 2 unitary complex matrices,
denoted as SU(2) (but the groups themselves are different!). That gave an
additional justification to the sole use of functions with complex values, and
the primacy of unitary transformations that conserve the probability. These
coincidences, which are accidental from the mathematical point of view, are
reasons that led physicists to consider the theory of operators on quantum
states as a tool that is all at once necessary, sufficient, and impregnable —
but all the while: that was a false track!

The human spirit always tries to reduce novelties down to what is al-
ready known: it’s our nature. There still are some people today who persist
in restraining the study of electromagnetism to an absolute time, which is
only time as perceived by their internal biological clock. In the same line
the concept of spinors was systematically reinterpreted, distorted, in order
to reduce the new concept to something previously known: tensor physics.
Therefore the novelty of the situation was not received, like the infinite
kinds of tensor densities that may be constructed from spinor waves. Simi-
larly, only tensor densities which are invariant under the electric gauge were
considered, as if the electron could not also be affected by weak interactions.

5.8 Physics and mathematics

Mathematics and physics are closely related sciences, both work on geo-
metric and numeric data and integrate those into an orderly body of knowl-
edge. But these two sciences, both extensively developed, are nowadays so
vast that it is impossible for a young scientist to master the whole of physics
or the whole of mathematics and even more to master both domains fully.

Galileo pointed out that the language of physics was mathematics, and
since then, the connection between physics and mathematics grew ever
closer. But misunderstandings got significantly worse since the beginning
of quantum physics.

Those misunderstandings, as is often the case, can in part be ascribed
to both parties. The evolution of mathematics towards greater abstraction
and generality is natural but ill-adapted to physicists’ needs: the theory of
linear spaces is naturally made with a general n-dimensional space, but what
is interesting for physics is simply the 3-dimensional space and the 3 + 1-
dimensional space-time. Only with three dimensions does a cross-product
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exist, which is so useful in physics. Properties specific to a 3-dimensional
space (scalar and cross products, curl, and also the electromagnetic field as a
field of energy—momentum densities) do not interest most mathematicians.
The particular properties of the algebra of the 2 x 2 Pauli matrices, like the
fact that the co-matrices are complex numbers, act only if n = 2. Hence
the use of general n-dimensional linear spaces, so natural in mathematics,
is in practice detrimental for physics.

Physicists are also partly responsible for these misunderstandings. It is
impossible to take advantage of the strength of mathematical results when
their constraints are disregarded: for instance, the necessary definition of
mathematical objects for which the reasoning can be applied, and the im-
portance of theorems of existence and of impossibility.EEo it is the Pauli
algebra, with its modest 8 dimensions on R, which is important, while any-
thing else seems to lead the Dirac theory to resort to the use of M4(C) or
at most the subalgebras Cl; 3 and Cl3 ;. It is also necessary to distinguish
similar yet nevertheless different concepts such as a Lie group and a Lie
algebra.

Quantum theory was built on the basis of mathematics of the century
that preceded its beginnings. For instance the concept of function was
purely computational, and the questions of limit, of topology and even
mere concern for the set of departure and the set of values, or the use-
fulness of Clifford algebras: all this was misunderstood by physicists who
were old enough, despite their remarkable youth, to know only the math-
ematics of the nineteenth century. Afterward physicists were even misled
by the power of the distribution theory, which made more effective the use
of Fourier and Laplace transformations. Thus when QFT was introduced,
most people were quite sure that the needed theorems would be necessarily
soon demonstrated. But the expected proofs never came: physicists had
too much confidence in the power of mathematics.

5.9 Understanding and predicting

Among the ideas that we now understand better, several were known
for a long time. The existence of Planck’s constant in physics is more
than a century old, and the quantization of kinetic momentum arises from
there. Here we also explain how this constant ratio between energy and

2. In his second book on the Dirac theory ([60] Chapter II, section 2) de Broglie
clearly explained the following impossibility: if we consider three operators mz, my and
m satisfying anti-commutation relations of 3-dimensional rotations, all possible proper
values of m are —j, —j+1,...,5 — 1,5 where j(j + 1) is proper value of m2 —i—m% +m2,
and all possible values of j are 0,1/2,1,3/2,2,5/2.... But if myz, my and m, are
angular momentum operators (m, = i(y— — z—) and so on), the only possible values

0z Oy
of j are 0,1,2,3,.... Consequently the operators of the Dirac theory, with values j =
1/2,3/2,5/2,... are not angular momentum operators! (Thus we named these operators
as “kinetic momentum” operators).
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frequency comes from the invariance of quantum laws under CI3. This
invariance emerges from the mathematical structure of the fermionic waves.
And the mathematical structure of the fermion waves in turn comes from
this invariance.EIThis is manifested in the equivalence between two forms
of the wave equations, due to the invertible character of each value of the
wave function. Furthermore this equivalence gives rise to the Lagrangian
mechanism. It is an extremal principle: Noether’s theorem associates the
translational invariance of wave equations to the existence of conservative
densities of energy—momentum. This theorem also associates a conservative
kinetic momentum to the invariance under Cl;. We consequently obtain
the quantization of kinetic momentum with the expected value i/2. And
since the kinetic momentum is quantized, the Planck constant appears fixed.
The orthonormalization of the wave and the resulting quantization of the
kinetic momentum justify the use of kinetic momentum operators that give
the different states of electrons in atoms.

Pauli’s exclusion principle has also been known for nearly a century. We
link this principle to the necessary orthonormalization of states in the case
of the electron in an atom. This orthonormalization is itself linked to the
additivity of the mass-energy, and hence to the properties of gravitational
sources, since masses of microphysical objects are very small in comparison
with the masses necessary to reveal the nonlinear character of gravitation.
So the energies of the various electrons in an atom are additive. This addi-
tivity of the energy is itself related to the additivity of the gauge potentials.
It is enough to justify that the gravity around a star is proportional to the
total mass of the star, the sum of the masses of all its components. This
is only a linear approximation, legitimate in the case of a low gravitational
field.

We also linked the equivalence principle to this weak-field approxima-
tion, through Lagrangian densities that may be written as the difference
of an inertial part and a gravitational part. Noether’s theorem hence gives
two equal energy—momentum tensors, which thus have the same temporal
component. By integrating over space we thus obtain the equality between
inertial mass and gravitational mass. This was the starting point of Ein-
stein’s general relativity.

The inclusion of the space-time manifold into the Lie group Cj is enough
to explain homogeneity and isotropy of our space-time: in a Lie group,
the vicinity of any element of the group is similar to the vicinity of the
neutral element. This is largely established from the experimental point
of view, where the cosmic background radiation is still today very close to
homogeneity (one part in 10°). Moreover the geometry of the physical space
naturally tends to infinity (like that of R?).

3. This looping causality is the only reason explaining why metaphysics is unnecessary.
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5.10 Falsifiability

Any scientific theory must be falsifiable: it should be possible to prove
that the theory is false. Conversely it is impossible to prove definitively that
the theory is true. Hence this can only humble the authors of this work.
Will the best theory someday completely do without the Dirac equation
in understanding the properties of electrons, neutrinos, quarks and other
“particles”™ Even if the Dirac equation gives all known results for electrons
in atoms, we proved that it is possible to get the same results from another
point of departure [34].

From Fermat’s principle through Lagrangian mechanics and up to the
Standard Model, the whole of physical theory has been developed from
an extremal principle. Is this principle fundamental in physics? The an-
swer that we gave in is clearly: No! We detailed how the algebraic
structure of Cl3 gives the double logical link between the wave equation
and Lagrangian density. Thus the extremal principle is not fundamental,
though it is very efficient because the invariance of a Lagrangian density
gives, through Noether’s theorem, conservative quantities. And that which
conserves, which is stable, is much easier to understand than that which is
furtive, unstable, changing, unpredictable. Furthermore the extremal prin-
ciple is the reason for the unity of all matter-energy, because each fermion
contributes to this energy—momentum tensor, whose temporal component
gives the energy of matter. In addition, the electromagnetic field itself is
this energy—momentum. Moreover only fermions contribute; photons only
transport the energy—-momentum between two fermions. Nevertheless in a
regime dominated by gravitation there is no longer a Lagrangian formalism
(see and thus no laws of conservation.

The great debate of quantum physics was around the question: what is
the quantum object? A particle? (A very small object, even an infinitely
small point?) A wave? A wave and a particle, as de Broglie thought?
Any phenomenon in quantum physics that is adequately described with
particles can also be adequately described with waves, and conversely. And
it is also possible to describe the same phenomenon with objects that are
both waves and particles [I00]. Here we began from the Dirac wave. And
we even claimed: an electron is an orthonormalized quantum wave. Is the
electron also a point object? Nothing forbids this! It is possible that our
orthonormalized quantum waves may include singularities, or even must
include singularities. To ascertain this it will be necessary to solve the wave
equations, study the solutions carefully and understand in particular the
emission and absorption of photons and of the other bosons. Note also that
the solutions calculated, among which are our solutions for an electron in a
hydrogen atom, may be qualified as “solitons”: the appearance of the radial
functions means that these solutions are similar to solitons. These solutions
are completely stable, definitely. Their “loneliness” is simply less visible
because these waves are not separated in ordinary space, but orthogonal for
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a scalar product concerning the C15 manifold where our space-time is only
a 4-dimensional sub-manifold.

The great debate began at a time when only one elementary particle
was really known: the electron. Moreover the wave of the electron is not
elementary but double, made of a left and a right wave: it is a complicated
object. Other particles known in the early years of nuclear physics — protons
and neutrons — are no longer considered elementary since they are made of
three quarks, hence of six waves, three left and three right. They are still
much more complicated objects.

We are very far from a complete exploration of all the consequences
of the extension of the invariance group. Consider once more a common
phenomenon like the transition of an electron of the solar photosphere from
one energy state to another, followed by the travel of a photon to our eye
and its absorption by an electron in our retina. We interpret this chain of
events by attributing an electromagnetic wave to the photon. This allows
us to neglect both the emitting electron and the receiving electron during
the transport. But the duration of this transport, from the point of view of
the photon, is exactly null. We might as well describe the event as follows:
the electron wave in the photosphere produces a energy—momentum tensor
which is also the electromagnetic field that propagates towards an electron
in our retina, giving a direct interaction of two fermion waves, that of an
electron in the Sun and that of an electron in the retina.

A great number of things remain to be understood. To give the wave
equations of the quarks is only a first step. It will also be necessary to know
how to calculate magnetic moments of the proton and the neutron, and to
study what new equations would allow nuclear physicists to understand.
And it may happen that many other consequences exist which we did not
even think of.

What we already obtained fully justifies the extension of the invariance
group from SL(2,C) into Cl5. Without this extension there is nei-
ther quantization of the kinetic momentum, nor the double pres-
ence of the chiral invariance both in the gauge symmetries and in
the geometry of gravitation. Without this extension physics can
understand neither the reason for the existence of the neutrino—
monopole, nor the values for the electric charge of leptons and
quarks of each generation of the Standard Model, nor the speci-
ficity of gauge fields: their invdim is null, they are sensible only to the
part containing Lorentz transformations of the similitude group. The prod-
ucts of such fields also have a null invdim, and themselves behave as gauge
fields: this makes possible the construction of creation and annihilation
operators.

In metrology, physicists are nowadays working to replace the old Stan-
dard Kilogram by this standard of action which is the Planck constant.
This is perfectly compatible with the extended invariance: when a simili-
tude multiplies all lengths by r, the length of all standard meters are also
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multiplied by r. Thus the physicist who always locally measures only the
ratio between the length of the measured object and the length of the stan-
dard meter cannot see the homothety. We may say the same thing for
proper masses or for actions, replacing only r with 73 and r* respectively.



Chapter 6
Epilogue

Thank you for your attention on this work which is the result of thirty
years of research. We present the following as a recap of the most salient
features. We introduced five novelties:

1. The natural mathematical framework of the quantum wave is the Clg
algebra (instead of space-time algebra); it is enough to describe both the
quantum wave and the space-time manifold.

2. The invariance group (form invariance which in quantum physics replaces
the Lorentz group of special relativity), is extended from SL(2,C) to the
GL(2,C) = Cl} Lie group.

3. The linear Dirac equation is replaced by our improved (and nonlinear)
wave equation, obtained by simplifying the mass term of the Lagrangian
density, with a possible double proper mass.

4. Space-time is not the starting point, but it is a consequence of the field
of values of the fermion waves.

5. The space-time manifold is included in CI% (invariance group of all phys-
ical laws) as its auto-adjoint part.

The calculations with Cl3 are much simpler than those with 4 x4 complex
matrices. The first yield of these simplifications is a better understanding:

1. Why there is an extremal principle in quantum mechanics.
2. Why there is an equivalence principle in General Relativity.

3. Why there is the double equality E = mc? = hv (Einstein’s relation and
existence of the quantum of action).

4. Why action and electric charge are both quantized.

5. Why the maximal violation of parity in weak interactions.

233
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6. Why the spin 1/2 and not integer values for kinetic momentum operators.

7. Where the exclusion principle comes from.

8. Why this kind of wave equations and how these equations can be linked
to the geometry of space-time.

9. What charge conjugation is and how the puzzle of the negative energies
is solved.

10. How the fermion part and the boson part of the standard model are
connected.

11. Why the baryonic number is conserved.
12. Why all leptons are insensitive to strong interactions.

All these results are obtained without any metaphysical principle.
By enlarging the linear space of values of the quantum wave to Cl3 3, the

fermion wave integrates most of the novelties introduced by the Standard
Model:

1. The existence of exactly two quarks with three color states, for each
generation.

2. The linked existence of three generations and of charge conjugation.

3. The gauge invariance under the U(1) x SU(2) x SU(3) group of the
Standard Model, and the impossibility of a different or greater gauge group.

4. The distinction between leptons insensitive to strong interactions and
quarks linked by strong interactions with color. For the lepton sector the
existence of one particle with an electric charge and of one with a magnetic
charge, the magnetic-monopole—neutrino with a total of four waves linked
to the four kinds of representations of the Cl3 group. The neutrino with a
right and a left wave, and Lochak’s magnetic monopole are the same object.
For each of three generation, a charged lepton and a neutrino exist, plus a
fourth neutrino which is its own anti-particle.

5. For quarks the existence of twelve elementary waves, three for each of
the four kinds of representations of Cl3, with six of these waves, three left
and three right, forming the three quarks of a proton or of a neutron.

6. The quantization of kinetic momentum with the value %/2 for each ele-
mentary particle (it is precisely for this reason that they may be considered
as particles), namely: the proton, neutron, electron and neutrino-monopole

7. The magnitude of the electric charges of all particles (electrons, neutrinos,
quarks...) and of their antiparticles.
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8. The origin of the preference for left waves (see [3.8). The inclusion of Cl3
into End(Cl3) also explains why the electron wave in second quantization
can account for all results given by its wave of first quantization.

9. About the geometry of space-time, we also resolve the ambiguity of the
signature of space-time in special relativity. Since the quadratic form giving
the space-time metric comes from the determinant in 7 the signature
is necessarily + — — —.

10. The equivalence between wave equations in the usual form and wave
equations in the completely invariant form requires the cancellation of the
X term in (3]

11. The existence in the electromagnetic field of quanta of energy-momentum
(photons), because the electromagnetic field is made of components of the
energy—momentum densities of the fermion field.

12. The existence in quantum physics of a probability density and the
necessity to normalize the quantum wave. That results from the equivalence
principle between gravitation and inertia.

The inclusion of the space-time manifold into the C'l3 Lie group brings:
1. The geometric origin of the arrow of time.
2. A better understanding of non-simultaneity in optics.

3. A mainly geometric origin for the expansion of the universe, and its
recent acceleration.

All this work could not have even begun without the creation, by Louis
de Broglie himself, of a free foundation with the aim of continuing his physics
research. The head of this “Fondation Louis de Broglie” was Georges Lochak
(1931-2021), who discovered the leptonic magnetic monopole, starting point
of our work.

If you have questions or comments you may use our email addresses.

The path is arduous, but Louis de Broglie declared the necessity of both
freedom and imagination. He passed on his device "Pour 1’avenir" to his
Foundation.
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Appendix A

Clifford algebras

We present what a Clifford algebra is. We study the alge-
bra of the Euclidean plane and in great detail the algebra of 3-
dimensional space. This algebra is also generated by Pauli matri-
ces. We include here space-time and relativistic invariance. We
study different tensor densities of the electron wave. We prove
identities necessary to obtain the form invariance. We study left
and right currents, potential vectors and the electromagnetic field.

Clifford algebra is a useful tool: the physics of light, of gravitation,
and quantum physics need waves; thus they need trigonometric functions.
Trigonometry is highly simplified with the use of the exponential function.
This exponential function needs addition and multiplication: it is necessary
to may add and multiply vectors. Mathematics then provides the structure
of algebra. Here we present this algebra at a level of minimal difficulty. As
this is a presentation for physics needs, we expect our pedagogical decision
to be met with some criticism from mathematicians. For instance we choose
to speak only about real Clifford algebras, though algebras on the complex
field also exist. We might think that they ought to be essential in quantum
physics since the most frequently used Clifford algebra is also a complex
algebra. But it is actually its structure as a real algebra which is useful in
quantum physics E] We may also consider that it is not the algebra which is
important but only the ring structure, and even only the multiplicative Lie
group structure. The presentation here is intentionally made for beginners,
not for theorists of Lie groups.

1. A real Clifford algebra has vectors whose components are real numbers and which
are never multiplied by i. A complex Clifford algebra has vectors whose components
are complex numbers which may be multiplied by 7. You can also refer to Doran and
Lasenby [66], which is more oriented towards space-time algebra. The disadvantage
of that approach, yet natural with relativistic physics, comes from the fact that 2 x 2
matrices have very particular properties, specific compared to greater dimensions. Those
properties play an important role in quantum physics.
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A.1 What is a Clifford algebra?

1. It is an algebra [9][22], and there are two operations: an addition denoted
by A+ B and a multiplication denoted by AB, such that for any A, B, C":

A+ (B+C)=(A+B)+C ; A+B=B+A4,
A+0=A ; A+(—A) =0, (A1)
AB+C)=AB+AC ; (A+ B)C = AC + BC,

A(BC) = (AB)C.

This last equality (associativity of multiplication) allows us to suppress
parentheses. The product is thus simply denoted as ABC.

2. The algebra contains a set of vectors, denoted with arrows, in which
a scalar product exists and the Clifford multiplication uv is supposed to
satisfy for any vector ¢ the identity:

il = i - . (A.2)

where 1 - ¥ points out the scalar productﬂ of these vectors. This implies,
since u - ¥ is a real number, that the algebra which contains the vectors also
contains the real numbers.

3. Real numbers commute with any member of the algebra: if a is a real
number and if A is any element in the algebra:

aA = Aa; 1A= A. (A.6)

These algebras exist for any finite-dimensional linear space. The smallest
algebra is unique, up to an isomorphism.

Relations and imply that the algebra is also a linear space
which must be distinguished from the initial linear space. If we start from
an n-dimensional linear space the dimension of the algebra is 2. We will
see for instance in that the algebra of the usual space, 3-dimensional,
is an 8-dimensional linear space.

If i et U are two orthogonal vectors (that means if @- 4 = 0) the equation
(@ +7) - (€ + V) = (4 + 9)(d + ¥) implies

AT T T = i G0+ T+ 7,

2. The scalar product satisfies, for any vectors 4, ¥, @ and any real number a:

i T=7-1, (A.3)
(ail) - ¥ = ali - ¥), (A.4)
(@+7) @ = (T D) + (T D). (A.5)

We recall also that the scalar product of two vectors is the product of the lengths of these
vectors by the cosine of the angle that they form.
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hence we have:
0=uv+vd ; vd=—uv. (A7)

This is the major difference compared to usual rules of calculation with
numbers: the multiplication is not commutative and anyone must be as
cautious as for matrix calculus. It is besides always possible to perform all
calculations using an algebra of squared matrices. The addition is defined in
the whole algebra, which contains both numbers and vectors. Then we will
get sums of numbers and vectors: 3 + 5i is authorized. This may perhaps
seem strange or disturbing, but it is not any different from 3 + 5¢ and
everyone using complex numbers finally gets used to it. The two following
definitions are important and general:

Even subalgebra: The even subalgebra is the subalgebra generated by
all products of an even number of vectors: : v, €1€>€3€y, and so on.

Reversion: The reversion A — A changes the order of all products.
Reversion does not change numbers a nor vectors: a = a, @ = , and we
get, for any 4 and ¥, or A and B:

—~ — —~—

Wr=7vi; AB=BA; A+B=A+B. (A.8)

A.2 Clifford algebra of a Euclidean plane

The algebra of the Euclidean plane Cls contains all real numbers and all
vectors of an Euclidean plane, @ = x€é] + yés, where €1 and €5 form a direct
orthonormal basis of the plane: this means that they are two vectors with
length 1, orthogonal to each other; they satisfy: &% =& 2 =1, & -é = 0.
Usually we let: i := €1€5. The general element of the algebra of the plane
is expressed as:

A =a+ xé& —+ ygg —+ bglgg =a+ 1'51 —+ yéé + Zb, (Ag)

where a, x, y and b are real numbers. Those 4 real numbers are enough
because:

11 = €1(€16) = (€1€1)€y = 183 = €; €xi = —€1; i€y = &)
i€ = —y; 02 =i =i(€18) = (i€])Ey = —E2fy = —1. (A.10)

We have two remarks:
1. The even subalgebra Cl5 is the set formed by all a + ib; thus it is the
complex field. This subalgebra is commutative. We can say that complex
numbers are underlying as soon as the dimension of the linear space is
greater or equal to 2. -
2. Here the reverse is the complex conjugate i = €6, = €>6 = —i.

We hence obtain for any @ = xé€; + yé2 and any ¥ = 2'€; + y'€ in the
plane: 40 = @ - U+ i det(, ¥) where @ - ¥ = xz’ + yy’ and where det(, v) is
the determinant zy’ — yz’ of both vectors in the basis (€], €3).
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A.3 Clifford algebra of 3-dimensional space

The dimension 3 of our space is the main reason for the significance of
that algebra. We explain in Chapter 1 why other reasons exist for preferring
this framework for quantum physics.

The algebra, denoted as Cl3, contains [3] all real numbers and all vectors
of the geometry of space which read:

i = 2'e) + 2% + 2*ey =: 27¢;, (A.11)
where x1, 22, 23 are 3 real numbers. (€}, €, €3) form an orthonormal basis.

The second equality is the usual Einstein summation convention, with Latin
indices from 1 to 3. The scalar product satisfies:

Bl -Gy=6y-G3=03-61=0 ; & = =éd" =1 (A.12)
We let:
iy := €2€3 ; g 1= €3€] ; i3:= €16y ; 1= €1€2€3. (A.13)
That gives:
it =i =i =4 =1, (A.14)
=i ; i€ =1i;,j=1, 2, 3. (A.15)

In the calculation of squares we may use (A.10f). To obtain the commutation
of ¢ with all vectors we may begin to prove that i commutes with each
€;. General element in Cls is: A = a + @ + 10 + ib. For Cl3 that gives
1+3+3+1=8=23 dimensions. (third line of the arithmetical triangle).
We have five remarks:

1. The center of Cls, set of all elements commuting with all other, is the
set of the a + b terms. They are the only elements commuting with all
the others in the algebra. That center is hence the complex field: C. This
is the main reason for the important role of complex numbers in quantum
physics. In a Cl,, with n even, the center of the real Clifford algebra Cl,, is
only the real field. The larger center, in Cl3, has many consequences that
we encounter later.

2. The even subalgebra CI3 is the set of a + it' which is isomorphic to the
quaternion field H. Using the quaternion field we automatically use the Cl3
algebra which is sometimes called algebra of biquaternions.

3. A = a+i@— i —ib: The reversion is for the center C, the complex
conjugation and also for quaternions in the even sub-algebra Cl = H.

4. The iv term is usually called an axial vector or pseudo-vector, while u
is the true vector or (in short) vector. It is well known that this situation
is proper to the dimension 3, only dimension for which there is equality
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between the second and the third number on a line in the arithmetical
triangle.

5. 4 different and independent terms with square —1 exist: 4 different ways
to get complex numbers. Nonrelativistic quantum theory always uses a
unique term with square —1, which is the case with C'l,, and hence works like
a 2D software. What physics actually needs since we live in a 3-dimensional
space is thus the 3D software of the Cl3 algebra.

A.3.1 Vector product, orientation

Given vectors u and ¥/, the vector product @ x v is the vector orthogonal
to @ and to ¥, with a length equal to the product of the lengths of & and v by
the sine of their angle, and such that the basis (@, U, @ x ¥) is direct. Using
coordinates in the basis (€}, €3, €3), the following properties are proved, for
any o and

UW=u-U+1UxX7, (A.16)
(@-0)* + (@ x )% = @52 (A.17)
From (A.16]) we deduce:
I L L SNV
u~v:§(u + v );uxv:?(u — UU). (A.18)
i

By dividing (A.17) by the right term, and taking 6 to be a measure of the
angle (4,7), we get:

(@-v)? (@ x 7)? 9 UXT  \2
= —— cos*(0) + | v=r7 =7 ) -
aifran  dalial? ) (HUH ||U||)
U XU .
TZ170 1 —cos?(9) = | sin(6)|, (A.19)
[fax vl =[allv] [sin®)] (A.20)

Next det (i, 7, wf) refers to the determinant whose columns contain the co-
ordinates of the vectors , ¥, W, in the basis (€1, €5, €3). Using these coor-
dinates again it is possible to prove, for any u, v, w:

i@ (7 x @) = det (i, 0, ), (A.21)
@ x (U x @) = (@ - @)0 — (i - ), (A.22)
Tod = i det(if, ¥, @) + (¥ - )i — (@ - @)0 + (i - V)1b. (A.23)

From the mixed product (A.21)) we deduce that 4 X ¥ is orthogonal to @ and
A.21)

to ¢. The determinant (A.21)) gives the orientation. We recall that a basis
(i, T, W) is said to be direct (which means to have the same orientation as
(€1, €2, €3)) if det(@, v, @) > 0, and is said to be inverse (which means to
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have the contrary orientation) if det(, v, @) < 0. The rule allows us
to establish that, B = (&, ¥, W) being any orthonormal basis, then 4o = ¢
if and only if B is direct, and wvw = —¢ if and only if B is inverse. In the
case where 4w = i we also have:

W=UXV;, =T XW; =170 X . (A.24)
On the contrary, with the other orientation where @t = —i, we have:
W=TXU;, ©=uWXT; =14 X w. (A.25)

Therefore i is fully linked to the orientation of space. Changing ¢ into —i
is equivalent to changing the space orientation. The fact that ¢ determines
the space orientation plays an essential role in physics of magnetism and of
weak interactions.

All calculations in Cl3z result from the sum (where we add numbers
to numbers, vectors to vectors and so on) and the product (product of
two numbers, product of a number and a vector, product of two or three
vectors), through the scalar product, the vector product and the mixed
product, all well known to physicists and engineers. In Cl3 algebra there
are no mysteries nor undue complications. This should be taught in any
scientific and technical university, to spare time for all students.

A.3.2 Pauli algebra

This algebra, introduced in physics as early as 1926 to account for the
spin 1/2 of the electron, is the algebra M3(C) formed by 2 x 2 complex
matrices. It is equal — isomorphic, to be precise — to Cl3, but only as an
algebra on the real ﬁeldE|. Identifying the complex numbers with the scalar
matrices, and the basis vectors e; with the Pauli matrices o; is enough to
determine this identiﬁcationEI. And it is fully compatible with our previous
calculations because:

i 0 )
010903 = (0 z) =1, (A.26)

0109 =103 ; 0903 =107 ; 0301 = i09. (A.27)
Consequently the reverse is identical to the adjoint (transposed conjugate

matrix):

A= AT = (4" (A.28)

3. Pauli algebra has a dimensionality of 8 on the real field, and only 4 on the complex
field.

4. The identifying process could be considered a lack of rigor, but in fact it is a frequent
and well-known process in mathematics. The same process allows us to include integer
numbers into relative numbers, or real numbers into complex numbers. To do without
this process results in very complicated notations. This process considers (o1, o2, 03)
as a direct basis in the usual space.
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We will thus refer to this algebra as either Cl3 or Pauli algebra. Some
Cliffordians who did not seem understand the concept of isomorphism refuse
to use matrix calculus. As for physicists, who always used Pauli algebra with
complicated notations, the full use of Cls brings only great simplifications
to their calculations, without changing their results.

A.3.3 Three conjugations are useful

A = a+1+iv+ib is the sum of the even element Ay = a+4¢ (quaternion)
and of the odd part As = @+ib. We define the P conjugation (called “parity”
in quantum physics) such that:

P:Aws A A=Ay — Ay =a— @i+ iV — ib. (A.29)
For any elements A and B in Cl3 this parity conjugation satisfies:
AfB=A+B : AB=AB. (A.30)

P is the main automorphism of the algebra. Any Clifford algebra possesses
a similar involutive (meaning: PP is the identity) automorphism. From
this conjugation and from the reversion, we can define a third conjugation:

A=Al=a—G—it+ib : A+B=A+B ; AB=BA. (A3l)

The composition, in any order, of two among these three conjugations gives
the third one. Only P conserves the order of the products, while A — A and
A — AT inverse the order of the factors. Now a, b, ¢, d being any complex
numbers and @ = a* the conjugate complebef a, we can prove that for any

A= (CCL ;) of the Pauli algebraH we have:

T4t [a" o~ (dr =\ = [(d b
A_A _<b* d*) ’ A_(_b* a*) ’ A_<—C a )
(A.32)
AA =AA =det(A) =ad —be; AAT = ATA = [det(A)]*; A+ A = tr(A).

If det(A) # 0 we then get:

1 0
0 1

5. The notation a for the conjugate is today the only notation used in mathematics,
though the notation a* was commonly used in course books for quantum physics. Thus
we allow ourselves the use of either notation when it is clear that there can be no confusion
due to A = AT,

6. The equality AA = AA is general in Clz. The equality AA = det(A) uses the
identification between real numbers and scalar matrices, which means the inclusion of
the real numbers in the Clifford algebra.

[det(A)] "' AA=1= ( ) ;A1 = [det(A)] VAL (A.33)
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A.3.4 Gradient, divergence and curl

In Cl3 we use the differential operator:

d= €101 + €202 + €303 = <81 _?_Bi(% 81__5282> ) (A.34)
with[7: 9
7 =ate, + 226 + 23¢e; 0; = i (A.35)
The Laplacian is simply the square of d:
= (01)% + (92)* + (03)* = 00. (A.36)

When applied to a scalar, da is the gradient of a, and when applied to a
vector © we get both the divergence and the curl:

da = grad a = (d1a)0y + (D2a)oy + (0sa)073, (A.37)
di=08-0+idx@; d-i=divi = du' + dyu® + dsu®, (A.38)
5 X U = Curl(ﬂ') = (5‘2u3 — 8311,2)0'1 + ((’93u1 — 81"&3)0'2 + (81u2 — 82u1)03

Thus, for any function with a scalar value a = a(%) and for any function
with a vector value ¥ = U(Z) we have:

d(da) = (80)a = Aa; 8(97) = (90)T = AT, (A.39)
- (Ox¥) =0; dx (Ja) =0, (A.40)
Jx (0% ) =080 7)— AT (A.41)

A.3.5 Center of (I3, centraliser of o3
The center of a group is the set of all elements commuting with each
element of this group. In C13 the center is the set of scalar matrices <S 2)

where 2z is non zero. That group is isomorphic to C*, that means to the set
of complex non zero numbers. To simplify the notations it is convenient to

identify complex numbers and scalar matrices (z = g 2) )

The centraliser A* of o3 is the set of all elements commuting with os.
That is the set of invertible diagonal matrices:

a€AN Sa= (al O), ajag € C*. (A.42)
0 as

7. This operator Jis usually denoted in quantum mechanics as a scalar product, for
instance & - V. From there results much confusion. Simple notations are very useful for
optimizing calculations.
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That commutative group, is 4-dimensional on R. The Lie algebra of the
group is the sub-algebra A of diagonal matrices. That set is all at once a
2-dimensional linear space on C and a 4-dimensional linear space on R, and
a commutative ring with unity. A is a ring: the sum and the product of
two elements in A is in A. That ring is commutative: le product AB of two
diagonal matrices is equal to BA. That ring has a unit which is the unit

. . air 0\ /0 0O} (0 O
matrix I5. That ring is not a field because (O 0) (O b2> = (O O)'

The elements in A which are not zero divisor are invertible:

—1
-1 _ [0q 0

Moreover we have:

R [T 0 0 -1 Y1 0 _[T1 Y2
e (5 2) (0 )8 )00 )

(A.44)

And similarly we have:

et (5 ) () @ 0) = (0 ) =

(A.45)

¢q allows us to consider Cl3 as a right modulus on A, (the x and y scalar
being to the right of —is), while ¢, allows us to consider Clz as a left
modulus on A, (the 2 and 7 being to the left of —is). We use as well the
structure of right modulus as the structure of left modulus, it is enough to
use the conjugation y — ¥ to go from a structure to the other. For:

. T1 —Y2
v = (1, V2) =01 + (—12)U2 = _ R
(o1 v0) = o1+ (cinhea = (20 02)

_[T1 0 . [ T2 0
wm (3 O)s me (2 0), 10

we have:
F T To\ 4 . .o~
vl = = v + Vi = V] + 1V A.47
(52 72) = ol +obia =of it (A7
V= < y y2> =7 +52i2 =71 +i2’U2, (A48)
—I2 X1

V=101 — g0y = <y1 _52) . (A.49)
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That gives, for the addition and the multiplication in Clj :

(v1, v2) + (w1, we) = v1 — Gov2 + w1 — Gawe = (V1 + w1) — ia(v2 + wa)
= (v1 + w1, va +wa), (A.50)
(v1, v2)(wi, wa) = (v1 — dgv2) (w1 — dpws)
= V1w — V1G2W2 — l2UW1 + l2U2i2Ws
= Vw1 — 19V W2 — IoUWy + igﬁgwg
= viwy — Vawsg — io(Tiwe + vown)

= (Ulwl — VW2, ViWws + Ugwl). (A51)

A.3.6 Space-time in the Pauli algebra
That inclusion was implicitly made with the Dirac equation (1928):

2

<= xlg — x04+x3 x! —ix
n x4+ix? x0—x3

); oo =0"=1; x° = ct, (A.52)

where c is the speed of light and ¢ is time. Using the scalar in A, we have:

0 3
. X +x 0
x = (z, y)=x—22y;x=xo+xgosz( 0 Xo_x3>
—igy = x'oy + X209 = 0'10'3()(10'3 + ix2) = —i2(x103 + ix2),
) 1
. X + X 0
y =ix*> +x'o3 = < 0 i xl) . (A.53)

Any element M of the Pauli algebra is sum of a vector v and of the product
of a second vector w by i:

1
M = v+ tw; Uzi(M—I—MT); vl = (A.54)
1
inQ(M—MT); wh = w. (A.55)

These two space-time vectors v and w are single. Since x = xT, space-time
is the set of M = v + iw such that w = 0. We call this set the self-adjoint
part of Cl3. In this framework we need two differential operators:

V=08 -0 ; V=0 +0. (A.56)
They allow us to calculate the D’Alembertian:
VV = VV = (8) — (61)% — (82)% — (83)% =: 0. (A.57)

The main reason for the use of Cl3 is in these equations. They means that
the D’Alembertian includes the parity transformation P : M +— M. (We
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see its implications in Chapter 1). Now we use the structure of modulus on
the ring A:

V= (Vl, —Vg) = Vi1 +i2Vy; % = (@1, —%2) = @1 + iz@g, (A.58)

Jy — O 0
V1 = 80 — 0'3(93 = < 0 0 3 80 + 83) ; (A59)
= o + O 0 =
Vi=0y+ 0303 = ( OJOF 3 80—53) = Vi, (A.60)
. 01 + i0 0

Vo = 0301 +i0s = ( 1 'BZ 2 ot ZaQ) , (A.61)
62 = 0301 + 107 = Va, (A62)
V= (Vy,-V3) = Vi +i3Vs. (A.63)

Operators V1 and V5 are derivations, in the sense that they are linear and
satisfy the Leibniz condition: let @ € A, v and w two scalar fields, functions
of space-time with value in A. a; and as are complex numbers, v; and wvs,
wy and we are functions of space-tide with complex value. We may read:

= aq 0 S o= U1 0 S W= w1 0
- 0 as ’ - 0 V2 ’ - 0 wao ’

. 0y — O3 0 V1 + wq 0
vl[erw]( 0 80-‘1-83) ( 0 ’l)2-|-w2)

_ 80’[)1 + 8011)1 — 83'01 — 83w1 0
o 0 Oygve + Ogwg + O3v9 + O3wo

= Vl[v] + Vl[w]. (A64)
Similarly we have:

Valv + w] = Va[v] + Vaw]; Vifav] = Viva] = aVi[v] = Vi[v]a
Valav] = Valva] = aVa[v] = Va[v]a, (A.65)

That proves the linearity. For the multiplication we get the Leibniz rule:

(00— 03 0 vyw; 0
Vl[vw] - < 0 80 +83> ( 0 v2w2>

_ ((3001)101 + v1 (Gpwy ) 0 )
0 (Oov2)wa + v2(Jows)
—[(O5v1)wy + v1(D3wy)] 0
- ( 3 10 o (O3v2)wa + U2(33w2))
= Vi [v]Jw +vV;[w]. (A.66)

And also:
Vavw] = Valv]w + vVa[|w]. (A.67)
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Besides we may prove the linearity and the Leibniz rule for:

= _ O + O3 0 N —01 + 10, 0
Vl_( 0 8083)’ Va = ( 0 alﬂ'aQ)’ (A.68)

and also for %1, %2, VI and V;.
Let A and B be two space-time vectors: A = A% + A, B= B+ B. The
scalar product in space-time A - B is:

A-B=(AB+BA) = (AB+ BA). (A.69)
We indeed have:
AB + BA = (A° + A)(B° — B) + (B + B)(A° — A)
=A°B° — A°B+ B°A— AB+ A°B° + A°B — B°A — BA

=2(A°B° — 4. B) =24 B, (A.70)
AB+BA=AB+BA=2A-B=2A-B. (A.71)

A.3.7 The space algebra with 4 x 4 real matrices

When using a matrix definition for complex numbers, the complex field
C is associated to the algebra M(R) as follows:

_ L r -y L= e €T Yy _ t
z-x—i—zy—(y 9:)’ Z=x—1y (y :c) z,

det(z) = 2® + 9% = |2]*; 2 =R(2) = %tr(z). (A.72)
That association acts both on the algebraic structure and the topological
structure of C: addition and multiplication are associated. The norm defin-
ing the distance is the same. The unity 1 of C is associated to the unity
matrix I in M(R). That returns to identify real numbers and scalar ma-
trices. That association allows us to build Cl3 as the algebra of the M and
of the M such as:

M=s+u+i0+1ip
= s+ U101 + U209 + U303 + 101 + W09 + TU303 + ip (A.73)
_ s+us+i(vs+p) up+ vy +i(vr —ug) _ (= =
up — vy +i(ug +v1)  s—us+i(p—vs) "\z3 2z )’

o~

M=s—d+it—ip; M' = s+ 1@ — i —ip; M = s — @ — it +ip, (A.74)

stuz —v3—p uUL+V2 U2~V
v3 + S+ u V1 — Uy UL+ V2 71 Zo
Uy — V2 —Ug — VU1 S —us V3 — P Z3 74

U + V1 U1 — Vo p— U3 S —us
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with :

m= (0 )im= (1 F)im=( )m=( )

a=s+us; b=s—uz; c=p+uv3; d=p—us,

e=u; —v; f=ui+v; g=us+v; h=1v —us. (A.76)
We have:
— Zy, —Zo . zt  z}
M = ; M = h il (A.77)
—Z3 VAl Z, 7,
t t
= -t ([ zi -z
M=M = (th . ) : (A.78)

The identification z = z _zy between C and the sub-algebra of Ms(R)

satisfying may be extended to an identification between M and M,
that means between Cls and the sub-space A of My(R) formed by the ma-
trices such as . Moreover since the matrix product may be calculated
by blocks, we may identify Cls to A as unitary rings. They thus are uni-
tary algebras that we may identify. That identification is extended to the
calculation, for any invertible element of the inverse, since the associativity
of the multiplication implies the unicity of the inverse. We have:

MM = MM = det(M) = Ql + ZQQ = 2124 — 2223 = peiB, (A79)

Q —Qy 0 0

~r Qq + i 0 _ Qo 971 0 0
MM = ( 0 o +i§22) “lo o o -0 A0

0 0 Q U

We obtain:

MM =, —iQy = pe~#; MMMM! = p21,, (A.81)
M~! = p MMM’ (A.82)

That calculation of the inverse is linked to the calculation of determinants
thus to the characteristic polynomial. There are two ways of calculation.
With Cl3 as M3(C) we have:

_ _ X —2z —Z2

Pr(X) = det(XIo — M) = ’ SN

= X? = (21 + 2) X + 2124 — 2023, (A.83)
0=M?— (21 +2)M + (2124 — 2023)[2; 21 + 21 = 2(s + ip).
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And we have:

det(M) = z124 — 2023 = [s + uz + i(p + v3)][s — us + i(p — v3)]

— [ug + vy +i(vy — ug)][ur — ve + i(uz — v1)] (A.84)
pef = Qy +iQy = det(M) = s — u2 + i* — p* + 2i(sp — @i - V)
= (s +ip)? + (@ + iv)* (A.85)
That gives:
M= b rias s = M (A.86)
O+ PRl = p? .
— s—us+i(p—vs —(up +va)+i(ug —v1)
M= ) , . A.
<v2 —uy — (v + u2) s+ug +i(p+vs) (A-87)
We have also:
Q=ab—cd—ef +gh; Qy=ad+bc—eh— fg, (A.88)
MM = MM = det(M); M = ( z; _ZZ2> (A.89)
—z1 oz

With Cl3 as sub-algebra of M(R) the characteristic polynomial of M reads:

a—X —c f —h
| ¢ a—X h f
det(XIy — M) = . g b—X d (A.90)
g e d b—X
= X4~ k1 X 4 ko X2 — ks X3 4 ky; ky = det(M)
ki1 =2(a+b) = 4s, (A.91)
ko = (a+b)2 + (c+d)? +20 = 4s* +4p* + 20, (A.92)
ks = 2[(a + b)) + (c+ d)Qa] = 4(sQ + pQs), (A.93)
det(M) = p? = QF + Q3 = | det(M)|*. (A.94)
Therefore it is better to avoid the equality M = M, we will prefer:
M=M; M" =M (A.95)

For any M the characteristic equation reads:
M? — 45sM?3 4 (45% 4 4p? + 201)M? — 4(sQ; 4+ pQ)M + p> =0 (A.96)
Multiplying by the inverse we get the identity:

~ M3+ 4sM? — (4% + 4p® + 20) M + 4(sQy + pQa) = M (2 — iQy).
(A.97)
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A.3.8 The exponential function in Cl;

The Lie algebra of the Lie group Cl3, group formed by the invertible
elements of Cl3, is the Cl3 algebra itself. The exponential function applies
the general element M of the algebra on the Lie group. Consider:

M = 20 + 2101 + 2009 + 2303; zj = x; +1y;,j =0,1,2,3, (A.98)
where z; and y; are any real numbers. We let:
N = z101 + 2009 + 2303 (A99>

Since complex numbers commute, we have:

eM = 20N — 20N, 20 — P00 — o0 (cog gy + i sinyg),
0o s
NJ
N _ § :
i=0 7V

And we have:
N2 =22 422 4+ 22 = n=ny + iny,
n, = xf + :c% + x% — yf — y% - yg; ng = 2(x1y1 + T2y2 + x3ys). (A.101)

Now we use a square root r of n (defined up to a sign):

niy + n+n —-n Jr\/n Jrn
=r% r=r) Firey; T = H R AU 2—\/ ! L 2

N2 =7? =n; N*>=N2N =nN; N4—n :N° =n?N; N6—n
eN = C(n) +S(n)N, (A.102)
With:
C(n) := o = cosh(r) = ete
Jj= O JZO
= coshry cosry + isinhry sinry (A.103)
= 1SS 2
S(n) := —_— = ———— = “sinh
(m):=2. 2j+r0 - 2 TSI
j=0 3=0
el —e " 1 . . .
= = ;(smh 710873 + i coshry sinrg). (A.104)

And we have:

eM = e*[C(n) + S(n)(2101 + 2209 + 2303)]
_ [€e*[C(n)+ S(n)zs] e*S(n)(z1 —iz2)

B ( e*8(n)(z1 +iz2) e*[C(n)— S(n)z3]) : (A.105)
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And we have:

1 = cosh?(r) — sinh?(r) = C%(n) — nS?(n), (A.106)
det(eM) = e*[C(n) 4 S(n)z3]e* [C(n) — S(n)zs]
—e®S(n)(z1 +iz2)e®™S(n)(z1 — iza)
e?[C?(n) — S(n)25 — S*(n) (2 + 23)]
%%C% ) — nS?%(n)] = ¥, (A.107)

det(eM) = C?(n) —nS%(n) =1 (A.108)
Hence e"V is an element of SL(2,C) and 2y is the Yvon-Takabayasi angle

of eM. The conjugations give:

o~

- - - 2 22 22 = =2
M =Zy— 2101 — 2202 — Z303; Z] + 25 + 23 =n=7",

—

eM = M = % [C(71) — S(71) (2101 + 202 + Z303)] (A.109)
M = 2y — 2101 — 2209 — 2303; M + M = 22y = tr(M),

eM = M — g2 [C(n) — S(n)(z101 + 2202 + 2303)], (A.110)
M:MT:ﬁ 20 4+ 2101 + Z209 + Z303; zl+22+z3 ﬁ:FQ,
eM = eM' = 3 [C(71) + S(7) (2101 + Z209 + Z303)]. (A.111)

For ¢ = eX and y = /2 (? _772> we have:
2

Uit

20 + 2101 + 2202 + 2303 = (ZO—’_.Z?’ A1 _’LZ2> :\[(61 _772>

21 +129 zZop— 23 &2 m
1 1
Z0 = %(51 +in); 23 = ﬁ(fl — 1), (A.112)
1

2= %(52 —2); 2= %(& +72).

Since p is the modulus and § is an argument of det(¢), we have:

p = e, 23302204'50—7(514-514-7714-771)
i
290 = —=(=& + & +m — ), (A.113)
7%
1
n =2+ 25 + 2 = ~2i + (& — 207 +77)- (A.114)

A.3.9 Projectors

The center of Cl3, that means the set of elements which commute which
all others, is C. The result is that Cls is also a complex linear space noted
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M5(C) when we look at the matrices, and noted GL(2,C) when we look at
the linear applications from C? into C2. A basis of that linear space is made
of four elements:

(1 0\ Il+os (0 0\ 1l-uo03

L 0 O _0'1—7;0'2. L 0 1 _01+i02

The two first terms of that basis (p,, p;, pp, Pr) are projectors, since they
satisfy:

pE=ps pi=p; pepi=ppr=0; pr+pm=1 p.—p =03 (All7)

Those projectors are parts of the centraliser A of o3, hence we have:

0
a€A&sa= <%1 a2) = ai1p,r + asp; (A.118)
a _ ai1pr+azp; — e 0 — o0 as A
e’ =e 0 e et pr + e p;. (A.119)

So those projectors linearize (partially) the exponential function. Two other
projectors are important for calculations with spherical coordinates:

1+4 1—-a
.= opT o= A.120
5 P 5 ( )

where we use the following vectors:

% :=xtoy + x%09 + X203 = 1,

oo ( cosf Sin&ew>; ri= V)2 1 (D)2 + (D). (A.121)

sinfe  —cosf
We have:
@=1; @=0S035"", S:=e The 3 pt_p =q@,  (A.122)
ptpt=p% pp =p7; pTp =ppt=0;p"+p =1, (A.123)
_ usz + o3 _ _ U3 — 03
ptp =pep — 5 P ERY
us + o3 _ _ Uz — 03
ptp, =pzp++T: P =ppT (A.124)
We also have:
T S JIU R | =
propT =Ty T = Z[—03+U3u+2(u102—uwl)],
_ 1 o _ _ 14+ug _
p pm*=1[—03+u3u—1(ulaz—uzal)}; PR = =5
1+u -~ 1 L.
p+prp+ = T3p+§ P+prp = 1[03 —usu — Z(U102 - U201)]7 (A-125)
_ 1 L. o 1=wus _
P perr:1[03*U3u+l(u10—2*1¢201)]5 P = 2p.
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A.3.10 Kriiger’s identities

These identities are necessary to solve, in Chapter C, the improved wave
equation in spherical coordinates. We let:

1

! =:rsinfcosp; 2?

=:rsinfsing; x® =:rcosb,

1] = 023 1= 101 ; 2 = 031 := 102 ; i3 = 012 = 103,

uy : =sinfcosy; ug:=sinfsing; uz =cosl; U:=uj01 + us0s + uzos,
Si=e FBem3 s Q=0 :=r (sinf) 7S, (A.126)
. 1 1 .
0 = 038T+70189+,7028¥,; 0 := 0101 + 0202 + 0305.
r rsin 6

With (IA.59I) and (IA.61I)7 remark that we have V = 0y — J = Vi + i9Vs.
The derivation of a composite function gives:

_or 0 00 0  Op 0
%= o5 a0 o op (12

We have:
= ()7 4 (22 4 0,
2

Nl=

1\2 4 22
0 = Arctan M}, ¢ = Arctan [X—l}, (A.128)
X X
ﬁ_xﬁf ﬁ_ cos cos ﬁ_ cos fsin %__sin&
oxi  r’ oxt r Toox2 r Toox3 r’
dy sing Oy cosp Oy
99 _ . 9% _ .9 . A12
ox! rsin@’ Ox2 rsin@ Ox3 0 ( 9
We then get:
5 83 81 — z’62 . o sin 6
0= (81 + 282 —83 ) 5 83 = COSQ@T - Tag, (A130)
o _ i cosd i
01 +i0, =¢ (8T+ " 89+7rsin9 ¢>7
A — i cosl i
O —idy=e (ar + 20 - —— 93*")' (A.131)
That gives:
- 1
0 =S80350, + 8018 =0 + So9S™ ——0,. (A.132)
r rsin 6
Next we get:
o~ 1 ~
2(Q¢) = So35710,( ———=89
+salsfllag( ! Sq?) (A.133)
r rv/sin 6

1 1 ~
~1
+ 505 rsin@aw(r sinasd))'
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That gives:

5o -1 iy S (—iz)Sy\ ~
3(Q¢) = 9(037 —o )

+Q(033+ ~0109 + L ——020 )¢>

2rsin 6 72 2rsin 6

1 ~
= 0 + Q(O’gar + ;0'183 + maz@,)qﬁ

=Qd'¢. (A.134)
Next, since © does not depend on x° = ¢t, and with:
V=8 V=8 3 =y — (030, + 10169+ ln 020,
P (i ) s
v — (ao 5 O o 3 ) > — 9 — 030, (A.135)
v, = <mn950+ 700 ﬁag - 139) - rsfnea“’ + 10339 (A.136)

Thus we obtain the Kriiger identities [86]:

V(Q9) = OV'¢ = UV +i3V})o. (A.137)

Laplacian with spherical coordinates
The Laplacian of a A term satisfies:
= (VV)A = V(VA)
= (0p — D) (oA + DA) = 9y A — DDA + 9y0A — DA
= 9ydp A — DA, (A.138)

We also have:

00A = 9[0(QB)]
A = QF'(J'B)

QUIB)|; A=QOB; B=Q A,
Q@ F)B] = Q' (9 A) (A.139)

1
rsinf

= 520,0, +0’3(10'189) + 030, (

= =) 1 1 1
79 = (030, + ~010 + 720, ) (030, + ~0100 + moza@)

P )} (A.140)

+i[alogaga n 013989+0189( nea )

— oy
rsin @

1 1
+ ——[02030,0, + 20,00 + ——030,0, ]
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We then obtain:

12 13

— i29,. (A.141
0T e ¥ ( )

For a physical quantity A which depends neither on time nor on the ¢ angle,
we have:

OA = Q[_ 9,0,(QLA) — %3909(97114) TR 69(9*114)]

72 s.in2 r2sin? 6
_ Q[— 0,00 (7 A) + 52— 3[(2 1 A) + z‘zae(srlA)]]. (A.142)
72 sin” 0
A.3.11 Laws of electromagnetism with Cl;3

The simplest framework to express the complicated laws of electromag-
netism is also Clz: We call A = AT a space-time vector “potential” and we
calculate, with the Dirac operator V = o#0,, = Vi, as well as A = A% + AT,
the electromagnetic field F' = E + iH associated to this potential. It is
purely a 2-vector in space-time, the sum of the electric field E and the
magnetic field iH, an axial vector. The derivation of the potential A gives:

E+iH=F=VA= (09— 0)(A° — A) = 9yA° — 9yA — 5A° + 5A
= (0 A° + 8- A) + (—8yA — GA%) +id x A,

—

E=-0,A-0A% H=0x A. (A.143)

Thus we obtain a bivector F', sum of only a vector E and oi a pseudovector
iH, if and only if the Lorentz gauge condition 0 = 9y A% 4+ 9 - A is satisfied.
We also have:

F =04+ A) — (—0pA — 9A°) —id x A,
F—F =2[(—0A - A% +id x A) = 2(E +iH) = 2F. (A.144)
We hence let:
F=FE+iH:= %(vjfﬁ) = %(vﬁfmﬁ). (A.145)
That implies:
F=—Fl=_E+iH= %(@A — AV). (A.146)
VF = %(V@A —VAV) = %(DA — VAV), (A.147)

O:.= V§ = (80 - 5)(80 + 5) = 090y — 0101 — 0205 — 0303

= (00 + 9)(9p — 9) = VV. (A.148)
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Moreover we get:
VF =V(VA) = (VV)A = 0A = AL, (A.149)
~ 1~ N 1 ~
(VE) = (VA - VAV = (04— VAV

[t

1 - - .
= 5(40 - VAV) = ;(0A - VAV) = VF. (A.150)

2
Therefore j = VF is also a space-time covariant vector, called a “current”.
We also have:

j=i"—j=VF = (3 - 9)(—E +iH) (A.151)
=0 -E+4 (—00E+d x H)+i(0H+d x E)—id-H. (A.152)

Separating the scalar, vector, pseudovector and pseudoscalar part, we obtain
Maxwell’s equations:

jo=0-E, (A.153)
J=00E -0 x H, (A.154)
0=00H +03 x E, (A.155)
0=0-H. (A.156)
We also have:
—VAV = (E +iH) (-8 + d)
—§-E+(—00E+dxH)—i(0H+dxE)+id-H
=3-E—(0E—-Jx H)=j=VF =0A. (A.157)

Another form of electromagnetism exists when A = AT (space-time vec-
tor) is replaced by iB = —iB' (space-time pseu-dovector):
Ep +iH,, = F,, = ViB = —iVB
= —i[(8y — 8)(B° — B)] = —i[8yB° — 8,3 — OB° + 98]
= —i(0B°+ 8- B) —i(—0,B — B°) + d x B
H,, =808 +9dB% E, =0dx B. (A.158)
Thus we have also obtained a bivector F},, the sum of a vector Em and of

a pseudovector iﬁm, if and only if the gauge condition 0 = 9y B° + J-Bis
satisfied. We also have:

—iBV =F,, = —i(0yB° + 8- B) + i(—9,B — dB°) — d x B
Fy —Fpy = 2[i(00B 4+ dB°) + 8 x B] = 2(E,, +iH,,) = 2F,,. (A.159)
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We thus let:

Fop o= B + i = %(V@'/J\B ~ViB) = S(-VB+ BIV).  (A160)

That implies:

Fp=—Fl = —E, +iH, = %(?B — BV). (A.161)
VFE, = %(vﬁB ~VBV) = %(DB — VBV). (A.162)
Moreover we get:
VE, =iV(VB) = i(VV)B = idB = iB0, (A.163)
(VEn)' = (iBO)! = —i0B = =V E,,. (A.164)

Therefore —ik = V F,,, is also a covariant pseudo-vector in space-time, called
"magnetic current". We have also:

—ik = —ik® + ik = VE,, = (9 — 0)(—E,, +iH,,) (A.165)
=8 Ep+ (=00Ep + 0 x Hy) + i(8oHy + 0 x Ey) —i0 - Hy,.

Separating the scalar, vector, pseudo-vector and pseudo-scalar part, we ob-
tain Maxwell’s magnetic equations (your attention please to the sign!):

0=0-En, (A.166)
0=—00Eu +38x Hp, (A.167)
K =0yHym + 0 x Ep, (A.168)
ko =8 - Hyp,. (A.169)
We also have:
—iVBYV = (Ep, + iHy)(00 — 9) (A.170)

= _5' Em + (aOE:m - 5>< ﬁm) + i(ﬁoﬁm + 5X Em) - Zﬁ : ﬁm
= —id- Hp +i(0oHp + 0 x E,) = —iko + ik = VF,, = 0iB.

The full electromagnetism, with both electric charges and magnetic monopoles,
has thus the simple rules:

F=VA+iB; j—ik=VF; O(A+iB) =j— ik (A.171)

A.4 Tensor densities

We use the electron wave as:

6= V3(E )= V3 (§ jg?) , (A172)
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which gives:

o=V2(n &) =V2 (Z; _é?) , (A.173)
ot = V2 (g) D =2 (g) =2 (7752 2) : (A.174)

A.4.1 Calculation of (2; and (),, and the determinant

We have with Dirac matrices:

§

o =Tu= (' € (5

> =n'e+ & =& + b+ Em + Ena,

Qy = (—iys)y = (n' &) (‘él 2) (f}) = —in'e 4 igtn, (A.175)

D+ =206 O — i = 26" Qo =i(—nj& — 032 + Elm + Ema).
Whereas with the Pauli algebra we obtain:

¢ = ¢ = det(¢) = 2(&1m; + &oms) = 20T = Qy + iy, (A.176)
oot = ¢ld = det(9)* = 2m& +m&s) = 26T =y — Q. (A1TT)

We also obtain, for any ¢ with value in Cls:

¢ldet(¢)"19] = 1; ¢7! = det(¢) 0. (A.178)

The second reason of our interest in Cl3 comes from the subset Cl3 of
the invertible elements, where any M satisfies det(M) # 0. It forms a
multiplicative Lie group. Moreover that Lie group has the Cl3 algebra as
Lie algebra. The CI3 group is the invariance group used throughout this
book. Most of the progress brought about by Clifford algebra in quantum
physics comes from the use of this multiplication, which was not computable
in the Dirac theory using a function with value in C* (not a ring).

A.4.2 Calculation of D},

This calculation also gives the R of It is enough to replace ¢ by

M, that means /2 & _22) by
& M

nents of the vector Dy = J. With the Dirac matrices we have:

. We first calculate the compo-

pf=r=iru=( &) (3 7)) (§) =rletn+eioe aam)

We see here that the J current is the sum of the Dr and Dy, currents:

Dy = J# = Df + Df; D = €'5"¢; D = n'o’n, (A.180)
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That comes from:

o Atos (& w3 (1 O & &\, (88 &S
Dr =650 ‘2<§2 ni‘)(O 0) (—172 nl)‘2<£f§2 5;@)
=61+ 03) + 6581 —03) + & 61 (01 +i02) + & (01 — i02)
=+ (Eostos + (01801 + (ET098) 09 = (£167€)0,,. (A.181)

Similarly we have:

l—o3 & —m3\ (0 0\ (& & N2 —MaMm
D; = T =92 2 1 2 =9 2 2
Li=0m5—0 (52 i J\0 1) \=m m —ninz  mim

=n5m2(1 + 03) + nim (1l — o3) — (o1 +io2) — ninz(o1 — ioa)

=n'n+ (n'o’nos + (o' n)or + (n'o?n)or = (n'o*n)oy. (A.182)
We have:
D+ Dy = o(+ % 4 2576t = ggf =Dy =7, (A.183)
DD = o(+ 5% L6t = goysl =Dy =K. (A184)
That gives:

Dj = J° = oot + nloon = &1& + & + mnt + nans, ( )
Dy = J! = &lo1& —nlown = 6165 + L& — mns — nani, (A186)
Dj = J? = £T09¢ —nloan = (6165 — L& — mns + nany), ( )
D = J% = To3¢ — nlosn = &1&7 — && — mnt + 2. ( )

Now beginning with the tensors known in the formalism of Dirac matrices,

we use (more details in [B.1.1):

s = (? é) (é _OI> = G _OI> : (A.189)

Fe — j _ ; B
K =K'o, = (£'6"¢)o, — (n'o*n)o, =Dr —Dp =Ds.  (A.191)

We thus obtain:

DY = &167 + &85 — mnt — nams, (A.192)
D} = && — &8 +mnt — nans, (A.193)
D3 = &85 + &8 +mns + mond, (A.194)
D3 = i(&1&5 — L&+ mns — man). (A.195)
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For the calculation of components of D; and Dy, which are unknown in the
old formalism of Dirac matrices, we directly use the Pauli algebra:

D; + Dy = ¢(01 +i02) ¢
& -1 & _ & mé&
(52 77;) ( ) < M2 ) ( n2&2 77152) (A-196)
2[-=1m2&1 (1 + 03) + m&(l — 03) + Mm&i(o1 +i0) — n2éa(01 — i02)]
=2['¢ + (7T 03803 + (NT01€) o1 + (102602
Dy +iDy = 2(716"¢)ou; 0 = (—na m). (A.197)

Similarly we get:

D1 - iDQ = ¢(01 - Z'O'Q)qu

G o-m) (0 0\ (& &) _, (~m &

2[=&ins (14 03) + E5my (1 — 03) — &3 (01 +io2) + En7 (01 — i02)]
=2["7 + (Tosn)os + (ETo1m) o1 + (£ oa7) o
D, —iDy = 2(676"7)0,.. (A.199)

Hence by adding and subtracting we obtain:

= =iy — &me + &1 + e, (A.200)
==& — &2 — &my — &am, (A.201)
=& — &mz — &Gy + &, (A.202)
D} = i(—&in) + &omz — &5 + &m). (A.203)

DY = i(—&in3 + & + E3m7 — Eam), ( )
D5 = i(=&im5 + & — &35 + Eamn), ( )
Dj = i(&5ny + Eamp — &35 — &), (A.206)
=&t +&ne + 605 +&m. ( )
A.4.3 Calculation of S

For the calculation of S = S3, the formalism of Dirac matrices gives with

S = ity _
E3 .= S3% = iy vy (A.208)

And we have:

1.2 . 0 —01 0 —02)\ (03 0
vy =i <U1 0 > <02 0 ) = <0 03> , (A.209)
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and similarly we have:

.23 _[01 0 . .31 _ [0O2 0
77y _<O U1>’ Yoy _<O 02). (A.210)

We then get:

g3

B3 :=8%= (" &) (%3 O) (2) = n'osg + Eloan (A.211)
=& —naée +&m — &me.
And similarly:

E} =53 =nloié + om=ni& +nsér + Emo + Em, (A.212)
E3 =53 =nlosd + om=i(-njl+m3& — e+ Em). (A213)

Next we have:

10 (0 —o1\(0 I\ [(—o1 O
= )G o) (T a)

which gives:

H; = 5’;0 — (nT fT) (_601 _0 > (i) _ —inTU1§+ifT0177 (A.215)
1
= i(—n7&e —n3&1 + &2 + Em).
Similarly we have:

Hj = S3° = —inloof +i€Toan = —nia — 361 + &2 — Em, (A216)
H3 = 830 = —in'os + T osn = i(—ni& + mybe + Em — Ema). (A217)

We deduce that:
S5 41530 = 2nT o3¢ = 2(&mf — &an), ( )
553 +i83° = 2nl o1& = 2(&ant — Gm), ( )
S3 4S50 = 2nfoa€ = 2i(—&anf + E1m}), (A.220)
( )
( )

S5° 455" 83" — S50 = A&y,
S3° 41550 — iS5t + 530 = 463,
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And we have:

2 1 12 10, 20, -
S35y + S3tog + S32os + S50y + S3Vios + S5Vios

- S12 4 S0 SP 4 iS10 —iSP + S
—\S5? +1830 +4S5' — 53° —(53% +1i53°)
9 (fl’ﬁ —&am; 28115 )
26m7 — (& — &2m3)
_of& —m\ (1 0N (o om3
& n J\0 —1)\-& &
= ¢o3p = S = 83,

263

(A.223)

For the calculation of the components of S; and So, which are unknown in
the formalism of Dirac matrices, we start directly from the Pauli algebra.

We use:

o 1+0’37 5 0 ) L 17037 0
R:=¢ 5 ﬁ(é 0),L.¢ 5 ﬁ(o

1 1 — 1
Sg = 5(51 +1iSs) = ¢§(01 +io2)¢p = Ri(al +io2)R,

1 ) 1 L= 1 .
SL = 5(51 - ZSQ) = (;55(01 - 202)(25 = Lg(ﬁ'l — ZUQ)L.

We let:
SR = ER+ZﬁR, ER = E%O’j; ﬁR = H%O’j,
E}% = S}233; EIQQ = Sf’%l; Ef—i = 5’1132; Hﬁ'{ = S;%O,
St = EL —|—iﬁL; EL = Eiaj; I;TL = Hiaj,
Ei := 8%, B% .= 83 Bl .= 512 Hi = S};O.
That gives:

1

2
;€+£+§+3L

1 . -
ER=5E -8 +& &) Hp=5(-8+&+& - &),

i
Ep =5 +& -8 -6) Hi

Ep = —&& — &&; Hpp =i(G16 — 61&),

1 B _ 1 _ _
Ep =00t =3 +71 = m3); Hy = 500 =5 — 77 +75),

i - = 1 _ _
B = (0t +m5 =7 —53); Hi = 5(=ni =5 =7t = 73),

B} = —mup — s Hi = i(=mnz + k).

-5 )
m )’

(A.232)
(A.233)

(A.234)
(A.235)
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The link with S; and S5 is as follows:
S ZEl —l—iﬁl ZSR+SL=ER+iﬁR+EL+iﬁL,
E, :ER+EL§ ﬁ1:ﬁR+ﬁL,

(A.236)

Sy = EQ +iﬁ2 = —iSgp +1iSL = —i(ER+iﬁR) +i(EL +iﬁL),

Ey = Hp—Hy; Hy = Ep — Eg.
We then get:

S12 = —& & —mme — 56 — nins,
5P =i(&1& — mme — E1& +nins),

SP = %(6? —& -+ & - &7+ - ),

510 = %(*6? &0 —n &7 -6 -0t + 3,

SR = (GG - &€ i ),

Sit = %(6? FE i - &7 - &2 -t - n?).
Similarly we have:

Sy? =i(&1& +mn2 — E& —nin3),
S50 =& —mme + €165 — nins,

Z * * * *
S =S (-G+ G —mi+m 7 -G " - ),

1 * * * *
Sl =S (-G + G4l —m -7+ G " - ),

{ * * * *
S0 =S -G i+ M+ &7+ &7 - nl* - ),

1 * * * *
S5t =&+ G+t + &7+ &7+ + ),

(A.237)

(A.238)
(A.239)

(A.240)
(A.241)
(A.242)

(A.243)

(A.244)
(A.245)

(A.246)
(A.247)
(A.248)

(A.249)

We also obtain the number of 36 densities by remarking that there are 8

squares and 28 = 8 x 7/2 pairs.

A.4.4 Calculation of EZ

Let ¢ be an invertible element in O}, with determinant pe’”. Let D

and D be two similitudes satisfying:

D:x—x = D(x) = ¢xo' ; EIX'—)XI:E(X):a}(a.

Let P such that: »
QS = \/ﬁelf _P7

(A.250)

(A.251)
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and let Lo and Lo two similitudes such that:
Lo:x—x' =Lo(x) = PxPT; To:x—x =To(x)=PxP. (A.252)
We have:
pe? = det(p) = ¢pp = \fpe"g P\/ﬁe’gﬁ = pe'’ PP, (A.253)

then we get: - o -
PP=1; P=P'; To=Lo" (A.254)
P is thus an element in SL(2,C) and Lo is a Lorentz transformation. We

know that, for such a transformation, if we denote by (Lo) the matrix of Lo
in an orthonormal basis and g the signature-matrix:

1 0 0 0
0 -1 0 O
9=1o o -1 o |’ (A.255)
o 0o 0 -1
we have the following, M*® being the transposed matrixlﬂ of M:
(Lo)™* = g(Lo)'g ; (Lo)g = g(Lo)". (A.256)

We also have:

D(x) = ¢xo! = \/pe'? Pxy/pe™" Pt = pPxPT = pLo(x), ~ (A.257)

Hence:
D =pLo; (D)= p(Lo). (A.258)
Similarly we have:
D(x) = MxM = /pe' Px\/pe "2 P = pPxP = pLo(x),  (A.259)
D =pLo; (D)= p(Lo). (A.260)
Multiplying (A.256)) by p, we get:
(D)g =g(D)"; (D)= g(D)'g. (A.261)

That gives, for j =1, 2, 3and k=1, 2, 3:
Dg=DY; Dy=-DY; D,=-Dj; D;=D] (A.262)

The result is: rows, like columns, of the matrix (D};), are orthogonal, be-
cause we have for D and D:

D, = qbaudr = DZO‘Z, ; Eu = $UH¢ = ﬁ:Ul,, (A.263)
D, -D,=D, D, =6,p" (A.264)
8. The transposition exchanges the rows and columns: if M = (OCL Z) then: Mt =

(Z ;) We have, for any matrices A and B, (AB)! = Bt A? and det(A?) = det(A).
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A.4.5 Proofof V= MV’]\?

Since ¢ has the same structure as M, we use same notation:

M=V2(¢ 7)=V2 <£l _25) : (A.265)
& m
and that gives:
W=va §=va (" E), (A266)
n2 &
MT:\/§<gf 55) : M:f2<’7T 775). (A.267)
—n2 T & &
We get:
T o T 9 —05 —01+i0\ (m —&\_ (A B
MVM—Q(—@ &) (—aa—z'ag 0h + 0 ) <172 3 ) B (c D)

(A.268)

The Ry, are obtained by (A.185) to (A.195)) giving the D}, we have:

A = 2[(mny +12m3) 9 + (—mns — n2ny) 0y
+i(neny —mn3)05 + (=mng + 12n3)05]
= (Ry — R3)9 + (Rg — R3)0 + (Rj — R3)05 + (Rj — R3)0,
= RED, — RID, = 0y — Os. (A.269)
C =2[(&m2 — &om )0 + (=& + Eam2) 0y
—i(&1m + E2m2) 05 + (E1m2 + a1 )05
= (=R} —iR3)9) + (—R; — iR3)d; + (R} — iR3)d, + (— R} — iR3)9,
— —RIO), — iRLD, = —0y — D). (A.270)

B =2[(&m5 — &n7)0 + (=&in7 +Em3)0,
+ (&1 4+ &13)05 + (E5m5 + E5m7) 03]
= (—RY 4+ iR3)9) + (—R} +iR3)0, + (—R? +iR3)0, + (—R3 + iR3)0%
= —RI0), +iRY0, = —01 + i0,. (A.271)
D =2[(6167 + £283)9 + (6183 + &67)9
+i(6165 — &267)05 + (§1€7 — €265)05]
= (R + R3)dy + (Rp + R3)9; + (R§ + R3)0; + (Rg + R3)04
= R0, + R59, = 0y + 0. (A.272)

We hence obtain:

1 A B . Oy — O3 —01 + 110 o
MY'M = <C D) = (—81—i82 o + O >V. (A.273)
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A.4.6 Proof of det(R}))

We let:

()=

Y =

We then have:
We also let:

We get:

x0 + x3
x! 4 ix2

10 0
0 1 —i
01 i
10 0
10 0
01 —i
01 i
10 0
X =Ny ;

7“4

1 x0
0 x!
0 x| = NX,
-1 x3
1 x0’
1/
8 ;, — NX'.
-1 X3/
X' =N,

Y =PY; X' =DX.

1/

X
X

o/

267

— ix2/>
)
(A.274)

(A.275)

(A.276)

(A.277)

PNX=PY =Y =NX =NDX; PN=ND,; D=N"'PN,

which implies:

det(R}) = det(N~"PN) = det(N ") det(P) det(N) = det(P).

We have:

y:’s Yy

/ /
(yl y?) —x' = MxM' = 2(

&€&y — 387 Ys
—&1M2y2 + N3N2Y4

&y +niéTys
—&2m2Y2 — N M2Y4

that gives:

Y =PY; P=2

SIS
§163
1131
§283

&1
§2

?75‘) (y1 y2> (51‘
n Y3 Y4 \ 2
§1&5y1 — n385Yys3

+Eimy2 — 15M1Y4

&8 + 61Ty
+Eamy2 + mimya

=&im2 &5 mans
Sm —&ns —mns
—&am2 & —memy
Sm  &mi mng

(A.278)

(A.279)

E*
nﬁ) (A.280)

(A.281)
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The calculation of the determinant of P thus gives:

det(P) = 16(£7&%nint + &6 mamt” + 67 mns® + €57 m3ns”
+ 28065 mnt 2 + 461 €5 S mn s
+ 260672 Eamini s + 26060657 IENS + 261 €36 mnan;”)
= 16(&&5mny + S165min2 + E1&amns + E285mam3 )
= 16[(&any + Eam3) (E7m + Ema)]°. (A.282)

We thus get:

det(R};) = [2(&an + &2m3)2(E5m + &5 m2)]
= [rere ) = (r*)? =, (A.283)

A.4.7 Relations between tensors

We have:

D,D, = ¢0,,61 60,61 = ¢0,,61d5, 6" (A.284)
= ¢0, (1 — iQ2)7,0 = (U — iQ2)00,5, 6. (A.285)

For j =1, 2, 3 that gives:

DoD; = (U — i22)$5,¢ = —( — i2)S,, (A.286)

D, Do = (1 — iQ)¢0;6 = (1 — iQ)S;, (A.287)

Dlﬁg (Ql — ZQQ)(b 3 5 (Ql — Z'Qg)(b(—i)(fg,a = —(QQ + in)S3,
(A.288)

Dgﬁl = (Ql — ng)¢)0281$ = (Ql — ZQQ)(Z)’LO’ga = (QQ + ZQl)S3 (A289)
And similarly we get:

DyD3 = —D3Dy = —(Q +1i21)S), (A.290)
D3Dy = —DyD3 = — (2 + i) Ss. (A.291)

For j =1, 2, 3 and for k =1, 2, 3, we have:
D;Sk = 60,6 6016 = ¢o;01 956" = —( — i)dojor0!,  (A.292)
S;Dy, = ¢0;ppord" = (Q1 + Q)0 010" (A.293)
Hence for j =1, 2, 3 we obtain:

D;8) = —(Q — i)pe! = (— +i02)Dy, (A.294)
S;D; = (Q + i)’ = (4 +iQs)Dy. (A.295)
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And for k # j we have:

D18y = —i( — iQ)dosd’ = —(Qy +i01)Ds = —Dy Sy, ( )
51Dy = i(Q 4 i) posp’ = (—Qy +iQ1)D3, = —S,Dy, ( )
D153 = —i(Q — iQ)do1! = —(Qu +i01)D; = —D3S8s,  (A.298)
SyDg = i(Q 4 iQ2)po1¢" = (—Q 4+ iQ1)Dy, = —S3Ds, ( )
D3S) = —i(Qy — iQ)doad! = —(Qy +iQ1)Dy = =D S5, ( )
S3Dy = i(Q 4 iQ9)poad = (—Q + iQ1)Dy = —S5D;. ( )

For j =1, 2, 3, we also have:
DoS; = 661 60;6 = 66195,6" = (~Q + i) g0, ¢!
= (—Q1 + in)Dj, (A.302)
SiDo = ¢o;dddt = (Q + i)do;0 = (2 +i2)D;. (A.303)

Finally we get for j =1, 2, 3and for k=1, 2, 3:

S;Sk = po;0¢0kd = (Y + iQ2) 0010, (A.304)
S;iS; = (1 + i) ¢d = (A +i)?, (A.305)

while for k #£ j, we get:

5152 = —5251 = (—Q2 +i821) S5, (A.306)
S983 = =538y = (—Qs +1i1)51, (A.307)
S3S51 = —5155 = (—Q2 +i821) 5. (A.308)
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Appendix B

Other Clifford algebras

‘We present two space-time algebras, C!; 3 and Cl3 ;, sub-algebras
of the algebra of Dirac matrices, M;(C). We study first Cl; 3, its
link with the Pauli algebra and the link between the invariant
wave equation and the Lagrangian density. We study the same
link with space-time algebra. We calculate Tétrode’s tensor. We
present next Cl3; and the representations of Clifford algebras al-
lowed by real 4 x 4 matrices. Then we study the reversion in the
Clifford algebra Cl3 3 = End(Ci3) that we need for the study of
weak and strong interactions and gravitation. Finally we present
matrix representations of Clifford algebras with real 8 x 8 matri-
ces.

B.1 Clifford algebras of space-time

Space-time is formed by time, we note its variable x° = ct, where ¢ is
light speed, and by space, 3-dimensional, where each point is located by
a triple of real numbers x!, x2, x3. Space-time is pseudo-Euclidean, with
signature +, —, —, — or —,+,+,+. Hence two different Clifford algebras
exist, noted respectively Cl; 3 and Cl3;. Proponents of Clifford algebra
can generally be divided into two sides: those who put a + sign for time
(Hestenes [77][82]), and those who put a — sign for time (Deheuvels [63]).
We will see in that both sides give two subalgebras of Cl3 3. Here we
most often use a + sign for time, which corresponds to Hestenes’ choice.

It is useful because the metric of space-time is given by the determinant

(AI7S).

271
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B.1.1 The Cl, 3 Clifford algebra

Here we use a + sign for time, Hestenes’ choice. The Clifford algebra
Cly 3 contains all real numbers and all space-time vectors x such that:

x = x"0 + x'y1 + xPyp + XPy3 = xFy,. (B.1)
These four v,, form an orthonormal basis of space-time:
(0)?=1; MP=m)’=0)"=-1; % w=0,n#v. (B2
The general term in Cl; 3 is a sum:
N=s+v+B+p,+ps (B.3)

where s is a real number, v is a vector in space-time, B is a 2-vector, p, is
a 3-vector (or pseudovector) and py is a pseudoscalar. With the definition

of (1.4)) :

._01. ._O_i. ._lo.j._o_aj
01 = 1 0 ; 02 1= i 0 ; 03 1= 0 -1 y Y= oj 0 )

0l =67 =56 :=—0;; ¥ =, 1=1,2,3, (B.4)

0 I 10
— A0 . 2 . — _ 0 =0 _ ~ .
Yo =7 -_(12 0)7 Iy=00=0"=0 —UO-—<O 1)7

And with:

v = vlyu; U= 0oy py = iphiyu ps = pl; Py = ploj, (B.5)
E+iH 0 F 0\ = S ,

B =: VL) = ). E=Fio. H=Hio.. (B6

( 0 —E+z'H) (0 F) 73 o (B.6)

The general element N of the algebra reads:

( s+ F +ip v°+U+i(p2+p2)>
N={ 0 K

M. M,
— T —i(p) — py) s+ F —ip

i ]\7> , (B7)

M,=s+F+ip=s+Elo;+iHo; +ip; M, =" +7+i(p]+ py).

There are 1 +4 + 6 +4 + 1 = 16 = 2* dimensions (fourth line of the
arithmetical triangle) on the real field because: There are 6 independent

2-vectors yo1 = Y071, Y02, Y03, Y12, Y23 and 731, where v;; = —v;j, § # 1,
and 4 3-vectors Yop12, Y023, Yo31 and 7123 and a single pseudoscalar:

o —0j 0 . . —io’g 0 . . ]2 0
Yoj = ( 0 Uj)’ Y12 = ( 0 —Z.O'3>’ V5 = <0 Iy ) (BS)

Ds = PY0123 ; 7Yo123 = YoV1727Y3 = 1 = 17s, (B.9)
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where b is a real number. The even part of N is NT = s 4+ B + p,, while
the odd part is N~ = v + p,. The main automorphism satisfies N — N =
s —v+ B —p, + ps. The reversion satisfies:

(B.10)

~ M T
N»—)N:s—i—v—B—pU—i—ps:(Me M").

M, M

Among the 16 = 2* = 1 +4 4 6 + 4 + 1 generators of Cly 3, 10 = 5 x 4/2
have a square equal to —1 and 6 = 4 x 3/2 have a square equal to 1. The
privileged differential operator in Cl; 3 is:

=70, ; V=7 ; ¥Y=—,j=12 3. (B.11)

It satisfies:

00 =0 = (99)* — (01) — (99)? — (03)*. (B.12)
Most physicists do not directly use the Clifford algebra of space-time, but
use instead the matrix algebra M, (C), an algebra on the complex field. This
algebra is 16-dimensional on the complex field, and thus 32-dimensional
on the real field. Therefore M4(C) # Cly 3. The Dirac matrices are not
uniquely defined. The easiest way to link Cl; 3 to Cl3 makes use ofE|,
the Pauli and Dirac matrices reminded in . Moreover we identify scalar
matrices and complex numbers, writing:

1:&;z:<2(0,z:x+WGC. (B.13)
0 =z
We then have:
o=, = (2 V), v=ora,. (B.14)
" v 0/’ "

Easily we establish that:

o —0y 0 . o —iO’l 0 Ci= o il 0
705 =\ o o; v 723 = 0 —ioy )’ =02 =\ T

M, M,
N=(—~ =— M 5 M, . B.1
(MO M@) s e € Cl3, o € Clg ( 5)

Isomorphism betweenC’lf3 and Cl3 : let NT be any even element. With:

Nt =a+B+ps ; B=muivio+ uy20 + usys0 + v1y32 + vay13 + v3721,
Ds = byp123 = bi, (B.16)
M,=a+U+i0+ib; @ =ui0o1+ usos + usos,

U = v101 + V209 + V303, (B17>

1. This choice of Dirac matrices is not the choice used in Dirac theory to calculate the
solutions for the hydrogen atom. But it is the choice made for high velocities and when
special relativity is required (Weyl matrices). It is also the choice of electroweak theory.
We will see in Appendix C that this choice also allows us to solve the equation in the
case of the H atom by separation of variables in spherical coordinates. This also proves
that it was possible to completely avoid the choice made in 1928 to be reduced to the
Pauli equation.
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B is a bivector and py is a pseudoscalar in space-time. Similarly each odd
element N~ reads:

0 M
N~ = —~ aE = AVES ) B, B.1
(?‘ L0 ) i My =v+iw= (v, +iw,)o (B.18)
With (B.4) we have:
M 0 ~ M 0
+ = € — . + = €
N <0 A@>,JV (0 A@)' (B.19)

Since the parity conjugation P : M — M is compatible with the addition
and the multiplication, the algebra of M is isomorphic to the algebra of
N. Since N contains both M and M, the Dirac matrices use the two
nonequivalent representations of the sub-group SL(2,C) of Cl (this is well
known in Lie group theory [I]).

The Dirac operator is:

0 -0 0 Vv
o =~"0, = - == . B.20
UG (&y+6 0 ) (V 0) (B-20)
Similarly, the electromagnetic potential is the vector:
0 A"+ A 0 A
— bo— . = ~ . .
w0 NS0

The electromagnetic field, with no magnetic monopole, is the bivector:

F:=0AA= (DA —Ad)/2, (B.22)

o (O V(O A _(0 A\ /0 V
“\Vv 0/\4 0 A 0J\V 0
_(VA- AV 0 _L(F 0
- 0 vA—av) “\o F)°

The electric current satisfies:

j—OF —89A — DA — (QF VOF> _ G g)) . (B.23)

B.1.2 (3 as Cartesian product Cl3 x Cl3

We can shorten the calculations in Cl; 3 by considering only the first
row of the Dirac matrices, when using the blocks made of Pauli matrices.
This is possible because the second row is obtained from the first one by
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using the P automorphism on Cl3. The general element of Cl; 3 may thus
be expressed as a couple of elements of Cls:

M=(A B); N=(C D); M+N=(A+C B+D),

(B.24)

MN = (AC + BD AD + BC) (B.25)
=0 o); x=xtv,=(0 x)=(0 x"o,), (B.26)
d=+"9,=(0 V)=(0 0"d,); (A B)= (VB VA). (B.27)

With these notations, and for any u and v in space-time, we have:
uv+vu=(0 w0 v)+(0 v)(0 u)=(uww+vu 0). (B.28)
Identifying A and (A 0), we then have:
uv + vu = uv + vt = uv? —ulv! — u?v? - u¥vi (B.29)
This identification allows us to consider Cl; 3 as a Clz-module:
X(A B)=(X 0)(A B)=(XA XB), (B.30)
for any X, A and B in Cl3. This is what allows us the use in Cl; 3 of the
complex field, which is the center (set of the elements that commute with

any other) of Cls, nevertheless the fact that the center of Cly 3 is only the
real field.

B.1.3 Proof of R‘y” = Ny*N

Using the aforementioned notation we have:
N=(M 0 ; N=(3 0): =0 o), (B.31)

the equation REyY = N v N is equivalent to:

(0 Reo)=(0 MoriI). (B.32)
And V =MV'M , may also be expressed as:
O,0" = M@LJ“J\/J\, (B.33)
which means:
RLD, 0" = Mo"MJ,. (B.34)

And thus we get:

R'o” = Mo"M; Ri'v” = Ny"N. (B.35)
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B.1.4 Invariant equation and Lagrangian density

We will now prove that the Lagrangian density of the Dirac theory is
the real part, (in the sense where the set of real numbers is a sub-linear
space with dimension 1 of the Clifford algebra) of the wave equation in its
invariant form (1.115). Then noting (M), the n-vector part of M, we must
prove that:

= (3(Vd)oo1 + $gAd + mds)o. (B-36)
And we have:
7=3 j=3
$Ap = A"G0,p = AyDy — > A;D; = Ao(Dpyo) — > A;(D]
j=1 j=1
0 Jj=3 j=3
= Ao(Dy + Y _ Dyoy) — Y Al (D] + ZD o). (B.37)
j=1 j=1 =

We established with the calculation of the similitude D (A.262)) that we
have:

j=3 j=3 k=3
$AG = Ag(D) — > Djo;) =Y Aj(—=Dy+ > Diox) = A,Dlo".
j=1 j=1 k=1
(B.38)
The scalar part is then:
(6AP)o = Dy A, = A, J” = A 3py"s. (B.39)
We then have ¢¢ = Q; + i€y, and thus:
(mdo)o = m = mypip. (B.40)

We next have:
ST ()0, + (B (~)0u)1] = (-1 0y + B To)  (BA1)
= —5[61(Ve) = (€ V) + 0T (Ve) - (V).

With Cl3 we have:

S1B(Y8) — (3V)3lom = — 5 [6(Vos) — (3V)or] (B.42)
_ (T =V (V) + (g V)E
(V) — (V) (Ve + (ETV)E )
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And we have:
—EN(VE) + (ETV)E = (6TV)E — €1(VE) = el (Ve) — (6TV)e. (B.43)

We thus get:

£ = SI@(-9)2u8) + B (~D)0,0)] + ¢, T+ m

= (@(V)o21 + 6gAd + meo)o. (B.44)

B.1.5 The Cl;, algebra

To bring together Cl3; and Cl; 3, and since they are two sub-algebra of
Cls 3, we may use the following generators:

Ao =\ := (_012 I()z) P A= —1u,

No=MN = (:J ‘g) L i=1,2,3 X =1, (B.45)

The Clifford algebra of space-time Cl3; contains the real field R and the
4-dimensional linear space of space-time such as:

x =xMAy; R =x'oy +x%09 + X305
_ 0 x0 4+ % (0 x
= (L "0 )= (% 0) (B:40)

The four A, form an orthonormal basis of space-time with signature —, +, 4, +:

M) =—I1; M)P=N)?=Ns)>=1I; A\ A=0, pn#v, (BA7)
X X = _(XO)Q T (Xl)Q 4 (X2)2 + (XS)Z. (B.48)

We also have:

d:= 9, = N0y + N9, = <600+5 30;”) = ( 0@ Z) . (B.49)

With the following notations:
Aab = AaAp; Aabe = AadpAc; Ao123 = AgA1A2As, (B.50)

It is easy to establish that:

0 j 0 .. 2 0
Aoj = (001 —Jj> Aoz = (Zgl i01> 1= Ao12z = (ZOQ —iIg) . (B.51)
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With the even part M, and M, of (B.15)), the general term of Cls ; satisfies:
M, iM,
N3i1=|( =~ .
S <iMo MJ)
The even part of N3 ; is N;l = s—B+p;, while the odd part is Ny, = iv—w.
The reversion satisfies:
N3,1 ’—)N&l =s+iv+ B+ w+ p;. (B52>

Among the 16 = 2 =144 + 6 + 4 + 1 generators of Clz 1, 10 = 5 x 4/2
have a square equal to 1 and 6 =4 x 3/2 have a square equal to —1:

X123 = Ao1” = Ao2” = Aoz = Ao = Mg = 1, (B.53)
)\12 = )\22 = )\32 = A122 = )\232 = )\312
= )\0122 = >\0232 = )\0312 =12=1.

The even subalgebra Cl:'{l, made of any element N = s — B + p, is 8
dimensional and is isomorphic to Cl3. The privileged differential operator
in Cl3; satisfies:

d=M9,; \=-Xo; N =);,7=1, 2, 3. (B.54)

It satisfies:

d? = —0 = —(3)2 + (1) + (92)? + (9)". (B.55)
The M4(C) algebra generated by Dirac matrices is, as linear space on R,
32-dimensional. Even if Cl; 3 and Cl3; are both 16-dimensional, the union
of their matrix representations is only 24-dimensional on R, because those
algebras have together their even sub-algebra, isomorphic to Cls.

B.1.6 Real matrix representations

In the 4 x 4 complex matrix algebra, the subalgebra of real matrices
is 16-dimensional on R. A basis of that algebra is made of the following
matrices: Iy, Yo, V1, Y35 V5, Y055 Y105 V51, V535 V305 Y135 Y105, Y3055 Y013, V135
and 7p135. This algebra is both the Clifford algebra Cly 2 and the Clifford
algebra Cls ;. As Clifford algebra Cl; 2, the sub-space of scalars is the set
of sI,. The sub-space of vectors, 4-dimensional, has a basis (Yo, v5,71,73):

0 010 1 0 0 0
10 0 0 1], o 1 o0 ol . o
=11 00 0[" oo -1 o0 i % =7 =1+ (B.56)
01 0 0 00 0 -1
0 0 0 1 0 01 0
o o v, o 00 <1} o L
n= 0 -1 0 01’ 3= -1 0 0 0 R e 45
-1 0 0 0 0 1 0 0

RITR0N +’Y)\’7,u = 07 Hny, V= 0757 ]-73a H 7é v. (B57)
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The sub-space of 2-vectors, 6-dimensional, has a basis made of vg5, Y10, V51,
V535 Y30, Y13- We have:

00 -1 0 0 1 0 O
00 0 -1 -1 0 0 O

Yos = 1 0 0 0 y Y13 = 0 0 0 1 ) (B58>
01 0 0 0 -1 0
01 0 0 1 0 0 0
1 0 O 0 0 -1 0 O

Y10 = 00 0 —1]° Y30 = 0 0 -1 0 (B.59)
00 -1 0 0 O 0 1
00 0 1 0 0 1
00 10 0 0 0 -1

751 - 0 1 0 0 N ,753 - 1 0 0 0 ) (B6O)
1 0 00 0 -1 0 0

’735 = ’Y%g = —1Iy; ’on = 'Y??o = 'Ygl = 'Yg?, =1y (B.61)

Remark that instead the symmetrical signature ++ —— in Cly 2, an asym-

metry appears between the number of +1 and the number of —1 for the
square of 2-vectors. The sub-space of pseudo-vectors, 4 dimensional, has a

basis made of v105, Y305, Y013, Y135:

1 0 0 0 01 00
0 -1 0 0 1 0 0 O
MWs5=10 o0 1 o |15 =|g 0 0 1| (B.62)
0o 0 0 -1 0 0 10
0 0 0 1 0 1 0 O
0 0 -1 0 -1 0 0 O
Y=19 1 o ol?"M5=10 o 0 —1]|" (B.63)
-1 0 0 O 0O 01 o0
7%05 = 7:?05 = Iy; 7313 = 7%35 = —1Iy. (B.64)
And the set of pseudo-scalars is 1-dimensional, with generator vg135:
0 0 0 -1
0 01 O
Y0135 = 0 1.0 0 ; 73135 =14 (B.65)
-1 0 0 O

Finally among 16 basis elements of M4(R) = Cls 2, 6 have a square —I4
while 10 have a square Is. Thus My (R) cannot be the Clifford algebra Cl; 3.
That is however the Clifford algebra Cl3 1, with a basis of the sub-space of
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vectors pour générateurs les (Ao, A1, A2, A3) satisfying:

L 0 —IQ . L 0 01 . L IQ 0 . L 0 o3
Ao._(b 0),/\1._<01 0),&._(0 _1.2),/\3._<03 0),

)\g = —1Iy; )\f = /\3 = )\g =14 Apdw = =M, p# v (B.66)

B.2 Reversion in Cl33

After Cl3 and Cl; 3, the third most used Clifford algebra in that work
is Cls 3, an algebra isomorphic, as real algebra, to the algebra of endo-
morphisms (bijective linear applications) on the linear space Cl3, noted
End(Cl3). We use that Clifford algebra both as a natural generalization of
Cly 3 used by Hestenes [77]-[82], and as a natural generalization of Cl3 as
algebra End(A) of all endomorphisms on the sub-ring A of Cl3 made of all
complex diagonal matrices. Therefore we do not use the Ms(R) algebra of
real 8 X 8 matrices, but the sub-algebra of Mg(C) generated by the following
matrices:

0 v
T, — m) o =01,2,3, B.67
: <7u O> s ( )
L 0 —iI4 . . 0 Y5
() ) ns(C 1), e
i=10123 = V0717273 = ©75- (B.69)

We use here without any change the (1.4) Weyl matrices:

0 _ 0 IQ . j__ o 0 —O'j . _ IQ 0
Yo =79 = 12 0 =T = o; 0 Y5 = 0 —IQ )

where the o; are Pauli matrices. Indices p,v,p... tun on 0,1,2,3 and
indices a, b, c,d,e run on 0,1,2,3,4,5. We have:

L.y = —Tyly, a#b, (B.70)

M2=T2=T2=1; T?=T12=T%=-1, (B.71)
_ _ | Yuv 0. _ 0 Yuvp

T, =L, = ( 0 %w) ; Towp = <7W 0 ) : (B.72)

9) , (B.73)

1

T T T Y0123 0
0123 — Lt o1t 23 — < 0 ,70123) - <

i
i o0 I 0
Fys =T4I's = ( 01 i) ; Tot23as = <61 _1-4) : (B.74)
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We also have:

_ (w0 ). _ (w0
T = Y ) rs = , B.75
" ( 0 —w) " ( 0 vm) (579
Tus=( O 7). 1, =(0 (B.76)
n45 _,Yui O ) pvd ,L',_YHV 0 ) .
_ 0 Yurs \ . _ A Ywd 0
F/—Ll/5 - <7HV5 0 > ’ F#,,45 - ( 0 ’Yuyi ) (B77)
_ (e 0 . _ [ Vuvps 0
Frrpt = < 0 ~1Ywp 0)  Lwes = < 0 'Vqu5> 7 (B.78)
_ 0 Vuvpl (0
Lpvpas = (—%wpi Nk To1234 = s 0 (B.79)
0 L I 0
Co1235 = (”4 104> ; To12345 = (3 I4> . (B.80)

The general term in Cl3 3 reads:

3,3 3,3 3,3 3,3 3,3 3,3 3,3
U3 = 7 4 U7 4 07 4 W57 4 W 4 WY 4 W (B.81)
a=>5
Ut =3 N, Wyt = Y NTg, U3° = Y NTg,
a=0 0<a<b<5 0<a<b<e<s
3,3 _ } : bed 3,3 _ } : bed
\114 - Nave Fabcd7 \115 - Nove CI‘abcde7
0<a<b<e<d<h 0<a<b<e<d<esh
3,3 3,3
\IIO’ =alg,a € R; \IIG’ = wl912345, w € R. (B82)

Scalar and pseudo-scalar terms read:

alg + wloi2345 = (a ?)— “ N 2 w) : (B.83)
For the calculation of the 1-vector term
N°T, = N*Ty + N°T'5 + N*T,,
we let:
B:=N*; §:=N°; a:=Nhy,. (B.84)
That gives:
v = (a v z’(oﬁ P Z(g " 61)) : (B.85)

For the calculation of the 2-vector term:

NTy, = N*Ty5 + N*T 4 + N*T ;5 + N*T,,,



282 APPENDIX B. OTHER CLIFFORD ALGEBRAS

we let:
e:=N¥; bi=Ny,; c:i=N"y,; Ai=N"y,. (B.86)
That gives:
3,3 —6i—|—A—|—i(b —Ci) 0
¥ = < 0 Ate—ib+ci)) (B.87)

For the calculation of the 3-vector term:
NPT gy = NFT 45 + NPT g + N#5T 5 + NPT ),
we let:
d:= Ny, B:= N4y, ; C:= N5y, ; ie:= NPy, (B.88)
That gives:

_ 0 (d—e)i—i(B+ Ci)) . (B8Y)

vyt = ( :
3 —(d+e)i+i(B — Ci) 0
For the calculation of the 4-vector term:
NIL g = NHHT a5 4+ NHPIT ypa + NPPT 5 4+ NPT 103,
we let:

D= N“”45'ym, ; if = N‘“’p4'ym,p ; ig = NW”F’VWP (= NO123,

(B.90)
That gives:
i (Dl + 41(; i(fi+g) - 0+ bis Ci> . (B.91)
For the calculation of the 5-vector term:
NbAeD pge = NPPOT g5 + N34T 195, + NO235T 1 0a5,
we let:
ih o= NHVPAS, g NOI234 g 01285 (B.92)
That gives:
g = (—h + z'(()o + i) n i(g B ni)) ' (B.93)
We then get:

U, +i0, U+ U
R R B.94
<\I/r — \Ifg \I/l — Z\I/b> ( )
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That gives:
\I/l:a+A+Ci—i(g+ci):731—iIl, (B95)
. ¢€ 0 . .. o 0 ¢n o .
7?1—<0 3 =a+A+3; L = 3, 0 =g+ ci,
\I/b = b*ﬁJri(*w‘FDiﬂ’ei) :I4 *7;774, (B96)
bay 0 ) . ( 0 ¢ub>
P, = ~ |=w—-Di—€; Iy =~ =b—fi
! ( 0 P ‘ dup 0
U, =a—ei—i(—0+ Ci+ i) = Iy —iPs, (B.97)
¢dr 0 . . 0 (bur .
= ~ = _ T, = [~ —a_

Pa < 0 du 0+ Ci—+di; I G 0 a— ei,
U,=h+di—i(f+B+ni)=7Z3—iPs, (B.98)
¢ug 0 . 0 ¢ug .

7)3 < 0 (bur 6 + + m; L3 ¢ug 0 + 1,

All P, terms, a = 1,2,3,4, are even terms in space-time algebra. All Z,
terms, a = 1, 2, 3,4, are odd terms in space-time algebra. Remark that ¥; is
alone while ¥,., ¥, ¥, have exactly the same structure, different from ¥;.
This is the geometric reason of the separation between leptons and quarks:

Uy =Py — i1y,
W, = Py +iTs,
W, =Py +ils, (B.99)
Wy, = Py + iy,

With Cl; 3 the reverse of ¥ =a+ A + i+ (g+ci) is:
U=a—A+(i+(g—ci), (B.100)
while the reverse Cl3 3 of:
PO = g3 s s | gs gy g g gde
is:
U = w0t 4 ot - 00t -t 1t et -t (B01)

Thus the reversion in Cl3 3 changes the sign of \I/‘;”g, \Ilg’g, \Ilg’g. That
reversion thus changes the sign of ¢, A, b, ¢, d, B, C, e and w, and changes
only these signs. Hence we see that W, is here set apart of the three other
parts, each part transforms by ¥ +— W while ¥, transforms differently:
bap +— —¢, that means by changing position in the diagonal. The only
terms that changes sign are the scalar € and w, the vector b, ¢, d and
e and the 2-vector A, B and C. Those changes of sign are different in
Cl3 3 compared to Cl; 3. All differences are compensated by the change of
position for @gp.
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B.2.1 Real 8 x 8 matrices

The Mg(R) algebra made of real 8 x 8 matrices is 64-dimensional. That
algebra is also the Cl3 3 algebra. We may take as generators the I', matrices

(B.67) to (B.69), a = 0,1,2,3,4,5. We also may consider no i and use as

generators:

_ (0 Ig) (0 7). . 0 —7Y0135
e (2 ) mm (0B me (0 ),

I A e - Y (A | T WO (R U
jom (0 W) a0 1) e (0 %) mam

We then have:
Ad=A]=A2=1Is; AT =A3=A5 =T, (B.103)

that means 3 vectors with square Igs and 3 vectors with square —Ig. For the
2-vectors, we have:

Ao1 == Aoy = ( 00 70) = —Aio; Afy =TI, (B.104)
70135 0 2

Ap2 = = —Agg; AGy = I, B.105

= ("5 gt = e Ay = I (5.105)

=5 0N _ a2
0 75) - A307 A03 - 187 (BlOG)

it S U T
0 ’Yl)_ Aao; Ajy = —Is, (B.107)

=3 0\ _ A 2
. 73)_ Aso; N2y = — I, (B.108)

Y35 0 2
— —Agy; A2, = I, B.109
o5 0 ) =i A= -k (5.109)

150 0 > = —Asq; Afs = —Is, (B-HO)

70 0 ) = —Asp; M =g, (B.112)

S —A32; A§3 = —I& (Bl].?))

= —A52; )\%5 = Ig, (B115)

(
(
(
(
(
Ay = (710 0 ) = —Agp; A2, =T, (B.111)
(
(
(
(

Yos3 0 > = —Agp; A%, =I5, (B.114)
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Y5 0
A = = —A 5
34 < 0 715) 43,
Y35 0
Ags = — —Ass;
35 < 0 735) 53
0
Aue — Y31 — —Asye
5 ( 0 93 o

which means nine 2-vectors with square Ig,
square —Ig. For the 3-vectors, we have:

285
A%, = Is, (B.116)
A2 = I, (B.117)
A\ = —Ig, (B.118)

and only six 2-vectors with

_ Y135\ _ CA2
A012 <,7135 0 ) - A0217 A012 = 18, (Bllg)
0
Ao1z = ( 780) = —Aoa1; A§y5 = —Is, (B.120)
Y50
0
Aorg = < 7(1)0) = —Aoa1; AJyy = Is, (B.121)
Y10
_ (0 0\ _ 2 _
A015 - (730 0 ) - A051, )\015 = IS, (B122)
_ (0 o) _ 2
A023 - <,7013 0 ) = A032, A023 = Ig, (B123)
(0 oss) _ a2
No2a = (7053 0 ) = —Noaz; Ajoy = Is, (B.124)
0
Agos = < 7015) = —Aos2; Aoy = I, (B.125)
Y15 0
0
Aozy = ( 765) = —Apus; A%34 = I, (B.126)
Y15
_ (0 s\ _ A2
A035 - <’Y35 0 ) - A053, A035 = Ig, (B.127)
(0 s A2
A045 - <[y31 O ) - A054, A045 - Ig, (B128)
0
A2z = < 7(1)3) = —Ay39; Algy = Iy, (B.129)
V31
0
Aoy = < 783) = —Auaz; Alyy = —Is, (B.130)
Y35
_ (0 ms\_ SN2 —
A125 - <FY51 O ) - A152a )\125 == .[8, (Bl?)].)
_ 0 Y501\ _ CA2
A134 - <’7510 O ) - A143, A134 - 18, (B.132)
0
Aizs = ( 7503) = —Ai53; /\?35 = —Is, (B.133)
QGEI
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Ay = ( 7310) = —Aisa; Algs = Is, (B.134)
Y301
0

A234 = < %)3) = *A243; A§34 = *Is, (B.135)
Y30
0

A23 - < 710) = —A253; A§35 = —Is, (B136)
7Yo1
0

Aoys = ( 750) = —Aosa; Ays =I5, (B.137)
705

Y153\ _ A2
A345 <’Y 135 O ) - A354, A345 Ig, (B138)

which means ten 3-vectors with square Ig and ten 3-vectors with square
—Ig. For the 4-vecteurs, we have:

Y 0\’ y 0\’
Adizs = (' ) = —Is; Af =<‘°’5 ) = I, B.139
0123 ( 0 s 85 0124 0 53 8 ( )
gl 0 V¥ 0o\’
2 (751 _7.A2  _ (701 _
A0125 - < 0 715) - IS; A0134 = ( 0 _7051) = IS, (B140)
Y 0’ o 0\?
2 o — /035 —7.. A2 _ (7031 _
A0135 - ( 0 7035> = 187 A0145 = < 0 7031> = 187 (B141)
Y 0\’ B 0\
A2y, =30 )_I,A2 :(01 >_1, B.142
0234 ( 0 o3 85 Afass 0 7o 8 ( )
Y 0)° v 0\>
A2, =% =—Ig; A /sl =1 B.143
0245 < 0 0 85 o345 0 531 8 )
2 2
2 _ (= O Mmoo 0y _
Alogy = < 0 _73> —Ig; ANlyss = (0 ’Yl) = —1Ij, (B.144)
v 0) o 0\’
A2 .= (T :[;A2f,:(0135 > = I, B.145
1249 ( 0 75) & s 0 o135 8 ( )
% 0Y)
A= (10 = Is, B.146
2345 <0 %) 8 ( )

which means nine 4-vectors with square Ig, but only six 4-vectors with
square —Ig. For the 5-vectors, usually called pseudo-vectors, we have:

0 — ’ 0 ~ 2
A31234 = <_73 03> = —Ig; A31235 = (’Yl 01> =—Ig, (B.147)

0 2 0 2
Ad12as = (75 %5) = Ig; Adysy5 = (70135 70135) =Is, (B.148)

0 1) A
Adazas = (70 00) = Is; Alygys = <I4 04) = —Is, (B.149)
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which means three 5-vectors with square Ig and three 5-vectors with square
—1Ig. Finally for the pseudo-scalars we have only one generator:

-1, 0
Ao12345 = ( 04 I4> i Ad12sas = Is- (B.150)

64 elements of a basis in Cl3 3 split into 28 = 8 x 7/2 matrices with square
—1Ig, and 36 = 8 x 9/2 matrices with square Is. Those 28 terms with square
—Ig generate the Lie algebra of the Lie group SO(8). And the 36 terms
with square Ig are auto-adjoint and allows us the definition of 36 tensor
densities associated to the relativistic wave of the electron.

The algebra generated by the A, matrices contains space-time in the
part generated by the A,, 4 = 0,1,2,3. Similarly the algebra generated
by I', matrices contains space-time in the part generated by the I',, u =
0,1,2,3. We thus have here two ways to describe space-time which have
many common properties, for instance:

3= s = A3 T2 = —L = A2, = 1.2.3

I 0
Fo12345 = (61 _1-4) = Ao12345- (B.151)

But these two manners to describe space-time have nevertheless different
properties since we have:

010203 — i]g, (B152)
0 0 tog 0
_ 0 0 0 do2| (0 3
A1AsAg = _icy 0 o o l= (731 0 ) , (B.153)
0 —tog 0 0

while we have:

0 0 0 —ils
10 0 i O _( 0 105
e I T A <73105 ! > . (B.I54)

11y 0 0 0

B.2.2 (l33 with real 16 x 16 matrices

The Clifford algebra generated by the I', matrices whose terms I'y and
I'4 contains ¢ may also be described with the replacement of ¢ by —ios and
the replacement of 1 by Is. This replacement transforms:

Iy — Iy; 01 = Y0; 02 = 731055 03 — 755 112 — 731 (B.155)



288 APPENDIX B. OTHER CLIFFORD ALGEBRAS

Hence the I', generators are replaced by:

— 0 _A# —
T, = <Au . )  1=0,1,2,3, (B.156)
0 Aus 0 Ao12345
ry:= : Ty = . B.157
* <A45 0 ) o (—A012345 0 ( )

Similarly the A, generators, a = 0,1,2,3,4,5 may be replaced by:

0 —A, B
A, = (Aa 0 ) a=0,1,2,3,4,5. (B.158)

Remark that the space-time part, which generates the Cl; 3 algebra, is the
same: I')y =A,, 1 =0,1,2,3.



Appendix C

The Hydrogen Atom

We present the resolution of our improved equation for the
hydrogen atom. Owur resolution uses a method separating the
variables in spherical coordinates. Angular functions use Gegen-
bauer’s differential equation and polynomial functions previously
used in linear Dirac theory. Here we study new solutions, for
an electron with both electric charge and left and right masses.
And we start from the fully invariant form of our improved wave
equation.

The hydrogen atom is the jewel of Dirac theory. The solutions of the
Dirac equation calculated by C. G. Darwin [11] in 1928, which we may also
find in newer reports [106], are eigenvectors of ad hoc operators, obtained
from the nonrelativistic theory of the Pauli equation. These operators can-
not be angular momentum operators. These solutions give the expected
number of states, the true formula for the energy levels, and have the ex-
pected nonrelativistic approximations. That was considered very satisfac-
tory. But most of Darwin’s solutions suffer the disadvantage that they have
a Yvon—Takabayasi angle that is not everywhere defined and small. There-
fore they cannot be linear approximations of the solutions to our improved
equation.

We previously obtained [I3] [20] new solutions of the linear Dirac equa-
tion, which have, on the contrary, an Yvon-Takabayasi angle everywhere
defined and small (a maximum the fine structure constant). They may thus
be the linear approximations of the solutions that we seek here, for the
improved wave equation.

C.1 Separating variables

To solve the Dirac equation or our improved equation in the case of
the hydrogen atom, besides the method originally used by Darwin, another

289
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method exists, thanks to H. Kriiger [86], a very fine classic method from
the mathematical point of view for a partial differential equation, separating
the variables in spherical coordinates:

' =:rsinfcosp; 2% =:rsinfsing; x> =:rcosé. (C.1)

We use the following notationsﬂ
11 = 093 := 101 ; 1o = 031 := 109 ; i3 = 012 := 103, (C.2)
uy : =sinfcosp; ug :=sinfsinp; uz = cosl; U :=uj01 + U0y + uzos,
Si=e FBem32 s Q=0 = r~(sinf) "= S, (C.3)
J = 030, + %0189 + m%(maw (C.4)

H. Kriiger obtained the remarkable identity see
d=000", (C.5)

that gives with:

vlizaofa_‘/:ao*(Uga +10'189+ L 0'28)

— 80—8 69—’—7’sm9(9
< 8‘9 Tsméa 80 + 37’ > ’ (CG)
the identity:
(Vo) = V(7). (C.7)

Here we solve the improved wave equation with a left wave and a right wave,
on its fully invariant form:

0= ¢Vdoa1 + ¢gAd + pm,
pe'f = ¢ = g¢ = det (). (C.8)

To separate, on a side the temporal variable z° = ct and the angular variable
, and on the other side the radial variable r and the angular variable 6, we
let:

¢ = QXePe—Eis (C.9)
where X is a function, with value in the Pauli algebra, of only r and 6,

hcE is the energy of the electron, and A is a real constant which will be
interpreted as the magnetic quantum number. We then have:

~

¢ = QX P Bin, g = ~Qe- Bl (C.10)
1
rv/sin 6

1. S has nothing to do with the tensor S3, and € must not be confused with the
relativistic invariant Q; and Q2 studied in Chapter 1.

1 0, 2. —
Q=r"t(sinf) 2e22e2% = St
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We also have:

pe'? = det(p) = det(Q) det(X) det[e()‘%"—EﬂCO-*-é)i:s]7
det(©) = r~2(si
(

) 1 : det[e(z\waIOJr(;)is} =1,

)

pef = istsmO (C.11)
Hence if we let:
pxePx = det(X), (C.12)
we get:
p= o B=DBx. (C.13)

Hence with the form (C.9) of the electron wave, the Yvon-Takabayasi angle
depends neither on time nor on the ¢ angle. It depends only on r and 6.
For the wave equation, we next seek the solution as follows:

~

O'g = XD B, G X ee—Bais, (C.14)
(ea(r)+u(9) _el_)(r)+v(9)) N (ed(r)+u(9) _€c+1)(9)>

b

ec(r)Jr'u(G) eg(r)+u(0) eb(r)+v(9) e&+u(0)

That means that we suppose the existence of two functions with real value
of 6 and of four functions with complex value of r:

U:=e"9; w@)=nU); V:=e"9: @) =In(V), (C.15)
A =edn): a(r) =In(A); B:= (). b(r) =1n(B)
C:=eM; ¢(r)=W(C); D:=e: d(r)=In(D).

And we have:

R . d+u+i)\<p7iEx0 o E+v7i)\ap+iExo
Xee—Eais (€ 0 c 0 (C.16)
6b+v+i)\ap7iEx ed+u7i/\4p+iEx :

Q0 = r?(sing)~*
For the hydrogen atom we have:EI

€2 1

A=gA® =% =% ~ —
=4 YT e T 13T

(C.17)

2. For the Schrédinger equation the same potential is used. But the motion is supposed
to be around the center of gravity of the hydrogen atom. A simple correction is made,
using quantum mechanics for the motion around the center of gravity. That gives a tiny
correction between energy levels in the hydrogen case and in the case of deuterium. No
such correction is made with the relativistic equation, where the center of gravity does
not have the same properties. That is to say that the correction was just made.
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where « is the fine structure constant. We have:

~ o~ (6] -~ _ 0y,
gAY = ——¢p = ——QX P Fr)is
T T
B Q a ed+u+i)\<p7iExO 766+v7i)\tp+iExo C 18
- T eb+v+i)\tp7iExO e&+u7i)\cp+iEx° : (C.18)

And we get for the differential term:

1%, (Ae—Ex%)is _(—iMy M3
A\ (Xe )0‘21 = (ZMQ iM4 s (C19>

—iM; [ —E +1id) d+u+f(v/+ ./\ )ev—&-b}ei(/\ga—Exo)’
r sin 0

—iMy = [ — ib)ebtr +2 (u/ _ _L)ewd] ei()\cp—ExO))
r sin @

iMz = [ (E +id)et+v — L (u’ _ _/\ )eu—&-&} e—iP—Ex")

r sin @

A )ev—&-é} e—i()\cp—Exo),

iMy = [(—E +id)ette — (1/ +—
sin @

r

We introduce a k constant such as:

(v’+ A )e”*/{e“' (u'f A )e“*fﬁae”
sin - k sin 0 o ’

(v’ + Lv) = kU; (U’ — U) - (C.20)
sin 6 sin 6

That system is linear and its structure does not change when x changes sign.

Consequently the general solution of the system could be sum or difference

of a solution using |«|, noted with + indices, and of a solution using —|k|,

noted with — indices:

¥ O+ UL | QU [ by+vy + eb +v_ }
€c++v+ + ec_+v_ d++u+ + 6 _H4v_

(C.21)

But we will establish that a simple relation exists between the u_ and uy
functions, and also between the v_ and vy functions.

C.1.1 Resolution of the angular system
With C = C(0) and if A > 0 we let:

U :=sin’ H{Sin (g)C' — (ﬁ + % — )\) cos (g)C’], (C.22)
V = sin? Q{COS (g)C’ + (H + % — /\> sin (g)C’], (C.23)

U =: Vsinf cos gUl; V= \/sinﬁsinng. (C.24)
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and if A < 0 we let:
U= sin_’\e[cos (g)c’ n (m+ % + A) sin (g) }
V= sin 9] - sin (g)c’ + (4 % +2) cos (g)c}
U =: Vsinfsin gvl; V = —\/SiTecongl.
We thus have in both cases:
UlzsmMP%wﬁmm(g)c’—(ﬁ+%-+xoc]

Vi =sinM=2(6) [cotan(g)C' + (/@ + % - |/\\)C}

293

(C.25)
(C.26)

(C.27)

(C.28)

(C.29)

The angular system (C.20)) is then equivalent (see [12]), for the two signs of

A, with the differential equation:

2|7l
tan 6

'+ Km+ %)2 — Aﬂc.

0=C"+
We change the variable:
z=cost; f(z) =C0(z)],

we hence obtain the Gegenbauer’s differential equation :

14 2])
1—22

(5 +3)* =N
1— 22

0=1"(2) 2f'(2) +

f(2).

And we get:

CO) _ g (N =k = 5N+ 5+ 3)n
0= >

0
s2n Y
C(0) L+ A)n! s (3),

n=0

with:

(a)o:=1 (a); :=a, (@)p:=ala+1)...(a+n—1).

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

The C(0) term is a factor in the U and V functions, it may be put into the
radial functions. We may thus set C'(0) := 1, without loss of generality. To
get an integrable wave function the sum giving C' must be finite. Thus an

integer n must exist such that, if K > 0:

n=4+xl-A
T A = = Dl + 54

(3 + AD)nr!

C(0) =

n=0

0
s 2n Y
sin (2)7

(C.35)
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or, if kK <0:

=3 Nk 1A R+ D)

0
c(9) = sin?’(=).  (C.36)
= (3 + [ADnn! 2
And we have:
M=k = 5)i (ARt 5)5 . o 0
tan — jsin¥(=). (C.37)
( ) ]:ZO (IA + 3);4! 2

Using, for any a and for any integer number j, the remarkable identity:
(a)j(a+j) = ala+1);, (C.38)

we obtain:

: 1 (M =k =2)i (A +K+3); . 90

= —k— =+ i) (C.39
rﬂ@ w5+ ) N+ D)7t sin¥(3)  (C.39)

B = (Al + 3 )UM+H+§j.%9
— (A - )jz 1 1,7 sin® (3). (C.40)

The sum:
j=n )\ . )\ 1y .

| | + )]('1 | —"_"i—’_ 2)] sinQ](Q) (041)

= (IAl+ 2)55! 2

must necessary be finite so that angular functions be integrable, which im-
poses the normalization of the wave. Since we go from a term to the follow-
ing in the products contained in each (a); by adding always 1, and since a
product is zero only if one of the terms is zero, it is necessary, for getting an
integrable sum S7, that at least one term of the suit be zero, and then all
following products are zero. As the j-ranked term of the suit of factors in
(a); is @+ j — 1, that implies the existence of an integer number n such as,
for £ > 0, we have [\|+ 3 —k+n—1 =0, which means k = n+|| — 3; and
for k < 0, an integer number n must exist such as || + % +Kk+n—-1=0,
which means —x =n + [A| — 1. Actually, since adding 0 does not change a
sum, the sum stops at the previous term, hence for:

1 1
|)\|+§_|,€|+n_1:_1; n:|/<;|—|)\|—§. (C.42)

|\l + % being an integer number, that imposes to the x constant to be
an 1nteger, and this integer cannot be zero, otherwise the sum S; should
be infinite. Moreover the n number is an index, which minimal value is
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0. Hence || — |A| — 3 is an integer number, and |A| is a half-odd integer,
strictly less than |k|. And the S; sum is, with the n integer specified above:

=2 (A A .
B e e R S
=0 (|)\| + Q)JJ! 2
which gives:
1
Up=(A-rk- 2) sinl=2 (0)S;. (C.44)
For V1, we have:
1 1
Vi(sin )3~ = :Sg ¢+ (k+ 5~ IANC (C.45)
2
DA - —3)i(A K+ 3); binzjq(ﬁ)cof(%
= (|A|+%)jj! 2" sinf
o (N == (A 5+ 50 9 0
+(r+5—|A sin“"(~
g D;) (3 + [ADan! )
j=n 1
_ Z (JAl - 33(|>\| +r+3); sin2j_2(€)
= (P\|+§)j(3—1)! 2
j=n 1 1
: 1 (M =k =5)n(Al +E+35)n . 2,0
_ k== 2 2 2n” .
Doy WD T e )

In the first sum we change indices; in the second sum we use (C.38]), that
gives:

(N =L =K1 (X ), -
Vl(sinﬁ)%*p" = Z (1A 2 fi)]+11(| | +,KJ+ 2)J+1 Sin2j(*)
(IAl+ 5)j+415! 2
- 1)i (Nt 3 = mi A+ 5+ 3); o5 8
2 (3 + AN 2"

n=0
Next we have:

Vi(sing)2 = = (|A] — % —K) (C.46)

(A + 3 —8); (A + K+ 3);
Z (I + 3);5 (A + 5+ 5)5!

j=n

f)

L (N 4 K+ 5

2+])51n (

(1A A o
R )
2 (5 +1ADs! 2

Jj=
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With due regard to the suppress by subtraction of the term with maximal
index, we define a second sum:

j=n-—1 1 1
(Al + 3 = [D; (A + 5 +16]); . 5,0
Sy 1= E sin® (= C.47
’ (1Al + )14 ) (40

Jj=0

And we get:
1 1 1
Vi(sin )2~ = (Al — o = K)[S1 + 6] + (=[] + 5+ 5) 51
1
= 6(1Al = 5 = K)S>. (C.48)

The S2 sum, contrarily to Si, is defined only if the maximal index n does
not cancel. S; and S5 are unchanged if we replace k by —x, except that
the maximal index n is different when x changes sign. Hence U; and V7,
and thus also U and V, depend on the sign of k. We note with a + index
the functions obtained with x > 0 and with a — index that obtained with
Kk < 0. We have:

1 1
+ - . - _ =
Ui = (M= 5 = Isl)Si; UT = (1A= 5 + Inl) S, (C.49)
A =1
UD = kU k= w; U™ =kUT, (C.50)
Al =2 = Ix]
1 1
+ - . - _ _ _ =
Vit = [6l (1A = 5 = I8l) S5 Vim = =lsl(IX = 5 +1x1) 82, (C51)
Vo= —kVit, Vo= —kVH (C.52)

If we seek for a solution containing both functions of the U kind and U~
kind we do not obtain a more general solution, because:

141U+ + A2U7 == 141[]+ + AQ]CUJF = (A1 + ICAAQ)U+ == 14(7")U+7
BiV* + BV~ = BVt — kByV* = (By — kBo)V* = B(r)V*. (C.53)
The most general solution thus uses x > 0and U =UT', V = V*:
AU —-BV - DU BV S DU -CV
X(CV DU)’ X<—CV AU)’ X<BV AU)' (C.54)
C.1.2 Structure of the wave

We use the projectors p, and p; studied in [A:3.9] together with the
unitary vector i, which also gives two projectors, p™ and p~, such that:

1+ 03 1—o03 N X
pr = 5 ; b= D) ;U= — =u01 + U202 + U303,
r
1+4 1—-4 _ .
pli= o pim g piAp =L ptop =4 (C55)

ptpt =p* pp =p7; pip =pp" =
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To simplify, we also use:

0 0
p:=Ap— ExY; c¢:=cos—; s=sing. (C.56)
We then have:
1+cosf 1+ ug 1—cosf 1—ug3 sin 6
2 2
= = . = = . = C_57
c 5 5 8 5 55 sc=-5—. (C57)

We distinguish the two possible signs of the magnetic quantum number
magnétique A: if A > 0 we let:

rFi1 :=U1A; rFo=U,D; rF3=V,C; rFy=WB, (C.58)
A C
Up=:e¥ Vi=e¥; —=e® —=:e
T T
B = D 3
— =P, T =iedy Fy=6N, 5=1,2,3,4. (C.59)
T T

Always if A > 0, and with one or the other sign for k, and with (C.22]) and
(C.24), we obtain:

X 0 _F,sin? _
— F, cos p Fy sm02 _ (cF1 sFy (C.60)
r/sin 6 Fssing Facosg sF3  cFy
S ; cFie®? —sF e P
_ piz __ L. ) S. )
Pr>0) = . sinGXe =S (ngew Foe? ) (C.61)

And since det(S) = 1, we deduce:

cFie?  —sF e P

B _ —
pe = det(¢) - §F3€ip §F2e—ip

= *FFy + s’F3F,. (C.62)

We also have:

P (e sy
(b (—SF481P QFQBW S ) (063)

i —ip . ,—ip . ,—ip
661 = § <cF16 sFye > (cF1e sFse )Sl (C.64)

sF3e?  cFae P ) \ —sF4e? cFae'

We get:
Do = ¢¢! = D§ + Dy (C.65)
2| |12 211 12 = L&
=5 (sccgz']?“f - FLSI%‘L) i%g; ‘E \ Szlt;ffz)) s (C.66)
D} = IR + 2Pl + PPl + Pl (C.67)

Dy = Do — DY. (C.68)
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If the magnetic quantum number A is negative we let:

rGq:=WViA; rGy:=U1B; rGg:=U,C; rG4:=ViD. (C.69)

We have:
U 0 \%4
=Visin-; —— = —Ujcos =, C.70
V/sin 6 L V/sin 6 ! 2 ( )
X [5G Gy
rVsing <—CG3 SG4> (C.71)
S . se’PGy  ce” PGy
= Pz — - . - .
br<0) = mee S<_ceng3 86_“,(;4). (C.72)
We deduce:
; sG cG
pe'? = det(¢) = :Qé:a ;Gi = 5°G1G4 + *G2Gs. (C.73)
We get:
_ g of s6PG1 e PGy (s PGy —ce PG3) 1
Do =¢9' =8 (—CeZpG3 se PGy ce’?Gy sePGy s
B $2|G12 4+ 2Ga?  sc(—Gi1Gs3 + G2Gy) 1
=9 (50(G3G1 +G4G2)  PGs|? + 82 |Gy)? 5. (G
Thus we get:
1
Dp = 5 [8%1G1[? + &|Gal* + |G |* + 57| Gal?]. (C.75)

C.1.3 Separation for the r and 6 variables

The wave equation reads:

$(V¢7021 + qA(g) = —pm, (C.76)
X0 [V’ (f(e(w—ExO)z‘s) _ g)?e(ha—Exo)ig} — __PX e(E—Ex)is
r r2sin 6 ’
Since QQ = m, the equation becomes simpler as:

Y[v' ()?e“@EXO)iS)ozl - %X e“”"o)"ﬂ = —pxmePExis (077
T

And we have:

[ 60787’ 7%6‘9+rsiin98¢
v S ) 7

R oPe—Ex)is) Y (ap—Ex%)is _ L (DU =CV\ (o px)ig
V(Xe )021 TXe r<BV AU e ,
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with:
D .
v_ —<E+ g)1)U+iD’U+ " U (C.79)
T T
_ —<E+ g)D+iD/ + B
T T

And similarly we have:

d (E + g) —iB' —Ep, (C.80)
r r r
€_ (E + 9)(3 o -,
r r r
Ao (B+D)avin+Ze,
r r r
The wave equation qu(Vangl + quzAS) —pm gives:
<0 [V’ ()?e()«i)—ExO)i;;) _ 7)’56(A¢—Ex°)i3} _ P.X me()\(g—ExD)i37
r rsin 6
- (DU —CV
X (BV .AU) = —rpxm. (C.81)
That gives:
DDU? + BBV? (-DC+ BA)UVY _ N2 0 (C.82)
(-CD+ AB)UV  AAU?+CCV? | — 0 rpxr)’ ’
That matrix equation is equivalent to the system:
DDU? + BBV? = —rpxl, (C.83)
DC = BA, (C.84)
CD = AB, (C.85)
AAU? 4 CCV? = —rpxr (C.86)

And we have:
pre’? =det(X) = ADU? + CBV?; pxe # = ADU? 4 CBV?. (C.87)
The first equation of the system, hence gives:
(DDU? + BBV?)(DDU? + BBV?)
= r?1*(ADU? + CBV?*)(ADU? + CBV?). (C.88)
We will get a separation of variables only if we identify the terms containing
U4, V* and U?V2:
DDDD = r?1?ADAD, (C.89)
DDBB + BBDD = r*1*(ADCB + ADCB) (C.90)
BBBB = r*1?’CBCB. (C.91)
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First and third equations simplify and give:
DD =r*1?AA; |D|=rl|A|; D =¢rlA, (C.92)
BB =r212CC; |B| =rl|C|; B=¢2rlC, (C.93)
where [; and [ are real numbers. The equation becomes:
Ce'14 = Ae™1C,
Iy =lymod 27 (C.94)
Equation becomes:
=) DABC + ¢"2~") ADCB = ADCB + ADCB,
R[ei(li—lataz—da—catba)] — Qi i(—aztdates—ba)]
cos(ly —lo +ag —dy — ca + by) = cos(—ag + dg + c2 — b)),
li —la+as —dy —ca+ by = £(—ag + da + ca — ba). (C.95)
Hence the equation is satisfied since lo = [;. The same work, for ,
gives:
(AAU? + CCVQ)(AAU2 +CCV?)
= r?r*(ADU? + CBV?)(ADU? + CBV?). (C.96)

We get a separation of variables only by identifying terms containing U*?,
V4 and U?V?2 .

AAAA = r*r? ADAD, (C.97)
AACC + CCAA = r*r*(ADCB + ADCB) (C.98)
CCCC = r*r*CBCB. (C.99)
First and third equations simplify as:
AA =r*r®’DD; |A| =rr|D|; A=rerD, (C.100)
CC =r’v’BB; |C| =rr|B|; C=re™rB, (C.101)

where 1 and 79 are real numbers. The equation (C.84) becomes:
De'™rB = Be'rD,
r9 = r; mod 27 (C.102)

Similarly (C.98) is satisfied since 72 = ;. We hence get separation of
variables only if radial functions satisfy the radial system:

(E+ g)D—ZD’—z'EBJrle“lAzo, (C.103)
( )B—&-zB’—I—z;D—i—le”lC—O (C.104)
(E j‘)A +id + zg e D =0, (C.105)
(E %) T zg —re"MB =0 (C.106)
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C.2 Radial system
The system of radial equations (C.103)), [C.104] (C.105) and (C.106]) is

identical to the linear system coming from the Dirac equation, when Iy
and r; cancel. The asymptotic behavior at infinity of the A, B, C and D
functions is hence the same as with the Dirac equation. It is that asymptotic
behavior which implies to consider only functions such that:

A= (apr® + a1r*t o et e AT

B = (bor® + byt 4+ 4 byt AT

C = (cor® + e+ . eprstmyeAmr, (C.107)
D=

= (dor® + dyr* T + ...+ dn7“8+")e_Amr,

where s and A are two positive real numbers. The n degree of those poly-
nomials may cancel. In this case sums are reduced to their first termﬁ The
equation (C.105)), (C.104), (C.106) and (C.103|) are respectively equivalent
to:

0=—E( +aor+-+ap1r"+apyr"*h)
—a(ag + arr + - + a,r")
+idm(  +agr+ -+ an_1r" 4 ap,rt)
—i[sag + (s + Dayr + -+ + an(s +n)r"]
—i(co +err 4ot enr™) (C.108)
—|—e—ir1r( +dor 4+ dpy_ 17"+ dnT""'l).
0=—E( +Dbor+4 - +bp_17" 4 byr™th)
—a(bo +bir + -+ bur™)
+iAm(  +bor 4+ b1 + by
—i[sbo + (s + 1)b1i7 + -+ + (5 + n)bpr"]
—ik(do + dyr + - + dpr™) (C.109)
,ez‘lll( +cor 4+ Cpo1r™ + CnTn+1),
0=-F +CS+-~-+cn_1r"+cnr"+1)
—afco +err + -4 cpr™)
—iAm( +cor+-Fep1r" + Cn,,,n+1}
+i[sco + (s + L)err + -+ (s +n)cpr™)
ti(ao +arr + -+ anr™) (C.110)
e (4 bor + - 4 by_1r™ + byr™ ).

3. The n degree of the radial polynomials is linked to the principal quantum number
n of the Bohr atom by n = |&| + n.
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0=—FE( +dor+-+dp1r" +d,r")
—a(do+dir+---+dpr™)
—iAm(  +dor 4+ dp_ 17" + dpr™)
+i[sdo + (s + )dir + -+ -+ (s + n)d,r"]
+ir(bo + b1z + - - + bpa™) (C.111)
—eM( dagr+ - Fan_1r" + a,r .
We hence get three kinds of numeric systems: with 0 index, with index

between 0 and n, and with n index. For the 0 index the system depends
only on a, k and s :

0= (—a—is)ag —ikcy ; 0= (—a—1is)by — irdy,
0 =irao+ (—a+is)co ; 0=1irby+ (—a+ is)dp. (C.112)
This system is exactly that coming from the linear Dirac equation. It is

made of two sub-systems. We get a non null solution only if the determinant
of each sub-system is null and hence if s is such that:

0= (—a—is)(—a+is) — K% K> =s>+a? s=Vk2—a2  (C.113)
It is from there that comes thecondition x # 0. Let:
s+io = |kle"; s —ia = |kle™". (C.114)

System (C.112) gives:

o — S o — S

Cop = —Qp = —e_”a(); do =

——by = —e by, (C.115)
|| ||

With the n index we get the following system:

0= (—E+iAm)a, +e rd,; 0= (—F +iAm)b, — e'*lc,,,
0= —(E +iAm)d, — e¢la,; 0 = —(E +iAm)c, + e "rb,. (C.116)

That system is also made of two sub-systems, different but with the same
determinant. A non zero solution exists only if that determinant is null:

—FE +iAm e~y

el —F—iAml T E? 4 A?m? — it ™ie - (C.117)

0=D =

That implies:

ry

l{ —ri =7 mod2m; e —eth, (C.118)

Then we have:
0=D & Ir = E? + A?m?,

0=D & B>+ A*m® =m].

(C.119)
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A § number exists such that:

E+iAm :=mye'; E —ifm =mze . (C.120)
System ((C.116)) is then reduced to:
E —iA 1.
4= ity [lano, (C121)
e "r r
E +iA 1.
by, = Mcn = \/761(T1+6)cn. (C.122)
e "ir r

C.2.1 Constant radial polynomial case

If n = 0, which means if radial polynomials are constant, the radial
system is reduced to (C.115)), (C.121) and (C.122)), and we thus have:

E —iAm i — S
dO = e*iTlr apg = |,‘<;,| bo, (0123)
E —iAm i — 8
Co = eirll bo = |l€| ag. (0124)
We then get:
E —iAm)? ia— s)? E —iAm s — i
(17)0,0{)0 = ( 3 ) boao; = F . (0125)
r K mg |5

And since F, s and m, are positive, we have only one possibility:

E s Am «

— =—; — = —; aF =sAm,
mg |&[" mg K
2 2 2/, 2 2 Sy
a“E* =s5"(m; — F*); F=——,
(m? — E?) e
o R— (C.126)
o2
1 -
T rop

which is Sommerfeld’s formula in the n = 0 case.

C.2.2 Non constant radial polynomials

In this case at least one system contains two consecutive indices:

0= (FE—iAm)a,_1 + [a+i(s +n)]a, +ikc, —e 'rd,_1, (C.127)

= (E —iAm)b,_1 + [a +i(s +n)|b, + ikd, — e e, 1, (C.128)
0= (E+iAm)c,_1 + [a —i(s+n)|c, — ikan, — e by, 1, (C.129)
0= (E+iAm)d,_1 + [a —i(s +n)]|d, —ikb, — ™ a, 1 (C.130)
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Multiplying (C.127) by E+iAm, (C.130) by e~"tr, and adding, terms with
index n — 1 are suppressed, which gives:
0 =(E +iAm)[a +i(s + n)]a, — ike "rb,
+ik(E +iAm)c, + e r[a — i(s + n)]d,. (C.131)
When n is the maximal index, which means the degree of each radial poly-
nomial, we may use ((C.121)) and (C.122]), that gives:
ei’l‘ll

. . . =
0 =(E +iAm)[a +i(s +n)]a, — ire I Cn

E —iAm

+ik(E +iAm)c, + e "r[a —i(s +n)]

—ay,
e~ 'r
= [(E+iAm)[a+i(s +n)] + [o —i(s + n)](E — iAm)]a,. (C.132)
That is possible, since a, # 0, only if:

0= (E+iAm)[a+i(s+n)] + [a —i(s +n)](E —iAm),

aF = (s+n)Am, (C.133)
alb = (s +n)y/mZ — E2.
We deduce:
o’E% = (s + n)z(mg — E?), (C.134)
[@® + (s +n)*|E* = (s +n)*m?, (C.135)
((Ss:g:"f - (C.136)
E= T (C.137)
o2
1+ m

That formula, first obtained by Sommerfeld in the framework of the cor-
puscular theory of Bohr, is thus effective for any integer n. We deduce:

; E
mge? = E 4 iAm = . n(s +n+ia), (C.138)

_ (s+n)m oid s+n+ia
(s+n)? +a2 VK2 2sn+n?

With any middle index j > 0 the system (C.127) to (C.130) allows us to
calculate terms with index j from terms with index j — 1:

(C.139)

(s +j —ia)aj + ke; = (Am +iE)a;_y —ie”™rd;_y (C.140)
Ka; + (s +j +ia)e; = (Am —iE)cj_q +ie rbj_y (C.141)
(s +j+ia)d; + kbj = (Am — zE)dJ,l +ie a4 (C.142)
kdj + (s +j —ia)b; = (Am +iE)bj_y —ie™1c;_y (C.143)
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That gives:

s+j+i ; et
<aj) - <j(2js+y'c§ +2JS+J)> <(Am +iE)aj o —ie z-hrdj1> (C.144)
— K s Q0 7 e j ’ .

j Tloer ) . iry ]
€ 7(2s+35)  5(2s+7) E)cj_q +ie rbj_q

(A )
+j+1 AT
b\ _ (iGsr  Gosiy (Am 4B —ietle; 1) 5
dj =Kk 3+J jae} ( ) i—1 —1—2'6"11@7-_1

J(2s+35)  5(2s+7)

And we get the recurrence relations:

§(2s+j)a; = (s +j+ia)[(Am +iE)aj_1 —ie "rd;_4]

— K[(Am — iE)cj_1 +ie”"rb;_4] (C.146)
§(2s +5)c; = —k[(Am +iE)a;_1 —ie "rd;_4]

(s+j —ia)[(Am —iE)cj_q +ie "rb;_y (C.147)
(25 + §)bj = (s + j +ia)[(Am +iE)bj—1 —ie1e;-1]

— K[(Am —iE)d;_1 +ie" 1aj_1] (C.148)
§(2s 4+ j)d; = —k[(Am +iE)bj_y —ie"lej_]

(s4j —ia)[(Am —iE)d;_1 +ie™1b;_;. (C.149)

The resolution of the wave equation ends by the normalization, that needs
the calculation of J°. We have:

= ¢pr¢'; Dp= ¢pz¢T (C.150)

. ///dvh? L[ a0y o).

With spherical coordinates, that gives:

oS ™ 2
1= ZISB/O rzdr/o sin(‘)dﬂ/o (?DOL + %D%)dgp. (C.151)

C.3 Case of little quantum numbers

The degree of Uy and V; polynomials is n = |k| — 1/2 — |A|, hence the
absolute value of X is a half-odd integer strictly inferior to the absolute value
of k. For the principal quantum number n = 1, and since the smallest value
of |k| is 1, the n degree of radial polynomials is necessary 0: that are the
states 1s1/5: n =0, |&] =1, A = £1/2. Next for the sum |s| + n, if n = 2,
there are only two possibilities, because 2 =2+ 0 =14 1. If |x| = 2 then
n = 0 and |)[ is lower than 2, thus we have 4 states 2ps/p: A = +3/2 and
A = £1/2. The second possibility is || = 1, with which |A| is lower than 1,
thus can be only 1/2. That gives the two states 2sy9: |k| = 1, A = £1/2,
and we will see that they are double.
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C.3.1 States 1s1/2

Ask=1and A =1/2, (C.44) and (C.48) give:

A D B
U1:—1; ‘/i:—l, Flz—*; F2:_7; F3:—9; F4:_7. (0152)
r r r r
With (C.61)) we then get;
_ S (cA =sB\ i _ ¥ _po
Q/)——; (SC CD)e ,p—E—EX, (0153)
pe = %(QzAD +5%CB), (C.154)
S (PAA+s’BB  sc(AC — DB)\ .1
I%_T2C40A—Bm 2DD + 200 )% (C.155)
S (2AA—s2BB  sc(AC + DB) _
_ T2 (= 2P0 2= _ 1
Ds = ¢3¢ __TQ(SCU7A4BIH —pb+s2cc)S o (G156)
1 _ _ _ _
D) = ﬁ(QZAA+§QBB+g2DD+§ZCC), (C.157)
1 _ _ _ _
D = ﬁ(&AA — BB — DD + s*C0). (C.158)
We let:
lag| := a1 ag := a1e'*?; 2¢ :=Inl—Inr. (C.159)

Next, since n = 0 and x = 1, for the state 1s1/2 such that A = 1/2, we
have:

E —iA 1 ,
E = smgy; Am = amyg; e (L Y et (C.160)
r r

1 , . ,
bo = \/:ao =~ g = —ay e dy = aet T,

A= ale—Amr—l—iag rs; B _ _alrseC—A7rzT'—ia2
C = 7alei(a27'y)rsefAmr; D= alei('yfag)rsecfAmr’
AA = CC = a2r2e 2Amr, (C.161)

BB =DD = a%lrkefmmr.
r

Ip being the Planck length, we thus get:

1 d Jo 21
J=-(Dg+ —D3); — = 2p25=2=20mr C.162
k( 0ot Ma 3); hic  13m, ar- € ( )
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The normalization of the wave allows us to calculate «y, the phase as re-
maining arbitrary since the wave equation is gauge invariant:

2 91 2 - o
1= ///d = &;7/ dcp/ sinede/ dre—2Amr .25
he Ip ma Jo 0 0

8ma2Il(2s + 1) ma/ 132 (20)5+1/2
1 =

(C.163)

B l?lgma(QAm)25+1’ [87I0(2s + 1)]1/2
Remark the unicity of the obtained solution, up to a phase as.
For the other state 1s1/2, where kK = 1 and A = —1/2 we have:
V = —\/sinﬁcongl; Uy=-1;, U= \/siHHSinng; Vi=-—
rGi=—A4; 1G3=—-C; rGy=—-B;: rGy=-D (C.164)
o S —§A —cB is. 4 0
So=-p = 7 < C —sD) =y o B (C.165)
and we have:
. 1
pe? = det(p) = s2G1Gy + 2 G2G3 = (s 2AD + CB), (C.166)
S ( s?AA+*BB sc(—AC+DB) _
— bt = = 2214 _ 1
Do = ¢¢' = ) < —~CA+BD) 0C+s*DD S (C.167)
S [ s2AA— BB sc¢(—AC — DB)\ _
P2 —c bbb sc(—4 5 1
= 0030" = r2 \sc(—CA - BD) c?CC —s?’DD S (C.168)
We then have:
T2(¢m¢T)O =1(s*AA + 2CC) +r(c*BB + s*DD)
=14AA+rBB. (C.169)

Hence the normalization presents exactly the same result as with the posi-
tive value of the magnetic quantum number A.

C.3.2 Non constant radial polynomials

We then let:
A:=r%e AP Poi=ag 4+ air + - + anr™, (C.170)
B :=r¢ APy Pyi=by+bir + - + b, (C.171)
C:=r%¢ AP P.i=co+c1r+ -+ cnr”, (C.172)
D:=r%e NP Pri=do+dir + -+ dpr™. (C.173)

If k=1 and X = 1/2, J° is given by (C.162) and pe® by (C.154).
If K =1and A = —1/2 then JV is given by |C.169) and pe? by (C.166).
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C.3.3 Case n=2 and n = 1: 2s1/2 states

In that particular case we have |k| = 1, and we may choose k = 1 which
corresponds to the states 2s1/2. In those states we have || < 1, thus A
may be only 1/2 and —1/2. Since 2 = 1, we have:

s2+a’=1;s=v1-02; s+ia=:€"; s—ia=e; yxa, (C.174)

e~ . e—i'y .
co = —ﬁao = —|kle"Vag; do = —‘—|b0 = —|kle” by, (C.175)
K K

ei(;_s—l—l—&—ia_E—i—iAm. e_i(;_s—i—l—ia_E—iAm (C.176)
C V2s+2 0 my C V2s+2 0 my '
Q208 _ (s+1+4ia)®  [s* 425414 2i(s+ 1)a—o?
o 2s+2 25+ 2
252 42 2 2)1 :
_ ot s+ (254 )Za:eria:e”; v = 26 mod 2. (C.177)
25+ 2
el = (79, (v +d) = 30 (C.178)
We also have:
E —iA 1.
dy = —— ! ma1 = \/>ez(“_6)a1, (C.179)
e 'r r
E +iA 1.
by = 7—f.l mcl = \/>61(T1+6)C1- (C.180)
e 'r r
am
aF = (s+1)Am; Am = —2—, C.181
(s +1+ia)(Am+1iE) = imgv2s + 2,
(s+1—ia)(Am —iE) = —imyv2s + 2. (C.182)

Relations between coefficients with index 0 and coefficients with index 1
become:

(25 4+ 1)ay = (s + 1 +ia)[(Am +iE)ag — ie” " rdy]

— |K|[(Am — iE)co +ie” " rbo), (C.183)
(25 4+ 1)e1 = —|k[[(Am + iE)ag — ie” " rdo)

+ (s +1 —ia)[(Am —iE)cy + ie” " rbg] (C.184)
(25 4+ 1)by = (s + 1 +ia)[(Am + iE)by — ie"lco]

— |&|[(Am — iE)dy + ie" lag] (C.185)

(25 4+ 1)d; = —|&|[(Am + iE)by — ie™ 1co)
+ (s + 1 —ia)[(Am — iE)dy + ie™ 1by). (C.186)
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With (C.175)), (C.183) becomes:
(25 4+ 1)ay = v/2s + 2e“[imge P ag — ie ™" r(—|kle” b))
— |K|[—imge (—K)e”ag + ie” T rbo)

= imge (V25 + 2e" — 1)ag + i|k|re " (V25 + 2e 7% — 1)bg

= imgePag + i|r|re 12 pg, (C.187)
Similarly (C.184] becomes:
(25 + 1)y = —|k|[imge™Pag — ie ™" r(—|k|)e2Pby)

+ V25 + 2e 70 [—imye®® (—|kle™*Pag) + ie " rby)
= i|k|mge " (v/2s + 27 — 1)ag + e~ "re 2 (v/2s + 2% — 1)bg

= i|k|mge 3P ag +ie " rby. (C.188)

That gives, with (C.179)) and (C.180):

a; = %Zﬁ(mgei‘sao + |m|re‘i(25+’"1)b0), (C.189)
by = %Zﬁ(mgei‘sbo + |k[1efm1=29) ), (C.190)
€1 = 25: 1 (|&|mge™>ag + re~"1by), (C.191)
dy = %Zﬁ(hﬂmge_?’iébo +1eay). (C.192)
We also have:
Co = —e_”ao; d() = —e_”bo, (0193)
ap = #H(mgeiéao +re 0y by = 723: 1 (mgeby + 1t (M= gp),
1= ' (mge 3ag +re b)) dy = ! (mge 3Pby + le' ay).

2s+1 2s +1

(C.194)

We obtained for the state 2s1/2 with quantum numbers || = 1 and A =
+1/2:

_ S{cA —sB\ .. ¢ 0
(b* (SC CD>€ 7p*§7EX,

r

. 1 _ _ 1 14us , = 1—us
8 — (2 2 —
pe . (c"AD + s*CB) T2[ 5 AD + 5 CB], (C.195)
b - S (CAA+5*BB s¢(AC - DB)\
O~ 2 \sc(CA—-BD) DD +s*CC ’
S (PAA—s’BB  sc(AC + DB) _
_ t_» (cAd=sbL sc(AC _ 1
Ds = o3¢’ = 55 (sc(CA+BD) —Dpb +s20C)°
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1

DY = 53 (PAA+ BB+ ¢*DD + s°CC), (C.196)
1

DY = 5z c *AA - $°BB — ¢*DD + s°CC).

The invariant 2 and the angle 8 depends only on r and ug, and they
cancel in the equatorial plane us = 0. In that equatorial plane, if {2; also
cancels then p also cancels. But the resolution of the equation relies on
the equivalence with the equation on the completely invariant form, thus
on the hypothesis that the wave function takes value in Cl;. We can see
that the existence of values of r canceling p comes from the term containing
apbf in €. There is nevertheless a solution to that difficulty, which is the
cancellation of ag or by. If by is null we have:

¢ is

co = 7672'7010; dO = bO = (); a] = mmge ap,
by = i 1l =Nag: ¢ = L, e 3y, dy = ! le'™ aq.
25+ 1 ’ 2s+1 9 ’ 2s+1
(C.197)
I%D = 25727 2AMr (g0 4 ayr)dyr
laga , e’
_ Tgsflefmmrﬁewl ( iy 237+1mgr>’ (C.198)
Cr72B = p25F2e2AMmT (00 4 )by
laga ; e~
_ Tzsflefmmrﬁe% (Z i mmf’r)' (C.199)

And then (C.195)) becomes:

iB _ p25+2,—2Amr lagag e—ir
2s+1

s+1 mgr . o
14— . C.2
X[q/ 5 2S+1+zu3( + T+2(25+1)mgr>} (C.200)

Since |/ % 7 is strictly positive for r non null, that is the same with

p: ¢ is thus with value in Cl3. It remains to determine the value of |ay|,
through the normalization. We have:

pe

J 1 d
s ( Dy + DR)) T (D0+ meg) (C.201)
AA = 25 2AM7 (g0 + ayr)(Go + ayr) = CC
2amgr m2r?
2.2s_—2Amr g g
- 1— 7 C.202
laof"re [ Vi Tos 1) T @s et 1)2} (C.202)

2)2
BB = 1% M (ayr)(ayr) = r2+2e- 2 10 b g3
(@rr)(air) = 25+ 1) (C.203)
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J 1 E g21Af_l_—|—§2rB_B gg(lA_C_'—rDB_) g1 (C.204)
he I3mg r2 \sc(1CA —rBD) rDD + s?10C ' ‘
The normalization is obtained through:
Jo - _ - _
= = _——[®14A + s’rBB + s’14AA + C*BB]
he  203mgr?
1 _ _
= ———IAA+rBB C.205
213Pma7"2[ +rBB ( )
JO 1 2 2 T
1:///dv—: 8 / d(p/ dfsin 6
he lpma 0 0
o 2am T 2m?
X dr r25e=2Amr (] . + I _r?. C.206
A rre [ /7254*2(254“1) (2S+1)2r] ( )
With:
e _ P(2s+1+n) m m
I, = [ drp2stne=2drm _ 2SS T 2T Mg TMa o0y
/o rre e (2Am)2s+1+n’ v momy’ ( )
we get:
2l|ag|? 2amy 2m?
1= _ I + L], C.208
13m, o V25 +2(2s+ 1) (2s+1)2 2] ( )
~ 2ml|aol?T(2s + 1)S Go1__w vi(s+1)
T Bma2Am)=t T 7T T T A2 A2(2s 4 1)
ZS . 2A 2541 13 a 2A 2s+1
lao|? = M; lao| = M. (C.209)
9r1ST (25 + 1) 271ST (25 + 1)
For the 2s1/2 state, with a magnetic quantum number A = —1/2, we

also study first the particular case by = 0. Since || =1 and A = —1/2 we
have:

V:*VSiHQCOSgUU Uy =—1; U:\/sinﬂsingvl; Vi=-1,

rGy=—-A4; rG3=-C; rGy=-B; rGy=-D (C.210)
S (=sA —cB\ . @ 0
Yo=-p =7 ( e sp) e p=mg B (©211)
And we get:
> A —1
o —Dpi3 _§D QB Sf
p=e (—c() _SA> - (C.212)
vis (—8A  cC -t
T — ,—pis = = -
P =e (CB D) . (C.213)

¢ = r‘2(§2A1; +*CB). (C.214)
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We study here the case by = 0, which gives:

s
, , imge
= —e ap: dop= —e by = 0: =_9
Co e Tag; do e by =0; a1 25 1%
ilet(=7+r1) imge 3% iletm
b — ey = MMe€ T gy = A C.215
1 25 + 1 ap; C1 2s + 1 Gp; di 25+1a0’ ( )
is .
- , e i
di = |ao|? *”11(7 - 7) C.216
(ap + a1r)dy = |ag|e (2S+1)2mgr 75 1 1 ( )
(eo+ )by = faoPLe™™ (=g 4 ) (C.217)
= e — —m — )
Co C17)01 ap (28+1>2 gT 28+1 s

We then have:
fl% _ 7,,2571672Amv" ( 1

_ _ 1 —
g+ )i+ (o +er)h)  (C.218)

2
V2 2 )
= |a0|21r25672Amr[ st 5 Mgt + s (1 S )}
2(2s+1) 2s+1 (2s +1)v2s+2

Thus the wave is actually with value on the Cl3 group, as previously. When
A changes sign the only change is the change of sign for 5 + ry:

(B ) s —9AmrMgV25+2
pe (B+m1) — M +ifdp; = |Cl0|217“2 e 20 (;Sw, (0-219)
Uy = |ag|2Lr2se—2Amr U3 (1 L 1 ) C.220
2 = |aol 25+ 1 (25 +1)/25 + 2 ( )

Then the normalization needs:
J_ 1 ( s214A + QQrBE §Q(—Lflé + rD?)
he  1Br2" \sc(-1CA+rBD) 1CC + s*rDD
The density of probability thus is:
Jo 1
he 27

) St (C.221)

[s*1AA 4 *rBB + ¢*10C + s*rDD]. (C.222)
So the calculation is exactly similar to that for the other sign of A.

C.3.4 Caseag=0

With a magnetic quantum number A = 1/2 (spin "up") we have:

1 1

= —i(’Y‘FTl)b . _ —0: b = iEb
ay 2S+1r€ 0, 4o Co ) 1 28_'_1"719e 0,
ey dy = — i eSi% C.223
AT et P T 0o (C.223)
ire—i(rtr1) imgret
A=0b s+1 —AmrL. B = bors —Amr (1 g ) C224
o e 21 07" € +23+1 ; ( )
i

- —i _ —i TMgT  _s;
C:b0T5+1€ Amr e zrl; D:b()?"se Amr(_e W 9o 31(3).

2s+1 2s+1
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The invariant p and § satisfy:
AD + CB +u3(AD — CB)], (C.225)

%, 1 B > 1
petf = TQ(QQAD+§QCB) = 53l

1 _ _
= (AD + CB) = r**~le 27 |pg|?

T e-in } 22
. [23—1—16 mgr cos 0 (C.226)

1 > 5 ; mgr
L (AD — CB) = ir2s—1e—2Amr|p |12 —iry (1 g 6)
2r2< )=ir*""e |bo] 751 1° +2S+ls1n
(C.227)
We deduce that we have:
pe'BHm) — $de™ = Q) + iy (C.228)
_ |bo|21 7’2s+1€_2AmT|: mgr /2542 n z’ug(l n amgr )}
2s+1 2s+1 2 (2s +1)v/2s +2
L= ! p25+1,—2amr Mgl ¥ 25 +2 (C.229)
2s+1 25 +1 2
[b0[*1 51 —2a Qamgr
Qo = ——— 5T ™20y (1 + —g>. C.230
2T 25+ 1 U 25+ 1)v2s 2 (C.230)

We see that p is defined in any point and that the value of relativistic
densities € and €y are everywhere equal to that of the state 2s1/2 with
same value of \. We now establish that it is the same for the normalization
of the wave. We have:

i 1 (cQIA/_l + s’rBB

- 3 sc(—1AC +rDB
sc(-1CA+rBD s?

1CC + *rDD

i ) St (C.231)

he  13mgr?

And we have:

2.2

_ 2amgr myr _
BB = b 27,256—2Amr|:1_ g n g } — DD,
ol 25+ )v2s 12 (25+1)?
AA = |b 2, .2s —2A7nrﬂ _ Cc_v C.232
= |bo|*r“’e G512 . (C.232)
We thus get:

LO — |b0|21‘ 23—26—2Amr|: _ Qamgr + 2m527r2 :| (C 233)

he — Ipma 2s+1)v2Bsr2 | @s+12l

Hence the normalization of the wave when A = 1/2 and ag = 0 is exactly
the same as for the state with A =1/2 and by = 0.

With ag = 0, we then get for the state with magnetic quantum number
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A=-1/2:

V:_‘SiHGCOSgUl; U1:_1, U= vsin@singvl; ‘/1:—]_7

rGy=—-A4; rGy3=-C; rGy=-B; rGy=-D (C.234)
And we get:
$=c P (_ig _Qf A) S%l (C.236)
¢t =B (:ig _CSCD> 57*1 (C.237)
¢b =r~%(s?AD + *CB). (C.238)

We choose here the case ag = 0, which gives:

do=—e"by; co=—eag=0; by = ZZ{ST bo

ay = ire;;_;_lmbo; 1= 727;1591_3:6 0} €1= Z;;:: bo,  (C.239)
arr(do + dir) = |b0|26—ir1rr((28€f1)2m9r - 231 1), (C.240)
c1r(bobir) = [bo|*rre™ " <(2S_:61)2mg7’ + ﬁ) (C.241)

We then have:

_ 1- o _
55 = r2s—1e—2Amr( zusalr(bo + ) + *‘2“3 err(bo + blr)) (C.242)
7512 /
= |bo|2rr286_2AmT[ Wg mgr 4 = (1 - 5 )}
2(2s+1)27  2s+1 (2s+1)v2s+2

Hence the wave has well value on the Cl3 group, as previously. We have,
when A changes sign, only a change of sign for g+ ry :

2s _—2Amr MgV 25 +2

i(B+r1) O _ 2
pe’ B — Q) 40y O = |bo|“rr=’e s 117 (C.243)
Oy = |bo|?rr2se=20mr s (1 — amgr ) C.244
2= [bol 25 + 1 (25 +1)y/25 + 2 ( )
Next the normalization needs:
J 1 s21AA + Q2rBB; §g(—1f16’ + I‘DB) g-1 (C.245)
he 131’372 sc(-1CA+rBD) *1CC + s*>rDD ) ’
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The density of probability is thus:

Jo 1 - _ - -
= [s?1AA 4 *r BB + ¢*10C + s*rDD]. (C.246)
P

Hence the calculation is the same as for the other sign of A.

C.3.5 Case of 2p3/, state

These states have a quantum number n null, which means constant radial
polynomials. We have here:

k=2, kP=4=5"4+a% s=+V4—a2 s+ia=: 2",

E+iAm =mye"; aF =sAm; E= My (C.247)

2 )

1. , 1.
do = \/:el(””ao; co=—e Tag; byp=— ;e"lao.

Radial functions thus satisfy:

A= aorsefAmr; C = 7@06717T567Amr,

1, 1,
B = _\/7617"1 ao,r,sefAmr; D= \/761(T1’Y)a0rs€Amr' (0248)
r r

The angular functions are given by:

1 1
Ur= (A =% — 5)(sin ) -z (C.249)
J=Ik|=IAl-% 1 1
- (IA|+§—IHI)j(I1AIfIH\+§)j Sinzj(Q%
= (1Al + 25! 2
1 1
Vi =h(]Al = 5 = #)(sin ) N2 (C.250)

J=lrl=Ix-3%

A 1 _ (I 1 . .
« Z (Al + 2 |“|)31(| |+.2 + |5]); Sian(Q)~
2 D+ Dy 2

State 2p3/2, A= 3/2

The angular functions satisfy then:
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i=2-3-3 ;3 | 1 3,1
s+ —-2)(s+5+2 .
V=20~ L —2)sim0)i} SAS L/l Le et
2 = (3 + 2)j+17! 2
= 2(—sind) —sinf (C.252)
We thus have:
F, - —sm@A; F, — sm@D F,— stC; F,— —sm@B'
r
(C.253)
— - 3
¢p=2S5 <§£1 C;F4> el p= 780 — EX°, (C.254)
sk cly
sin 6 cA sB i
— S(sc CD) pis (C.255)
That gives:
, 29
pe’ = sin (c*AD + s*CB)
r2
_ |a‘0|2 s 2 2s—2 _—2Amr 1 —iry .
= sin Or=*=%e o€ (s + iusa), (C.256)
t _Sin9 —pis cA  sC\ .,
ol = € <—5B D S (C.257)
It results:
J sin?6 , (21AA +s’rBB  sc(l1AC —rDB g-1 (C.258)
he 12 sc(lICA—rBD s%CC + crDD '

0 2 27
1 :///dV;li — |a | l/ / d951n 9/ d,,,.,],.Qse—2AmT
C

lao?1 .4 I‘(23+1
:zg’;ma( ™3 3 AT (C.259)

33mg (2Am)2s+l
lao| =

C.260
8rll(2s + 1) ( )

State 2p3/0, A =1/2
The angular functions U; and V; satisfy:

J:1

-2 Z j' (sin g)Qﬂ' = —1+ 3cosf (C.261)
=0 ]

%

Jj=1 9
Z (sin )% = —1 — 3 cos¥. (C.262)
iz +1J' 2
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It results:
-1 5 1 0 _
F, = +3c059A; F, = —|—3c059D
r r
1 S 1+ 3cosf -
Fy— + 3c059; F, = + 3 cos B, (C.263)
T r

—1+3cosf 1+3cosf »
cTl4Beos0 4 gliBeosOp N A,
¢:S(_81+§TCOSGC Cl+£§cos€D) el's; ng—EX . (C.264)

With ¢ = H‘% and s? = 1_2“3 we have:

66 = ¢ (ﬂ)zm’) + 52 (%)203, (C.265)

_ . 1 . _ _ . 1 .
AD = |a0|7"25672AmT€ iry \/761’}/; CB = |a0|7"256 2Amr€ iy [ 2oty
r r

Thus we get:

_ 1
66 = |ao|2r2e—2e2Amrg=in \/;[5(1 + 3u?) +ia(9ul — 5uz)].  (C.266)

Thus p is everywhere non null and ¢ is well with value in CI5. Next we
have:

J S (Jo+is Ji1—ija) g1
— = ! . ; ) ST, C.267
he  13mg (]1 +ij2 Jo—Js ( )
1—3u3)?, - 1 3)2 _
Jo+js = g2¢1AA + §2ﬂr33, (C.268)
T
1+3u3)?, - 1—3u3)? -
jo—js = fﬂwc + g2#rpp, (C.269)
T T
1 — 9u? - _
i +ijs = sc——3(1CA - rBD), (C.270)
T
because ug = cos . That gives:
0 1 2
% _ lil)’asl (1 +3u§)r23—26—2/\m7"’ (C271>
P a

- flj

|a0|21 2 " . 2 >~ 2s —2Amr
=3 de [ dOsinf(1 + 3cos” ) drr<e
lpma Jo 0 0

_ Jao|?1870(2s + 1) lao| = 3ma(2Am)2s+1
T Bmg (2Am)2s+1 7 TN\ T RAIr (25 + 1)

(C.272)
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State 2p3/2, A= —1/2

The angular functions satisfy then:

n=rk—|\|—1/2

1 (A =+ )N+ K+ 3)n . 5,0
=(A=-r—3 sin”" —,
I 2) ,LZ; (5 +[ADnn! 2
= —22 A R (C.273)
nn' 2 ’

n=r—|A|—1/2

1 (M =6+ (A +5+3)n . 5,0

Vi=k(A—k—= 2 2 51112"7,

el emy) g (3 + ADsnn! 2
= —1—3cosb, (C.274)

We have:
— -1 2 1 2
¢¢=g2(ﬂ) AD+§2(ﬂ) OB, (C.275)
r r

_ . 1. _ ; 1,
AD = la T25€72Amr671r1 2 OB =la 7,,25672Amr671r1 Zetr,
0 ) 0
r r

Thus we get:

_ 1
b¢ = |ag|*r2 2 2Amr =i \/;[s(l + 3u3) +ia(9ul — 5uz)].  (C.276)

Thus the ¢ wave has well value in Cl3. Next we have:

J_ S (jo+is Ji—if g-1 (C.277)
he lpma J1+1%j2  Jo—J3 ’ '
3 1+ 3us3)? _
jo+ja= g2¥1AA +s %rBB, (C.278)
1 — 2 _
jo—js=s (t‘i“‘)lcc n #rDD, (C.279)
. - 9u3
J1t+ija=s c (1CA —rBD) (C.280)
Thus we get:
JO a 21r2s€—2Amr
e lgm (¢pm ¢T) | O|l3m 2 (1+ 9cos® 6 — 6us cos f).
pPiita P'ta
|a0|217,, 5672Amr )
= (143 0 C.281
Bomar? (1+ 3cos*0)), ( )

And hence the normalization is identical to that of the previous case:

13ma(2Am)2s+1
=[RS T 282
[ao] \/ 87I0(25 + 1) (C.282)
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State 2p3/2, A= —3/2

The angular functions now satisfy:
Uy =V) = —sinb, (C.283)

thus the results are the same as for the 2ps3/, state, with A = 3/2 :

313,mq (2Am)2s+1
aol\/ b (2Am) (C.284)

8rll'(2s +1)

) 2 1
pezﬁ _ ‘a;| \/:SiHQ(Q)T‘QSZ(EQAmT(S +iaus). (C.285)
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Appendix D

Miscellaneous

D.1 Gauge invariance SU(2) of the quarks

D.1.1 Group generated by P,

We have in this case

Uy =P (V); P(Vy)=To123¥ L35 C =cos(f); S =sin(d), (D.1)

W'y = [exp(0P,)](¥r) = CUL + STo123¥ T35,

1 1 2
W= W= 0,0,

This gives:

L/n z/3+n " EBJrn Z'EBJrn
en S =0 S, T s e,
Pt _pm It _In —ir*"

(D.4)
L™ =COL" +iSL*m, (D-5)
L3+ = CL3H" 4+ iSL™. (D.6)
We now let:
QLML = DRATT g 3tn, (D.7)
We deduce for the left currents:
DRdEn — Rt g [3tn e gt — e st g, (D.8)

2D = D} + D™ + cos(20) (D} — D3t™) — sin(20)d} 31", (D.9)
2D"3%" = DT 4+ D3 — cos(20)(DY} — D3 +sin(20)d; 3. (D.10)

321
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Adding and subtracting these equations we get:

DZ’L +D’5+n — DE +Di+n’ (D].].)
D — D = cos(20)(DE" = Dp) +sin@0)dp ", (D12)

From these equations, we obtain the conservation of the total current Jg,
and also the difference between the left currents and the right currents. By
bringing together these equations and we may see that they are
compatible with:

W? =43t WP = D3t - Dy, (D.13)

D.1.2 Groups generated by P, and P,

The calculation is completely similar to the previous section. In both
cases we obtain the value of W' as only additional result. And as before,
this value depends on the integer n. Also we are going to use a double
system of indices: we will denote as W the potentials previously denoted
as W7 acting on L™. We will then have:

W, = Dp>m W2 =di >t Wi = Dp — Dy, (D.14)

As in the previous section the sum of the left currents and the sum of
the rights currents are invariant, which implies the conservation of the J,
current, and thus of mv,. This makes the system formed by the twelve wave
equations (6 right and 6 left) invariant under the SU(2) group.

D.2 Gauge invariance under SU(3)

We use the following transformation:

U’ = [exp(0A1)] (),
U2 = CV? + Siv3; C = cos(f); S = sin(6), (D.15)
U3 = CV® + Siv?; v =Tl vt = gt (D.16)

Here we can forget about W' and ¥* which do not vary. The gauge invari-
ance means that the system:

3\112 = —%Gli\llg + qu\IJZ’le,
oUs = —%3(;11\1/2 + mv, UPys. (D.17)
must be equivalent to the system:
ov"? = —%G’lilll’g’ +mv, U2y,

ov’3 = —%G}'lillll2 +mv, Uy, (D.18)
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Using (D.15) and (D.16) the system (D.17) is equivalent to (D.18]) if and

only if:

G'=G'- g%ae; hi = hl— 6. (D.19)
The equality is equivalent to the following system:
L? = CL?+iSL? L = CL® +iSL°, (D.20)
R? = CR*+iSR® R =CR®+iSRS. (D.21)
Meanwhile the equality is equivalent to the system:
L® = CL? +iSL? L'® = CL® +iSL°, (D.22)
R"® = CR® +iSR?; R'® = CR® +iSR’. (D.23)

These systems may be brought together: we obtain four systems with the
same structure:

L? =CL?+iSL? L = CL® +4SL?, (D.24)
R? =CR?*+iSR* R®=CR®+iSR?, (D.25)
L5 = CL® 4+iSL% L'® = CL® +iSL°, (D.26)
R'® = CRS +iSR° R = CR®+iSR’. (D.27)

These systems have the same form as those of the left waves for the weak
interaction. We can hence carry out similar calculations as in For
the left waves of the d quark with color 7 or g, we consider the currents:

D? = [’L? D} = [’L?% D?® —id2® = 2L°L°, (D.28)
D33 4id2® = 2L°L?% D?® = L2L° + L°L? d2° =iLL° —iL*L>.
(D.29)
We then get:
D?? = D3% DP+Df = Di + Dj, (D.30)
d?3 = cos(20)d2? — sin(20)(D3 — D?), (D.31)
D} — D7 = cos(20)(D? — D?) + sin(26)d23. (D.32)

A comparison with the rotation made on the potentials by the gauge trans-
formation indicates that we can have:

g3 g3 g3
h! = 51)%3; h? = gd%S; h? = E(D% — D3). (D.33)
For the right waves of the d quark with color r or g we consider the currents:
D% = R’R?; D% = R°R®; D%® —id%* = 2R*R®, (D.34)

D%? +id% = 2R*R* D%’ = R’R® + R°R?; d%’ = iR*R® — iR*R>.
(D.35)
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We thus get :
DR® = D% D+ Di = D}, + Dy, (D.36)
d3? = cos(20)d%® — sin(20) (D3, — D%), (D.37)
D7 — D = cos(20) (D%, — D%) +sin(20)d%>. (D.38)

A comparison with the rotation made on the potentials by the gauge trans-
formation indicates that we can have:

g3 g3 g3
hl = ED%?’; hi = ?d%ﬁ; h = E(D% — D3). (D.39)

Hence, here we again see the dependence of the potentials on the wave which
they are acting on. We thus note:

1 g3 2 gs 3 gs
W)= Spph ngl = Lt ongl = Ly -}, (Do)
M= S0 = B gl Bl (D
For the left wave of the u quark with color r or g we consider the currents:
D} = L°L% D§ = ISL%; D}% —id}® = 2L°L°, (D.42)

D36 4 id35 = 2L0L7; D36 = L°LS + LOL5; d3b = iL°LS — iLSLP.
(D.43)
We thus obtain:

DP°® = D:°% DY+ DY = Dj + DY, (D.44)
dP% = cos(20)d3° — sin(20)(D$ — D3), (D.45)
D — DP = cos(20)(D% — D3) + sin(26)d3°. (D.46)

A comparison with the rotation made on the potentials by the gauge trans-
formation indicates that we can have:

hj; = 2D3% by} = £di% i} = (0§ - D). (D.47)
For the right wave of the u quark with color 7 or g we consider the currents:
D% = R°R®; D% = RORS; D35 —id%’ = 2R°RS, (D.48)

DS +id3® = 2R°R®; D}’ = R°R° + R°R; djf = iR°R® —iR°R’.
(D.49)

We then get:

DRR° = Dy’ DR + Dg = Dy + Dj, (D.50)
dp% = cos(20)dy’ — sin(20)(D%, — D), (D.51)
D'§ — D§ = cos(20)(D% — D) + sin(20)d%’. (D.52)

Finally, a comparison with the rotation made on the potentials by the gauge
transformation indicates that we can have:

! = %D?{j; 2 = ggd;% hy? = %(Dg — D%). (D.53)
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D.3 Simplification of the wave equations

With and (D.14)) we have:

(WE+ W)L = (Dr3n a3 = ol#nEn T (Du54)

~,=3+n 0 0\ [t 0) ( 0 0)
"L =9 L - . . .
(—n? 71{’) (né”* 0 2(=ngni ™"+ 3t 0

And given that:

2( n;zn?Jrn + 7 n3+n> _ QUNLTn3+n _ §3+nn7 (D.55)
3+n 0 Fotn 0 0 nnT
I3+t tn =2 Q§+n ainn _ §g+ L3+no_1
0 m 55 0

We also have:

ngn _ (D3+n o Dn)zn _ Z3+nL3+nzn o ann/L\n — Z3+nL3+nin’

(D.56)
[34nTn _ W _ W _ —§§+”” o1 — 102 L”L3+n
WALn = L3np3nln = _[3nInT> ", (D.57)
Thus we obtain:
(W +iw) " - wi3Ln = o3+ " — (I3 LTt
=30 LD = 3wiLr. (D.58)
Furthermore:
(W —iWHL" = (D> —idy ") L" = 20" L3 L™, (D.59)
[3egn = e = It
(W) —iw2)Ln = 20™(—L"T>") = —2." T = —2Dn T, (D.60)
w3L" = (D3t — p ™" = —prT,
(W —iw2)Lm + WAL = —3Dp T = 3BT (D.61)

For the gauge group of chromodynamics we have the same sort of simpli-
fication, we will see this in detail for one of the four cases, that of the left
wave of the d quark. With the gauge transformation generated by I'; and
with an angle § we have:
372 _ 93 -
(0 +ih¢ )L® — hg L2 5 L(DE +id7")L* — (D} — D})L?],  (D.62)
2 — CL? +iSL? C =cos(d); S =sin(h), (D.63)

B = CL? +iSL2. (D.64)
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Only the indices change in comparison with and , where for
n = 2 we have the same relations with indices 2 and 5 instead of the current
indices 2 and 3. And so we can employ the same procedure that carried out
for the weak interactions. We finally have:

b, = 508 by = Tai’ vy = (0L - DY), (D.63)
~ 3 ~
(h¢1 4+ ihd I3 — nd’L2 = —3h§‘:’L2 - —%DiLQ, (D.66)
1 a2~ 3~ 3~ 3 ~
(h%1 - Zh%l)LQ + h%1L3 = 3h(£1L3 = _%D%L3~ (D.67)

We obtain similar equations for the other indices, for the right waves and
for the u quark, this allows us to simplify the wave equations.
D.3.1 Gauge terms of the Lagrangian density

We consider the S part of the Lagrangian density £* that gives the
gauge terms acting on the waves of the quarks:

4 sm . n > n -1 NS y n
S=% { —ify ot (igy, 0™ — 12 (igr )€ ]
2 —iq%n?’*"fff“(igiu)n”" - z'q%s“%ﬂ(z'ga)s“n
- 3+n 3+n 3+n 3+n :
~ +q3 gnw Thndtn 4% o gwﬁ fone
We thus have:
S=5"4+5%4+5 4 5% 5= Zgw "
o 4
S it 5= D 5= Y
n=2 n=2
(D.69)
With (??) the S! term becomes:
Dgr (— buy gws _ands | gy )D2“ (D.70)
m 3 2 L3p Llp L
b
b
+ ( — 2 3w, — 34, + 3hL3H)D§”.

Grouping together similar terms we get:
1
%51 = —3b- (D} + D} + D) +8(w} - D} + w}- D} +w}-D}) (D.71)
—3(hfy - D} +hi} - D} +hi} - Dp) +3(hi} - D +hi} - D} +hi}- D).
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And with (3.128) we have:
3(wi- D2 +ws D} +wi-Dj}) (D.72)
92
= E[(DL - D})- D} + (D} — D3)- D} + (D, — Dz) - D
2(D} - D} + D - D} + D - DY),
and since the chiral currents are on the light cone, their space-time length
is null. Next with (D.40) we have, h? | = 2 D23 1d? — 92423 and he ) =
(D} — D?). We thus get:
3(h - D +hi} - D} +hi - Dj)
g3
=35 (D} = D}) - Di + (D - D})- D+ (Dj = D) - D] (D.73)
= 3%3(1)% D24+ D! . D3 4 D2.DY).
Similarly we have:
= 3(hf3 - DF +hi] - Dj +hi} - D)
g3
= =35 (DL = D1)- D} +(Di, = D})- Dp + (D = Di) - D] (D.74)
= 35(1)4 D} + D - D} + D} - D7)

= 35(1)3 D} + D} - D} + D} - D}).

And if we use the sums of currents:

Si* = Di+ Di; S’ = Di + Dy; Si' = Dy + Df,

S¢ = D? + D} + D3, (D.75)
we have:
(S2)* = (D})* + (D7)* + 2D} - Dy = 2D7 - D}, (D.76)
(51)* = (D1)* + (D})* + (D1)* + 2D} - D +2Dj - Dy, +2Dj, - D
=2(D? . D3 + D3 . D} + D} - D). (D.77)

And we thus get:

51— 2= D+ LSE + (ST + (SEP] + B2, (078)

Next for the right waves of the d quark we have:

2
%252 = 3b- (Dh + D} + D) (D.79)

+3(h%y - DR + b - DY + 0%y - DR) — 3(hf) - DR + hiy - D% + hih - D).
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We now use the sum of the right currents:

S} = D% + D}, + Dj,, (D.80)
And we get:
2= B[op. gd 393 gdy] (D.81)
g2L3 2

The calculation of the terms corresponding to the u quark is totally resem-
blant, and the same sums are introduced:

SY =D} + DS + DI; S% = D%+ D% + Dg. (D.82)
For the left waves we have:

0= B[ D g sy 4 (P4 (5P + (55 + 2L (sp?]. (089)
a3

And we obtain for the right waves of the u quark:

4_mr 29 393 (quy2
S 7q4{ LB sk - 3% (sh) ] (D.84)
This gives:
m 3g
== GBS+ LT + (SE + (517 + (517
mrg 393
+$[§B st sty 05)
m 39
b | =GB SE TS + (51 + (SE)) + (s
m 291 393 uN2
+q:[ — B Sk - 9 —=(Sk) }

D.4 Calculation of 17,

D.4.1 Calculation of Sy and Ay
The S are bivectors in Cl3. So they read:

¢Uk$ =S = Ek + iﬁk, (D.86)
Ek = E,ial + Eﬁag + Egag,
ﬁk = H]ial + H,fog + H]:;’O'g.
We thus have:
Ef=8%; B2=5%; E}=51%; H =5 (D.87)
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Next we obtain:
VS| = (8 — 8)(E), —iHy)
= —5-Ek+(aoﬁk—5x ﬁk)+z(—5>< Ek—aoﬁk)+i5-ﬁk

= i +idh = 30+ Ji +idk + i, (D.88)

with
jV:=—8-Ep; Jju:=00Er— 0 x Hy, (D.89)
70 =8 -Hy; ji = —00H, — 8 x Ey. (D.90)

With the electromagnetic potential A we have:
AS] = (A° + A)(Ey — iHy)
:Eﬁk+(AOEk+gX ﬁ@—i—z(ﬁx E'k—AOﬁk)—Z/_fﬁk

= vp + iV}, = V) + T + i + v}, (D.91)

with
'Ug = A’E_"k ; U 1= AOE’k-%-/TX I‘._ik, (D92)
11'2 = —A - H, Coup = —AHy, + A x Ey. (D.93)

Similarly with v and Sj we have:
= p[\_;- Ek + (VOE_:IC + vV x ﬁk) + Z(\_f X Ek — Voﬁk> — V- ﬁk}
= 06 (601.0)" = 90" poro! = ppe P o6t = e P poie’ = (1 — i)Dy
= DY 4 Q. Dy, — iQ2Dy, — i2,DY (D.94)
Thus we obtain:

O

7Dg =v-E); 713k =vOE, + ¥ x Hy, (D.95)
Q — Q — — —
ng = Hy ; ka =vH,, — ¥ x Ey. (D.96)

With the definition (4.30) we have:

VS Qi

= p 2 [Qujk — Qajr. + i(Qjr + Qagir)], (D.97)
P>S(y = Qujix — Qo (D.98)

P°S(ky = Qi + Q2ji (D.99)
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Similarly we have :

AS] Qi

Ay iAo = Gooh = 2 e i)
= p 2 [ Qg — Qovj, + (o), + Qovk)], (D.100)
p* Ay = Qavg — Qauy, (D.101)
P Al = Qv + Qavy. (D.102)

D.4.2 Calculation of I,
We start from the definition of Durand’s spin density (4.32]), which gives:

r = S[(V8)8' — 0"50,5),

21 = (Vo)p! — Voo, (D.103)
where the dots indicate that which we derive. And we have:
V(90') = (VO)o' + Voo, (D-104)
Hence by adding we get:
27 + V(Q — i) = 2(Ve)o'. (D.105)
With our improved wave equation we have:
(VO)o! = qAdom ot + e Pomon o, (D.106)
¢mog 6" = —i(IDg —rDy), (D.107)
(V)oT = —igAS] — 2(% - i%)(lDR —1Dy). (D.108)

We now let:
) 1 t . 1 "
T=T7 +im; 7'125(7'—1—7'); 17225(7—7'). (D.109)
With (D.105)) and (D.108)) we obtain:
R

Q
VO — iV = —2(r + i1s) — 2igAS] — 2(72 + 17)(11)3 —tDy)
. . . QQ .Ql
= —2(m +im2) — 2iq(vs + ivs) — 2(7 + z7>(lDR —rDy). (D.110)
This gives:
/ 2
VQ, = —2T1+2q7)3—2f(1DR—I‘DL), (D.lll)
P

Q
VQy = 27 + 2qus + 271(11)R —rDy). (D.112)
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Since p? = QF + O3, we have:
pVp=Q1VQ + 2V, (D.113>
With our improved wave equation and with (D.111)) and (D.112)) we get:

Q
pVp = Q[—271 + 2qu} — 272(1DR —rDy)]

Q
+ 92[27'2 + 2qus + 2m71(1DR - I'DL)]

= 2(—917’1 + QQTQ) + QQ(Ql’Ué + QQ’Ug). (D114)
And with (D.102)) we have:
pVp = 2(=0mi + Qo) + 29p° Al (D.115)

With (4.33]) we get:

p2(T+ZT/) = (T1+i72)(91+i92) = (TlQl77292)+i(7192+7—291). (D116)

Dividing (D.115) by p? we finally have:

V(inp) = =27 + 2.Al). (D.117)
With (4.26]) we have:
Iy, = DL, (Inp) = D, - V(lnp) (D.118)
=D, - (2T +2¢Ay)), (D.119)
which is (4.40]).

D.4.3 Calculation of I, and T, j =1, 2, 3

We start from:

3
_ —0 _ —0 —0
19, =p2(8,D!)D, = p~2((8,D)Dy + Y (8, D¥)Dy]
k=1

w

[(8,D9)DF — Y (D, (D.120)
k=1
and similarly:

4, = p~2(8,D6)D,, = p~*[(8,D0) Dy + Y _(8,D5) D]
k=1

3
= p?[=(8, D)D) + Y (8, D§)Dj]. (D.121)
k=1
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We thus have:

3
F?u - F(J)u - piz[aV(DgD?) - ZaV(Dng)] - p728U(D0 : DJ) = Oa

k=1
1%, =rj,. (D.122)
We also get:
DJ(DYdy + D0y + D202 + D303)(DY)
o _ -2 —D§(DYd + D0y + D20y + D303)(D5)
w =P | —D2(D%y + DLo, + D28, + D3ds)(D?)
—D8(D880 + Di(% + D?,(r“)z + D§83)(D§)

DY(D33, DY — DA D} — D3y D? — D3, D?)
o | +DL(DYOD? — D§oL D} — D30, D? — D§o,D?)
— | +D2(D§9,D? — D{d. Dt — D38, D% — D3, D?)
+D3(D3ds DY — Dgds D} — Dds D} — D3 D)

= p °DH(DY0, D} — D30, Dj — D30, D} — D30, D}).  (D.123)

Next we obtain:

F?u = PizDzlf[au(DgD?) - au(D(l)Dgl') - 8#(D(2)D32') - QAD%D?)]

+ p 2DE[-DY9, Dy + D}8,D§ + D30, D§ + D30, Dj] (D.124)
= ,0_2D,’j[8#(D0 -Dj) - D?BHDS + D}-@HD& + DJQ-(‘?MD?] + D?auDg]
= p °Di[-DY9,D{ + D;9,Dj + D39, Dj + D39, Dj). (D.125)
We let:
9, =p ?DEX;,, (D.126)
X;, = —D}9,D{ + D;9,D§ + D39, D5 + D39,Dj. (D.127)

D.4.4 Calculation of T,

We start from:
Y, = p~?Di Xy, (D.128)
X1, = —-DY9, D) + D{9,D} + D30,D3 + D39, Dj. (D.129)
We have:

Xip = —(=&m3 — & + En7 + §2m1)0u (6167 + §265 +muny + m2n3)
+ (&) — &amo — Em5 + E1m1)0u (6165 + §267 — mns — many)
+i(=&im + &ame — &ams + §1m1)0,i (165 — §267 — mmz + m2my)

+ (=&ima — &ime — &am1 — Eam)0u (617 — €285 — muny + m2m3)-
(D.130)
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%
This gives:

—&(m& +1283)0,&1 + E1(méT +1283)0,82
Xy, =2 | TR +&m3)0um —m (Eni + &2m3) Oyt
. - *((5177’{ +£zn§;(9#£i* + & (& + 52773))5#5’5 ’

2
+n5 (&7 + 1283)0uny — 15 (m&T + n283)0um5

and with (A.176]) we get:

—&£(Q1 —i92)0,&1 + & (1 —i922)0,0
+12(1 + 1Q22) 0,1 — m1 (1 +1Q2)0,um2
(
i(

) )
o | o+ i) )
T i e

*

15 (@1 — iQ2)0unT — 17 (1 — i€2) 03

We can thus express it as follows:

Xy =Y, +iQ7,,
Y, = 10,82 — £20,61 — m0un2 + 120,m
+ 10085 — §20u81 — 1 0un; + 130um7
Zy = —§10u& + £20,81 — mOun2 + 120,m
+&10u85 — €30,E7 + M1 0uns — n30um7

Our improved wave equation is equivalent to the system:

0= (V+ia)y; a:=qA+1lv,
0= (V+ib)&; b:=qA+rv.

This is equivalent to the system of partial differential equations:

0 = 0om1 — O1m2 + i0ama — O3m1 + i(agm — a1ne + tagne — asny),
0 = Oonz — 01y — 1021 + O3mz + i(apn2 — a1 — iazny + asns),
0= 0oé1 + &2 — 10282 + 0381 + i (boé1 + b1&2 — ibada + b3&1),
0 = 0oz + 01&1 + 10281 — 03€a +i(bo&a + b1&1 + ib2&1 — bs&o).

Given these systems of equations, after simplification we get:

Yy = —0192 — 0,831 — 95512
+2byH, + 202 HE, + 2b3 Hy, — 2a, Hf — 2a9H7 — 2a3H;}
=3 B +2qA+1¥) - Hy — 2(qA+1¥) - Hy,
=3 E) +2qA - Ey +2m¥ - By — 24v - Hy

2 2d
= ji + 2qv) + Tmﬂng - ?Q2D(1)-
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(D.131)

(D.132)

(D.133)
(D.134)

(D.135)

(D.136)

(D.137)

(D.138)
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Similarly we have:
Zy = i0151° + 10957 +i0553°
+ 2i(b EL + boBE% + b3 EY) — 2i(a1 L + aoE? + azEY)
—i(§-Hy+2b-Ep—2i-Ep) (D.139)
—i[d- Hy — 2qA - Hy — 2m¥ - Hy — 2d7 - Ey].
= i[j"° + 202 — 277"92133 _ %dQlD‘f]. (D.140)

We hence obtain:

XlO = 91Y0 + iQQZO

, Q 2d e
=0 (5Y — 2qv) — meDg + ?QgD(l)) + i (i) — 2iqu’y

Q 2d
+2im=—DJ — =, DY)
p p

URAL

. .0 0
= Q150 — Qa') + 2q(— Q109 + Q2v'3) — 2 DY

= p*(S() — 2¢Aly)) — 2mpD3.
Again using (D.137)) and simplifying, we get:
Y = 00573 + 0053 — 0357° + 2q(AoF3 — AsH3 + A3H3)
+2m(voEy — voHs + v3H3) — 2d(voHi + vo E} — v3E?)
Q Q
= —ji +2qu3 + 2m71D§ - 2d72D}. (D.141)
Similarly, after simplification (D.137)) gives:
Z1 = i[0oH| + 0o F} — 03FF — 2q(A°Hy — A*E3 + A*E3)
—2m(voHy — v?Es +v3E32) — 2d(voE} +v?H} —v3H})
Q Q
—i| - 71+ 20y — 2m=2D} — 24—+
P P
With (D.133) and (D.137) we have:
X1 =WY: +iQ2;

D}]. (D.142)

Qy

Q
= Oy (—j} + 2qui + 2m—LD} — 2d=2D?)
p p
Q Q
— Qo(—j'1 +2qv'y — 2m—2D} — 2d=1D})
p p
. . QF + Q3
= —Mji + ng’i +2¢(Q vy — QQUI;) +2m———2p]

= p* (=81 + 2¢A(y) + 2mpD;. (D.143)



D.4. CALCULATION OF %, 335
Again using (D.137) and simplifying we have:
Yo = 0053t + 0351° — 0,53 + 2q(AgE3 — AsHy + A H3)
+2m(voEs —v3Hy +viHy) — 2d(voH} + v3E} — v E})

Q Q
= —j? 4+ 203 + 2m—LD3 — 2d—2D?. (D.144)
p p

Similarly, after simplification (D.137) gives:

Zy = i[0gH? + 03E1 — 01 F} — 2q(AYH3 — A'ES + AE;)
—2m(voH3 — V3 EY +Vv'E3) — 2d(voE} + v H] — v H})

Q Q
—i[—j3 4+ 2qv5 — 2m72D§ - 2d71D§]. (D.145)

With (D.133)) and (D.137)) we have:

Xi2 = Ys + Q275
Q Q)
= Oy (=47 + 2qv? 4+ 2m=2 D32 — 2d—2D?)
p p

Q Q
— Qy(—j2 4 2qv'% — 2m=—2D2 — 2d-2D?)
p p

; ; 07 + 93
— 0152 + Qoj' + 2q(202 — Q'3) + 2m- =2 D2

= p* (=S} + 2 Ay) + 2mpD3. (D.146)
Again using (D.137)), and simplifying we have:

Y3 = —0p51% + 01510 — 9,810 + 2q(AgES — AL HZ + Ay H))
+2m(voE3 — viH3 +voHy) — 2d(voH} +viE} — voEY)

Q Q
= —j% 4+ 2qv} + 2m—-D3 — 24==D3. (D.147)
p p

Similarly, and after simplification, (D.137)) gives:

Z3 = i[0gH} + 01 E? — 02 B — 2q(AYH3 — A’E} + A'E2)
—2m(voHy —v'E3 +v?Ey) — 2d(voE} + v HY — v?HY)

Q 0
= i[5+ 2qvd — 2m72D§ - 2d71D?]~ (D.148)
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With (D.133]) and (D.137)) we have:
X3 = MYz + 1073

Q Q
= Qy (=43 + 2qv5 + 2m71D§ - zdeﬁ)

O PN
~2D} 24D
P) 2 P) 1)

. 43 3
= =157 + Qoj’y + 2¢(Q1v3 — Qov'y) + 2

— QQ(*]’/? + quu'g —2m

0F + 93
m———2Dj3

= p* (=8 + 2qAy) + 2mpD3. (D.149)

And we thus get:

3
Y, = p *Di X1, = p 2 [Dy X1 + Z D} X]
k=1
= p 2[DY(p?S{y) — 209 Alyy — 2mpDY)

3
+ > DE(=p*Sh) + 209> Afy) + 2mpD5)]
k=1

m
Dy - (Say —29A@) — 2;D2)

Dy, - (Sqy = 20A) + 2mpdy, (D.150)
which is (4.34))

D.4.5 Calculation of ng

We start from:
19, = p 2Dl X, (D.151)
Xy, = —D30, Dy + D30, D§ + D30,,D3 + D30, D3. (D.152)

We have:

KXoy = —i(=&m3 + &umz + §5m7 — Eam )0, (6167 + &285 + mny + nan3)
+a(&m + Eama — &5 — §1m1) 0 (€185 + §287 — mns — many)
+ (&1 + &n2 + &0y + &m)0ui(§€5 — 67 — mnz + m2ny)
+i(=&ns + §ima — Eamy + E2m1) 0, (§1€7 — §265 — mny + m2m3),

(D.153)
which with gives:
§2(1Q1 + Q2)0,61 — §1(i + 22)9,.&2
Xop = -2 (1 — Q2)0,m + 11 (i1 — Q2)0um2 (D.154)

=& (12 — Q2)0,87 + &7 (i — 22)0,83
+05 (121 + Q2)0unt — 17 (1921 + Q2)0,m5
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We may then express it as:
=i L, + Q2 M,
= 610,60 + & Mfl +m0Oun2 — 20,m
+§1 0u€s — &0u&7 — M10un3 + n30u11
= —£10,82 + 20,61 — mOun2 + 120,m
_51 0u&s + E30,E1 — M1 Oums + 30y -
Again with and after simplification we get:

Lo = i[81E21 + OE3} + 033 —2b- Ep —2d-Ey,

—i[d- By —2(qA+17) - Eg — 2(qA+ I¥) - B,

Qy

N
=i(—73 — 2qv) — 2m —DO —2d—= p DY).

After simplification the equation (D.157] D.15 ) yields:

My = —8:HY — 9,H2 — 93H3 +2b- Hp +2a - Hy,
= 8- Hy+2(qA+19)- Hp +2qA+1v) - Hy,

Q Q
=79 —2qv") + 2m =2 DY — 2d-"2 DY).
p p

With (D.155)) and (D.158)) we obtain:

04 Q
= =0y (—59 — 2qv? — 2m=2 DY — 24=2 DY)
p p
Qo Q
+ Q=55 — 20" +2m—= 2 DY — 2d-2 DY)
p
= (8 — Qj’y) + 2q<91v? — 00)) + 2m
= p?(S(yy + 2¢AYy) + 2mpDt.
As usual with (D.137) and after simplification we have:
Ly =i[0o(Hg — H}) + 02(E}, — E}) — 03(ER — E7)

03 +92D0

337

(D.155)
(D.156)

(D.157)

(D.158)

(D.159)

(D.160)

+ 2boE% 4 2a0E} — 2by Hy — 2a9 H} + 2b3H% + 2a3H?]

Q Q
- z'(j; +2qut + 2mL D! + 2d—2D2>
p
With (D.137) and after simplification we get:
= 00(ER — Br) + 02(—Hjy + H}) + 05(Hf; — HE)

(D.161)

+2(=boHp — by E% + b3F3) + 2(—agH} — a2 E3 + a3E?)

Q Q
= j's 4 2qv'] — 2m-2D} + 2d—L D}
p p

(D.162)
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With (D.155), (D.161) and (D.162) we have:

X21 = inLl + QQMl

)

P
Q Q

+Q0(5'5 + 2qv'1 — meDi + 2d71D§)

Q
=~ (ja + 2qvi + 2m71Di +2d—2D})

. i Q2 + QQ
= —Quj} + Do’y + 2q(— Qo] + Qu'y) — leTzD%

= p*(=S{y) — 2¢Aly) + 2mpD]. (D.163)
Again with (D.137)) and after simplification we obtain:

Ly = i[0o(H}, — HY) + 03(ER, — EL) — 01(E}, — E})
+ 2b0E12;i + 2a0E% - 2b3H11% - 2a3H£ + 2b1H13% + 2a1H%]

Q Q
=i(j3 + 2quvi + 2m71Df + 2d72D§). (D.164)

Similarly with (D.137) and simplifying we get:

My = 0o(E, — E) + 03(=Hp + Hy) + 01(Hf, — H})
+2(=boH% — b3ER, + b1 E3) +2(—agH? — a3E} + a1 E3)

Q
=2 4 oqv? — 2m—2D2. (D.165)
p

With (D.155), (D.164) and (D.165) we have:

Xog = i1 Lo + QoM

2

Q Q
O, (j’§ +2qv'? - 2m721)§ + 2d71D§>

Q
-0 (j§ +2qu? + 2m71Df +2d

. . 02 + 02
= —0j3 + Qoj's + 2¢(—00? + Qv']) - 2mL 2

= p* (=Sl — 2¢A)) + 2mpD3. (D.166)
Again with (D.137)) and after simplification we get:

Ly = il0o(Hp — H}) + 02(ER — E7) — 02(ER — Ep)
+2b0E} + 2a0 B} — 20y Hy, — 2a1 H7 + 2boy Hp, + 2a2H] |

Q Q
= i(jS’ +2qu7 + 2m71D§ + 2d72D§’). (D.167)



D.4. CALCULATION OF I'f, 339

Similarly with (D.137) and simplifying we have:
M; = 0y(E} — E}) + 0 (—Hp + H}) + 02(Hp — H})
+2(=bgH}, — by D% + by Eg) + 2(—agH} — ay E? + a3 FL)

Q
=5 +2qu'? — 2m—2D3. (D.168)
p

With (D.155)), (D.167)) and (D.168]) we obtain:

Xog = 101 Lz + Qs M3

0 0
=~ (5 + 200} + 2m71D% + 2d72D§)

Q 0 .
+ (j'§ +oqu'd - 2m721)ff + ZdﬁDg)

. . Q2 4+02 .
— 013 4 Qi 4 29(—00P 4 QoY) — 2m ; 2 s
= p*(=8}y) — 20A%,) + 2mpD3. (D.169)
And we thus have:
3
I9, = p 2DFXy, = p2 [DSXQO + ZD’;X%}
k=1
= p?[DY(p* Sty + 2qp° ALy + 2mpDY)
3
+ Z DE(_PZSZB) - 2q,02v4?1) - 2mpD’f)]
k=1
=D, - (3(2) +2qAq) + 2%D1)
=D, - (S2) + 2¢ A1) — 2mps,,, (D.170)
which is (4.35]),
D.4.6 Calculation of 'Y,
We begin with:
I3, = p Dl Xay, (D.171)
X, = —D30,D) + D30, D§ + D30, D¢ + D30, Dj. (D.172)

We have:

Xap = —(&1&] + 6285 —mny — m2n3) 0, (6167 + €265 + muny + m2m3)
+ (6165 + &&1 +mmz +12m)0u (665 + &80 — mns — n2n1)
+ (&85 — &85 +mns — n2ny)0ui(&&3 — &6 — mns + n2ny)
+ (187 — &85 +mnt —n2m3)0u (6187 — §265 — mmy +m2n3), (D.173)
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which by (A.176]) gives:

m; (0 — iQ2)0,61 + 15 (1 — i€22)0,60
—&(21 +1Q2)0,m — &5 (1 +iQ22)0,m2
+7]1 (Ql -+ ZQQ 8H§f + 7]2(91 -+ 292)8#55

)

X3M = )
—&1( — iQ2)0uny — E2( — 1Q2)0,m5

(D.174)

We let:

X3 = N, + i P, (D.175)
N, = 771“59”51 + 775(%52 - €ik<9u771 - f;alﬂh
+ mOu&T + 120,85 — §10um7 — §20um3, (D.176)
Py =—ni0u& — 130,82 — E10um — 0,2
+ MmOuEl + n20u83 + &10unT + E20um5. (D.177)

With (D.137) and after simplification we get:

Ny = —81E§ — 32E32 — 33E§’ + (bo + ao)Qg
+ (by — a1)H3 + (by — ag)H2 + (bs — as)H3

d
=39+ 20, (qAO +mv® + ;D%). (D.178)
Again with (D.137)) and after simplification we get:

Py = 61(ZH§) + 82(1H32) + 63(ZH§) + Z(bo + ao)Ql
+i(by — a1)E3 +i(by — as)E2 + i(bs — a3)Es

- Z-[j'g o0, (qu + mvo + %Dg)} . (D.179)

In light of (D.175)), (D.178)) and (D.179) taken together we get:

X30 = QlNO + QgiPO

d d
o [jg 20, (qu +mv® + ;Dg)] 0 [j’g 120, (qu +mvo + ;DQ)]
= 2§ - Qajs
= p*Sly- (D.180)
As always with (D.137) and after simplification we get:
Ny = —0oE} + 0. H3 — 03H3
+ (b1 + a1)Qa2 + (bo — ag) Hy + (by — a2) E5 + (bs — a3)(—E3)

d
= —j3 — 2022 (g4’ + 2D} + °D}). (D.181)
p 0 p
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With (D.137) and after simplification we get:
P1 = z(@ng + (92E§) - 33E§ + (b1 + al)Eé

+ (b() — ao)E§ — (bg — QQ)H33 + (bg — CL3)H§

- i[fj'é — 20 (qu + %Dé + gD?{)].

With (D.175)), (D.181) and (D.182) we get:
X1 =Ny + Qi

d
= [ - j3 - 20 (gA' + 20§ + S}
p p
d
— [ - 5 204 (g4 + 2D} + S} )|
P P
= —j} + Qoj'’s = —p°Sly)-
Again with (D.137)) we get:
NQ = —80E§ - 81H§’ + 83H§ + (bg + GQ)QQ
+ (bo - Cl())H32 + (b3 — a3)E§ — (bl - &1)E§
d
= =53 205 (g4 + %D% + ;D%).

As usual with (D.137) we obtain:
P, = 2(80H§ + 83E§ — 81E§ + (bg + CQ)E%
+ (bo — ao)E3 — (b3 — ag)H3 + (by — a1)Hj

d
=i - 7% - 201 (a2 + T'0F + 3.

With (D.175), (D.184) and (D.185) we have:

X32 = QlNQ + inpg

= [~ 55— 20 (a4 + 2D} + %Dgﬂ

— | — 55 — 200 (44 + %Dg + %Dg)]
= — 013 + Qaj's = —p2SY).
Always with we get:
N3 = —0oFE3 — 0o H3 + 01 H3 + (b3 + a3)
+ (bo — ag)H3 + (by — a1)E3 — (b2 — a2)Ej

. m d
= —j3 — 20, (qA3 + ;Df’; + ;Dg).
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(D.182)

(D.183)

(D.184)

(D.185)

(D.186)

(D.187)
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With (D.137)) and after simplification we have:

P; = z(&ng + 81E§ — 82E§ + (b3 + ag)Eg’
—+ (bo — ao)Eg — (b1 — CLl)Hg -+ (b2 — CLQ)H;

d
it (ent e Tog e o) s

Hence with (D.175)), (D.187) and (D.188) we get:

X33 = QN3 + Qi P3

= | - i — 20 (a4 + %Dg + %Dgﬂ

. m d
— QQ |: — jlg — 291 (qA3 + ;Dg + ;Dg)}
= —ji + Qof’s = —p2SY). (D.189)

And we thus have:

3
IS, = p 2D X3, = p > [DSXso + D’;ng}
k=1

3
=p? [DS (P25?3) + Z Dlj(*PQS(k:a)))]
k=1
=D, - S), (D.190)

which is (4.36]).

D.4.7 Calculation of Ff,,

We must calculate these symbols for k=1, 2, 3;1=1, 2, 3and | # k.
We start from:

_ —=k
rf, = p%(8,D/)D,
3
_ —k p—
= p2[(8.D)Dy + Y (8, D) D,
n=1

3
=0 [(BVD?)(*Dg) + Z(auDz")D};‘}, (D.191)

n=1
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and similarly:
_ =l
Féﬂ/ = p Q(BVDII:)DM

3
=7 |(0.DR)Dy + Y (8, DD,
3
= p2 [(aVDg)(—D?) + Z(aypg)pf] (D.192)

n=1

We thus get:

3
Ffu—’—rgcu = p_2 _aV(DngO) + ZBV(DZDZL):L
n=1

=-—p28,(D,-D;)=0 (D.193)
rt, =-1y. (D.194)

The calculation of T} , T'3, and '}, is thus sufficient. Moreover we have:

—DY(D%y + D10y + D28, + D333)(DY)
+DL(DY%9 4+ D18y + D2, + D3ds)(D})
+D2(D%3 + DLo, + D28, + D385)(D?)
+D} (D% + DLoy + D20 + D3d5)(D})

Dy)(=Dpdo D} + Dydo D} + Dj0o D} + D0 D})
+DL(~=DY0\ D} + Di-0, D} + D30, D} + Do D})
+D2(=DY0, D} + D9, D} + D30, D} + D0, D})
+D3(—DY0DY + D}0s D} + D95D} + D}03D})

— D¥(=DY9, DY + DL, D} — D39, D? + D}d,D}).  (D.195)

P, =

Calculation of T},

Given that:

PQF%V = Dﬁ(iWu)7
iW, = —D%9,D3 + D1{9,D3 — D39, D3 + D30, D (D.196)
= —(=&ins — & + &y + Lam)O0ui(—€ns + &in2 + E3n7 — &am)
+ (EIn1 — &am2 — &3m5 + Em)0ui(€inT + &am — E3m5 — &)
+ (=&t + Samz — &35 + Em)Ou(EinT + Eamz + E5m5 + &)
+ (=& — &m2 — &y — Em)Oui(=&ims + &ime — &7 + em)-
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We thus have:

%Wu = (0,€1) (=n7)(1m265 +mé&7) + (0nub2)(—n3) (&7 + n283)
+ (O ) (=€) (§2m5 + &any) + (Oum2) (—€3) (§1m7 + &ams)
+ (0u&1)m (&ams + &any) + (9u€3)n2 (&t + &am3)
+ (0un1)61(m2€5 + m&) + (9umz)Ea(m&T + n283), (D.197)

which gives with equations (D.176|) and(D.177) calculating IV, and P,:

iW,, = 0iP, — QaN,. (D.198)

We may thus use the results of [D.4.6] and we directly obtain:
d
p°l3, = Dg{ (3) —2p° (qAO + EDg + *Dg)}

d

ri, =-p,- (5(3) +2qA) — 2mpd? + 2dp5§. (D.199)

v

which gives (4.39).

Calculation of '},

Similarly we have:

PQFgﬂ/ = DﬁRuv
R, = —D30,DY + D30,D} + D39,,D3 + D30, D3 (D.200)
= —i(=&my + & + E3m7 — E2m1) 0 (6167 + §265 — mmy — m2n3)
+i(&imy +&ne — &5 — §m)0u (&85 + 87 +mns + n2ny)
+ (&7 + Samz + &m3 + §um)0,i (6165 — 287 + mmz — n2ny)
+i(=&ns + &ina — Eamy + §2m1) 0 (167 — §265 + mumy — m2ns).

(D.201)
Using always we have:
£2(8,61) (= i€22) = &1(u&2) (h — ifda)
m= | T, <+ S 1o | 02
13 (0umi) (1 — iQ) + 17 (Gumz ) (1 — i)

With equations (D.134)) and (D.135) calculating Y, and Z,, we deduce:

R, = —OY, + iZ,. (D.203)
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We may then use the results in [D.4.4 and we directly obtain:

p°T3, = DU (i + Qe — 20(Qvh + Qv'h)

B 2leQQ - Q2QlD§ Qz +03 L
P p
I3, =-D, (§q)+2¢A 2)) — 2dpd,. (D.204)

This is (4.37).

Calculation of ',

We finally have:

p°T3, = DE(Qu),
Q, = —D%9,D} + D39,D] + D30,D} + D30,D3 (D.205)
—(&&1 + &8 —mny — men3)0u(=&ing — &imz2 + &7 + &om)
+ (8185 + &&1 +mmz +12m)0u(E5n7 — Samz — Emz + &)
+i2(&185 — && + mms — nany)0u (=€} + Eamz — Exm3 + &)
+ (§1&7 — &6 +mny — m2m3)0u(=&im5 — §1m2 — &3n7 — Eam).

(D.206)
We get with (D.156) and (D.157)) calculating L, and M,:
Qu = WM, — i, (D.207)
We may thus use the results of [D.4.5 and we directly get:
O Q
P23 = D0y (—49 — 2qv? — 2m=2D? — 2d=2DY)
p p
Qy Q
+ (=4 — 2q0") + 2m —DO —2d—1DY)]
p
> 0 Q
+)  DE[Qa(55 + 2qvF + 2m=" LDk + 24 2Dg‘) (D.208)
k=1
Qy Q
+Ql(j 5 +2qv1 —2m— Dk—|—2d 'D D5))].
This gives:
I, =D, - (=8 (2) — 2¢A (1)) + 2dp5;, (D.209)

which is (4.38]), end of this long and tedious calculation.
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